
Lecture 15 Connections to Algebraicgeometry II
1 Primeideals irreducibility components

2 Algebraofpolynomial functions
3 Geometric significance of localization
Refs V3Sec 0.6 E Intro to Sec 2 Sec3.8

0 Reminder fromLec14
Below 5 denotes an algebraicallyclosedfield
Here are some results definitions fromLec14 For a subset
CF we write I x for feF x Xn f x o def
For ideal I C F Xn wewrite V I for EF false feI

We know that V I V SI iii in Sec1.4

I Corollary in Sec 1.2 ideal I C F X there's a bijection
between maximal ideals in F x xD I V I it sends LEV I
to my f I flat o

II Proposition in Sec1.4 I V I X I x aremutuallyinverse

bijections between radicalideals i.e I SI in F x Xn and

algebraicsubsets in F Moreover Exercise inSec1.4 thesemaps
reverseinclusions

III Lemma in Sec1.4 Forideas I JCA x Xn V IJ VINT
V I UVA



Remark Here'sthe double pointofwhat'sgoingtohappen in
this lecture as well as in somefuture lectures homeworks

Algebraicgeometry studiesthegeometryofspacesdefinedby
polynomial equations ofwhichalgebraic subsetsof F are basic

examples Most constructions definitionsresults inAlgebraic

geometryultimately can be translatedto the language ofCommutativealgebre
Most constructions in Commutativealgebrahavegeometric

interpretation meaning

Below we aregoing to seesomeexamplesofthis

1 Primeideals irreducibility components

1.17 Prime ideals vs irreducible subsets

Letp c F x n be aprimeideal It's radical a aep a or a

ep so anep aep Ourquestion is what can wesayabout Vp

Definition an algebraic subset X in F is called
irreducible if X cannotbe representedas XUX where

XifX isalgebraic
reducible else

Proposition Let I C FCx in be a radicalideal TFAE
1 I isprime



2 VIII is irreducible

Sketchofproof
i I isnotprime I III w I II
ill I P I FI.FI V Ii VSI V I by II in Seco we

have V SI V I bc both I I areradical So VCI UV I CV I
in 1,12C I VCI UV Ia VII I V I VCI UV I2 V I
This shows 21 11 We leave 1 21 as an exercise

Example Let f e F x X.IT Decompose f g gee wheregitg
are irreducibleThen F go ge cf Example in Sec 1 ofLec2 bc
F x tn is UFD V f IT gi So V f is irreducible
1 1 Forinstance if n 2 f x for d die then V f is the
union of the lines O 2 2 0 reducible

1 2 Irreducible components
Theorem Let Xbe an algebraicsubset in F Then

a irreducible algebraic subsets A Xx S.t Xi
6 For 11 Xx we can take maximal wv t inclusion irreducible
algebraic subsets contained inX

Note that 6 recovers to A uniquely

Defin A X from6 are calledthe irreducible componentsofX
I



Example In thenotation of thepreviousexample theirreducible
components of V f are Vg Vigel

Proofof Theorem
a Assumethe contrary X finite unionofirreducibles

the set St of all such X's is nonempty set
I x XE Since F x Xn is Noetherian everynonempty
set ofideals hasmaximal wr t c elementPick est s.t
I X is maximal in I x Xe III X isminimal in w.it
C But X is reducible bc X'e X X'vX w X isX

X ismine in X X YXj finiteunionsofirreducibles X UX U UX contradicts est

6 X Xi we assume that noneofXi's iscontainedinanother
Need to show Xiismaxieirreducible exercise if Y C X max l

irreducibleY Xi forautom unique i Toprove this weobserve
Y YNXi since Y is irreducible Y YNXifor some i

YCXi butsince Y is maximal Y Xi

Remark alg formulationofThm Let I C F x in be a radical
ideal Then I Ii where Ii is prime andwe can recover
Ii's uniquely if we assume they are minimal w r t s w ICIi
Toprovethis is an exercise

T



Remark the same statement is true if Fxp Xn is replaced w

arbitraryNoetherianring
There's asuitablegeneralization to

arbitraryideals primarydecomposition AM Ch 427.1

2 Algebra ofpolynomialfunctions
In mostgeometriccontexts thespacesbeingstudiedcomewith a

distinguished classoffunctions thatplay an importantrole in
studying thespace Eg for C

submanifolds in 12 orabstractC
manifolds one considers C functions Foralgebraicsubsetsof
F this role isplayedbypolynomial functions

Let X be an algebraic subsetof F I I X Consider

the set Fun X F of all functions F This is an Falgebra
wpointwise operations eg f f 2 f x f x It admits a
homomorphism F x Xn Fun X F f tofly with kernel I

Definition Thealgebraofpolynomialfunctions F x isthe

image of F x Xn in Fun X F Notethat it's identifiedw
F x xD I

Exercise

1 F has no nonteronilpotentelements feel now fee
2 There's a bijectionbetween

Radical ideals J C F
I



algebraic subsets YCX i.e algebraic subsets in 5
contained in X
It sends YCX to fe F fly o hint use II in Seco

3 max ideals in F X αEX feF x flat o
hint use I in Sece

Remark We can recover XCF from F X generators x ̅ X I
Namely I FE f x Xn F x x o in F X X V I

Example Let X x nl f x x1 o3cF for irreducible fefly.nl
f is radical equal to I X Then F x F xD f For

exampleif f Xzxp then F X Fxp a x x FED thesame as
thealgebraoffunctions on F viewedas an algebraicsubsetof it
self

3 Geometric significance of localization
3 1 Localizing one element

Let XCF be an algebraicsubset Fe F Wewantto
find ageometric interpretation of the localization F f
Let f fm begenerators of I X F X F x tn H fml

Lemma in Sect1 of Lec 9 tells us that
F x f F Af1 F x tn t for fm tf 1

I



Exercise Show that if A is analgebra wo nonzeronilpotentelements
then any localization ofAhas no nonzero nilpotentelements

So FNCF has no nonteronilpotentelements the ideal

f fm tf 1 is radicalThe corresponding algebraicsubset of F is

4 2n t E F fila andso it m fly 2nd 1
Theprojection F I forgettingthe coordinateidentifiesthisalgebraic

subset w LEX f x to DenotethissubsetbyXp Wenote that
it's not an algebraic subset of F in our conventions ThesubsetXp
I called a principalopensubset

Here's an explanationoftheterminology

Definition a subset YCX iscalledZariskiclosed if it's an
algebraicsubset of F

Asubset UCX is Zariskiopen if XIU isZariskiclosed

Example XpCX is Zariskiopenbc NXf LEXIflat o is closed

Exercise Any Zariskiopensubset of X isthe union of infactfinitely
many principalopensubsets

Remark Zariskiopenclosedsubsets areopenclosedsubsets in
a topology called theZariskitopology Principalopensubsetsform a
baseof topology


