
Lecture14 Connections to Algebraicgeometry I
1 Hilbert's Nullstellensatz consequences
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BONUS Why Hilbert cared

11 Main result
Let F be an infinitefield
Consider asystemofpolynomial equations f x 7 0 i 0 m A

basicquestion iswhen the last m equations implythefirstone It turns
out that there's answer to thisquestion in termsofalgebrawhen F is
algebraicallyclosed F F

Thm Nallstellensatz Let F F fieF x xD ie m TFAE
a kekelfielfor.fi
6 fila o is 1 m f 2 o def

Proofof e 6 forany F if f gifi filale i 1 m then
f a gilafila o folate

Exercise 1 Assume F F Then the system fi a o 1 1 m has

no solutions elf fm hintapplyThmw f 1

2 Give a counterexample to in 1 for F R n m 1



Theproofof 6 a requirestwodifferentingredients the weak
Nullstellensatz a manipulation w localizations

12 Weak Nullstellensatz
Proposition Let F be a field K be a fieldextensionof F

finitelygeneratedas an F algebra Then Limpka o

Proof using Noether's normalization lemma that we'veonlyproved
for infinite F
Bythat lemma Thm inSec2 ofLec131 m F x Xm K
st K is finite F x Xm WTSme If me then since K is a
field x e k It's integral F x Xm 6ck isfinite integral
Go go get F x xm st.xiltge.tt't go o in K

multiplybyXP It ge.tt got o in K hence in F x Xm
But the constantterm is 1 so we arrive at contradiction

Propositionhasthefollowingcorollary that we'lluse toproveThm

Corollary Suppose F F LetGo GeeF XD I GpGel
B F x XD I Thefollowingsets are inbijection
X themaximal idealsMCB
X2 2 x α E F G x Ge 2 0

Proof write x ̅ for x I eB
MapX X Note K B m is afield finitelygenerated F
I



algebra By Preposition LimpK o andsince F is algebraicallydosedK F Let 2,9 imageof x ̅ in Bm 5 2M 4ᵗʰ 2,1
Since Gj X 47 0 Gj α o j deX

map X2 X For LEX theassignment f I to f x is a well
definedhomomorphism B F bc Gi 4 4 0 It's surjective bc
at Go Ge tea So its kernelmy is a max ideal ie MEXp
Explicitly My f I f x 21 0

2 2 in Ma are mutually inverse
2ⁿᵈ imageof x ̅ in BMalin X 2 Mk 4 dk α

Mam f I w.fe.FM xD f2,7 2,9 0 α imageofx ̅ inBan
image of f I in Bm is a f I em M

Exercise Provethat X X are also in bijection w
X F algebrehomomorphisms B F

13 Proofof 6 a of Thm
Set A F xp Xn3 f fm a fat forfm EA B A a 1

WTS ee a 170 Rem 1 in Sec 2.2 ofLec8 B 03

Everynonzers ringhas a maximal ideal weprovedthis in the
Noetherian case B is Noetherian as localizationofsuch

Covellaryin Sec 2.3ofLec 9 So B 01 X P But B Lem

in Lec9 Sec 1 1 A x 1 a F x Xn f fm 1 of
31



a 2n E F If do 2n o i 1 M doftp tn 1

But film 47 0 felt 27 0 defeld ante So 2

Corollary inSec 12 Xp ee 2111703

14 Algebraic subsets vs radical ideals
Until theendofthe lecture F F
We now turning to understandingNullstellensatzmore

conceptuallyRecall Sect ofLec2 that for ideal I in a
commutativering A theradical SI aeAla EI for some 170 is

an ideal in A
Definitions 1 An ideal ICA is radical if I SI

2 A subset XCF is calledalgebraic if
to fmE F x xD X de 5 1fi x o i 1 m Wesaythat
is definedbythepolynomials f fmandwrite V f fm

Ourgoal is to relatealgebraic subsets of F to radical
ideals in F x Xn To anysubset CF we assign

I X fe F x xD f x so ex
In theotherdirection if I CFly Xn isany idealthen

we can consider thesubset
V I E F fate fee

The computation in theproofof a 6 of Nullstellensate
shows that
i I X is a radical ideal



ii If I for.fm Fly tn is Noetherian so anyidealhas
thisform then V I Vlf fm
ill and V I V IF

Proposition The assignments X I X1 I V I are

mutuallyinverse bijections between

Algebraic subsetsof F
Radical ideals in F x Xn

Proof i ii ensure that themaps are betweenspecified
sets

In.ie i i ii i tEe eensetemeans
Now let I for fm beradical Then V I V f fm so

I U I HIM I I

Examples 1 V 03 F V F x xn3
2 If McFly Xn ismaximalthen Vm is a singlepoint

Exercise Correspondences in Proposition reverse inclusions

1 For ideals I 12CF x tn have VII VIII
2 Foralgebraicsubsets XCX F have I Xp I X

Now we discusshow operations w ideals translate to those w

glgebraic
subsets



Lemma Let I J CF x tn beidealsThen
1 V I J V I NV J

2 V INT V IJ V I UV J

In particular intersections unions of twoalgebraic subsets
are again algebraic

Example n 2 I x2 J x X radical exercise seealsobelow
It x2 x x x x notradical IFS x XD
VCI x a1 2 0 V J x nl Xa x V I 9 10,07

indicates
that nonradical ideals havegeometric

significance too in this example theyreflect that intersections of
algebraic subsets is not transversal

ProofofLemma
Let I If fn J go gm Then I J f frgo gm IT

fig i 1 k j 1 l Sect ofLech
VII NV J def f 21 0 A deF gj2103 65 fila o

g 2 o V I J
V I UV J def fila o ti or gj also j fig a so ij
V IJ
To see V INT V IJ note IN IT INJI FIT IFT



BONUS WhyHilbertcared
This is a continuation of a bonusfromLecture5 Nullstellen
satt was anauxiliary result in the 2ndpaperbyHilberton
Invariant theory We nowdiscuss themain resultthere Let G
be a nice groupacting on a vectorspaceUby linear transformations

Important example U is thespace ofhomogeneousdegree n

polynomials in variables Xy so that dim V ntl For Gwe
take SL C thegroup of 2 2 matrices w Let 1 that
acts on V by linearchanges ofthe variables

The algebra of invariants U isgradedSo ithasfinitely

many homogeneousgenerators And everyminimal collection of
generatorshasthesamenumberofelements exercise

Example for n 2 V ax 26xy cy
We can represent an

element ofU as amatrix thengeSL E actsby
g 8 g gt

Thealgebra of invariants isgeneratedby a
single degree 2polynomial ac 62thedeterminant oressentially the
discriminant

Example for n 3 we stillhavea singlegenerator alsothediscriminant

And as ngrows thesituation
becomes more andmore complicated

T



Ingeneral very little is known about homogeneousgenerators
What isknownafterHilbert istheirsetofcommonzeroes Thefollowing
theorem is a consequence of a much moregeneral resultdueto
Hilbert Note thatany fell decomposes as theproductofa linear
factors
Theorem For feU thespace ofhomeg degnpolynomials in xyTFAE
f lies in the common set ofzeroes ofhomogeneousgenerators
of u

fhas a linearfactorofmultiplicity

Note thatfor 1 2,3 we recoverthe zero locusof thediscriminant

ThegeneralresultofHilbert was wayaheadofhistime Oversimplifying
a bit thefirstperson whoreally appreciatedthis resultof
Hilbert was DavidMumford who used a similarconstructions to
parameterizealgebraic curves andotheralgebrageometricobjects
inthe60s which brought him a Fieldsmedal

I


