
Lecture 17 Categories functors functor morphisms II
1 Functors

2 Functormorphisms

Ref R Sec 13 1.4

1 Functors

Motto a relation between a categoryand a functorgene
valizes a relation between a monoid a homomorphism

1 1 Definition
Let C D be categories

Definition A functor F e D is

Data an assignment X F x 06e 06 D
XYeable amap Home XY Homo FX1 F Y

54
Axioms compatibility between compositions units

feHome XY gelome YZ Fgot Flg of f
equality in Homo FX1 F Z

F 1 1 1 y edb e

Example Let E D be categories w singleobject

correspondingto monoids M N Example3 inSec2.2 ofLec16 A functor
e D is the same thing as a monoid homomorphism

T



Remarks i Havethe identityfunctor Ide e e
ii for functors I C D G D E can take the

composition Gof e E G F X G F x G F f G F f
it's a functor exercise

iii A functor F E D is the same thing as a
functor CPP Dopp

12 Examples of functors
1 Let C be asubcategory in C Then havetheinclusion
functor C e sending objectsmorphisms in C to the
sameobjectsmorphisms now inC axioms are clear

2 Forgetfulfunctors forget a part ofthe structure
2a For Groups Sets
Onobjects For G G viewed as a set
On morphisms For f f viewedas amapofsets
Axioms clear

26 Let Abe a commutativering Thenhavetheforgetful
functor For AAlg AMod forgetting the ring multiplication

2C Let A B becommutative rings y A B be a ring
homem'm

Thenwe can considerthepullback functor q BMed AMod It
sends Me06 BMod to M viewed as an Amodule yeHemp MN
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to yethem MN Forgetspartoftheaction

3 Let C be a category For Xe06e definetheHomfunctor
Home X E Sets

On objects Fx Y Home XY a set

On morphisms Y Y map f Home XY Home XY
Yo foy

Check axioms composition Fxgef F
g Fy f for

Y For yeHome XY have

g flly getley Home X 3
Fxg 5,171 y Fxg fay go fay
By associativity axiom formorphisms thetwo coincide
The unit axiom is left as exercise

3 PP We can apply this construction to CPP

FIP Y Homeopp XY Home YX
Homeopp YY Home 4 4

PP f Home Y X Home 7 X map ofsets

yet
We can view FPPas a functor e Sets cfRemark
iii in Sec 1.1
A traditional name contravariantfunctor C Sets



4 Algebra constructions asfunctors
4a The free functor
LetAbe a ring Want to define afunctorFreeSets AMod
I set Free I A

I

f I J Free f A A _the unique A linearmap
sending the basiselement ei ie I to efci At
Checking axioms offunctor exercise

46 Localization ofmodules is a functor SCA multiplicative
S A Mod A 5 Mod a functor that sends an

Amodule M to the A 5 module M 5 and an Amodule

homomorphism y M N to y 5
1 MC5 1 NCS see

Sec 2.2 ofLec9 y S Ms 41st Checkingthe axioms was
apart of the veryimportant exercisethere

2 Functor morphisms

Motto A relation between functors functormorphisms is

like a relation between modules module homomorphisms

2.1 Definition Let C Dbecategories FG e D befunctors

Defin A functormorphism 2 F G is

Functors FG send theobjectsXe0be to F x Gx 06 D
We can relate F x GX by taking a morphism between them
Data Xe06 e amorphism 2 Homo F x GX
T



Pickingmorphismswhich are totally unrelated ispointless We
need to relateRxRyfor XYe06e The relations we need
come from morphisms between XY f Home XY
Flfletlom lFCx1F x f Homo G X G Y
axiom s t XY 06 e feHome XY thefollowing diagram
is commutative FX Ads Fly

12 fry
IX 611 LY

Example Let C Groups D Sets F G istheforgetfulfunctor
Let ne7 Wearegoing to construct2n F F For agroupH
set Rn H H mapofsets huh The axiom issatisfied
we needto check that for everygroup homomorphism t H H
thefollowing diagram commutes

Hahnthin tchn
t homomorphism H H

Remarks

1 In many but not all examples 2 is naturalmeaning
it's uniform independent ofadditionalchoices Hence the name
natural transformation for a functormorphism that was used

inthepast
2 An analogy w module homomorphisms is as follows

Let A be a ring M N be A
modules For aeA we write

51



an an forthe operators of multiplicationby a in MN Then
a group

homemorphism 2 M N is an Amodule

homomorphismiff aeA the following is commutative
p µ

12
N IN

Here elements ofA are analogsofelements of Home XY
MN are analogsoffunctors

Exercise Let M N be categories w one object a.k.a
monoids F M N be a functor a k a monoidhomomorphism
Then a functor endomorphism 2 F F is the samething
as an element RENI 2 F m Fluly meM

2 2 Important example
Let XX eDb e functors

x
Home X Fx Home X e Sets

Goal fromgeHome XX produce a functor morphism
28 F Fy note that theorder is swapped
ie foreach Y 06 e we need to define a map
2 Home XY Home XY X x y

Y Yog essentially theonly natural

way to givesuch amap
I



Now we need to check the axiom commutativediagram
fetlome Y Y Elf f F f f we have that

ye Home X1 Home XY

121 og frk.itog is commutative
Home XY Home XY

y y.gr f yog
11 6k composition in a

y foy foyog category isassociative

We've checked 28 is a functormorphism

2 3 Remarks

1 Cancomposefunctormorphisms 2 F G HisJoy
F H Joy 302_Tocheckthis is a morphism is an exercise
Alsohave the identity morphism 1 F F Thisallows us to talk
about functor isomorphisms functormorphisms w twosidedinverse

Notinforisomorphisms F G Thefollowing is very important

Exercise Let FG C D befunctors For p F C TFAE
1 2 is an isomorphism
2 F X GX is an isomorphism in D Xe06 e
Moreover we have ly 2 1
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