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1 ) Lunctors
/%ZZZZO-' A //\’//l\’jt[/gﬂ /dh/ew a [ﬂ/{ejo/gt Mo/g /Zmyfo)/jgng,
volises o relation between a monord i a %moma?plzsm

1.1) Detinition
Let €D ¢ CMf/oaﬂes.

Dedmtion: A ﬂmo’fwﬁ F:E —D s
(Deta)  + an assigament N > F(K]: H(C) — K(2)
Vhrede), amp Hom (§y) — fom, (91x] 31)

v w
f 3%

(Avioms) — compatibitity, betoon composrbons & unt's

A feHon (§7), 3 bom, (12) > F (ol )= F)F )
fgae.&z;t( w Hom (FX) F(2))

E)(Qm/ﬂé: /05 Zi @ o/e Ca;fﬁor/es W. 5/}% a(/yéc;f C'a/'}’e;pd/f—
0427 () /%0/70/0/5 /%/I/[E)(m/)a 3) in Secl 07/ Zec7£), A %/ﬂw’fw

L E —0) s {/c Same Z%nj AS A& /Mona/'q/ Aomomaf/jfo’m
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Rewares: () Hove Ho idotity famtor Liy: € =€
i) fov famtors FiC =D, G D —=>E ton tore 4o
Compositon G FC — E (G F(x)= § (T, 6-5(1)-Sp)
s a /emafor [ ).
/fl') djli(nofor F: =D /s e Same, ’Lq/g as R
ngﬂfor 5"/’/_) @o{op

7.7) Examp(fes of functors
7) Z%‘ f/p{e quécw(jo? V2 C. 7ZU7 /Me Z%e /ﬂ&é{S/Oﬂ
Ao € e Seﬂa/mj, ?af} /Moyy//ﬂm n & 4o the

Samy 0(1?1’/0& /}74070 ums Aow h © Qhloms awe Lpo.

2) /:Brjr/f/wz Sunciors ]érj«ﬂf a part of Yo structare
th) For: f/aa/os — SE/’f.S,'
ﬂ/qa((ywts: bor (§) = § viewed as a set
I m)?g//sms: for // )= / ) V/Weo/ As 4 ’””7” 07[ seds
4&’/0/145: &/mlf

26) Let A be a commutative 7114 Thor Aawe £he Zéfj\’/f/“/
functor for: A-fly — A-1od | forsettimg 2o ring. mubliplisetin

ZC) fof A/g é commutative /Mjs £ ?ﬂ/, —L be a //}(7 /omam’m
7707 We Con [oﬂS/a/a '/A /w“éact 74/}1%0}’ iﬂx 5—/%;0/ — 4‘/%0/. _EZ

Sends MeH(B-1od) o M newed a5 an A-moduts & we Hom, (M 1)
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%o }I/EIL/OMA //‘M/). FB{jw’s /oawz‘ a/ 1//c acton

3) Z&f f ofz A (‘n}b‘gog, /L;r XE ﬂg/f) /f/%m 'L% /%/h %/hﬂér
F (=Hom, (X-): € — Seits
O ﬂyeofs.' FX (V)= A/ome (X }’)) 2 st

Or mophsns: Y L2 ~omp E, (1) Hom, (4] = B, (1)
py —— fop

ﬂecz 2XI0MS me/gamf/on: Fx {707{) = Fx {770 FX[/) for

A -i;z #}—%g for %é/émﬁﬂj);) have

[ A ) = (oo  Hom, (1,75,

[F G- £ F1lly) = IF I (F-p)= g0 (Fop)

% dSS'acidf)Vﬂ_;, AX10 7gr /Z/of&//)’}m‘/ Zz»/a 241/0 (’O/hab/e.
The ant Axiom s et as

3%) W Can /}a/ugi Lhs constructon % C1~s
R Y m= Hom g, ()= Hom, (X
fé/-/omfg/,f [}f,}z/): /%m(3 [72'},’)%
/-_XOfP(f): /;/omc (}1//)() '—-—>%/omé (7 X) ~map of sets
w v
A
We auviow F7 as o funds € —> StAsT (of femarr
(i) m Sec 11)
’_’ A 'é/o.o/ [zz/oml nent: C’OﬂfI/MM/Mf %{hﬂ[ok & —95&2‘}
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4 ) 4?(/6”& constructions as /Zm&tzar::

4a) The “He” fantor:

[t Abe a ring. Wont 4 defn o fonctor Eree: Sets —A-Mod
T, set » free (I )i= A%~
fT >~ Free(£): AT 4%7_ 4, cntpug A-Cinear
Seadbng Ho Gasis chimnt € (ST) %o €p, € 4%’
&eczc;yg arioms a/ %mﬂlxlar:

44) /o(c[fza;fzan a/ /lfoM /5 @ ;énifor . ScA mw&(//bﬁ‘cn;fl’l/t
L -[S—I]i A- /{/oo/-—94[5"]'/%o/,&75mpz{7r 'wa Seads an
A-modulle M 4o e ALS™T-module MIS™] and an A-modl

4omomo)704)sm p: M SN 4 [S3: MLS] = M[S7] (Gee

Sec 21 o/ Lec ﬂ) %[S"](—é—”—)#@_ %ﬁcmn} fx(g AxX10mS WRs
A /)a/f oy[ fZL Verg [m/oozxfm‘é ExXeruse Z‘n/era

2) Functor MOI;M/WS.

Motto: A relotion between /imygof’s z{ 744}7%(0/ /Mo//m/u)nf I3
Zlke 3 l’&/ullan /&fln/een mao/a/ﬁs Z ﬂma/wg_ Aommw;aélwx

21) Defnstion: fet D be m;éfjoﬁes £ Ef E— D be fonctors
j)g[n 4 ﬂnﬂﬁor May/lmy Zi F =—>§ (S

Funcitors EC Swo/ fﬁ oéfmzs /Véﬁg/ﬁ) ‘o /CA(], [[X)é@é(@)
We con relaite ﬁ_ﬁ()} CIX) /51 {ak1m§ a Mor/yn/um befween fn/&m _.

’_1(370-110\) 'Iy/{/éﬂ{/f)/ 2 Monphism %é%/tg@/f:&(}, f[X))
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F Icking ma79//5m; wheh are fotally unrelated is /a/'m%s;. he
need +o relote Y, ¥ bv X YeOUE) The relodions we need
Come from maphsms betwewn X YV: f< Hom, (K Y)
Fif)ebomy (F)F(2)) GF) € Homy (LX) £()

(fol.OWIB 5T # X, /€ ﬂg[f)l /é //M'Iﬁ ()Cy)) ‘Ll/f ;ézfowmé ﬂée(jyam
/s commutedive: Fﬁ() Ftf)

———> Fly)

J/Fx Zy

k) -S4 (1Y)

Exampts: Lot C= (youps, D= Seks & F= is o forgethul funclor
Lt ne . We are jo/né/ +*o CO'UZZI/MQf gn: F =F. For aj/ow/o }L/)
sef Zﬁ‘/ H —H (MA/J a/ff/fs), h H“ T axiom is _ru,‘/f%eo/:

W< wo/ 7,‘0 MCCL 'févt 75)/ €V6V3_ J/Wf 43/440}140}/’0//])” Z"-‘H—?/—//
f/L %wlné, 0&&37% commutes: H T ’

ﬂt(h":f(é”) o lAHA“ J/AIHA”'
z /’r/AomDmor/oéuM. H —=—— H
femares:

1) In ﬂm;y (but not a,Z[) examfﬁS, Py s atural 0472@/7//7;/
/€ ,/L/m/ZMu/'Z ého[?oznolwz‘ a/ 2olols toned hoicy” /%fz z‘lc name
“yaturel z/rmsjéyma;é/on d /or a functor mor/gn/mn Hot wes yseo
i He /Damf,
Z ) 4}4 Mw/(zj w, /ﬂoM %WMoW//sm /5 4s /aZ/ows.

__]Zg/f A b o tHing, LN be A-modiles. Fov aed] we write
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o w o B qperetors o multipticotion é’ am N Then

2 (?fﬂu/o /omamw/oézsm M SN s an A modibs fomomar-
/0//5;:4 W ¥ ael ) e fffowmj & commutative: .
N ———M
iz i 4

Were elemonts of A ane amz/og; o eloments of Homp (%) &
MN ave aneloss of Functors

c Lo ////f/ fe [gj/,‘éjome; w. ome Oﬁec}f A.k.Q.
Mongids £ F:M =N be o functor (ak.a. monid 40#140;140///;5/0)
Then a functor eﬂa/ama»y/lsm A F=>F i {»4; Same ‘f//#j,
as an elemont pel | p Flm)= F(’”)Z ¥ meM

2.2) _Z_M/Dorfdmt Exemp b
Let K N'cOL(E) ~ functors
F<himg (§:) bl (): € — 5ol

Jad-' %ﬂm ;e/%mf /X//X) /orocht /{74/”02(0* /74077//)‘»7
Z?: /;: = ,L; , (note thit Hy order is Sh/af/aeo( )
(e for each Y EDE(C) we neeo ©o defm a map
ph: Homg (U7) — ton, (K/7): X Eof L
?u — gua; e—esswf/% £ mé naturad

wey to quve such a mep.
A by Lo 4 T



/{/OU we Mbo/ 'L[o 048“( LZZ{ aAxlom /('wwzqufa,fh/c o&zé;}’m)-’
Y feHom, (4 %), EH)=te?, Elfr=fo? £ we have that

@ e //ﬂmf/ifZ)T? //omc /K?z’)

l?g(?)??o} : l?g:(?);?o} C.S Cﬂmma—fa/f/ye
07 ,
Homg (£ 1) L b ()

o ryr iy
70 } // <— 0//< Ca)ﬂloﬂs/zz/on m R

’_‘_)\L: 712 = 7F°jU e (7[70?/’)‘5?, [Mé(’jogb /5 assaawfll/c_
M'vc w/e(;keo/ : g} 5 & 74“&1‘0/’ Mo/f//m?.

2.3) Kemars
1) (on compose Functor /MO);UAISWIS s F= C,§-‘ (’———)H@j‘o[:
F2H: (3op), =§X°Zx,7; Checy Hhis s & monphism 15 an .
Also hawe e /oémf!fg_ /140)774)5»'\ ’//_--' F=FE This allows as 2o talr
about functor /50/;40;77/;% : functor mw;&/xsm w. fwa-siced inverse.
Notn for /50}%0/704/5}145-‘ F=C Th Mowc'n& s Ver& /m/)oyz"au‘é-'

Lk EC: €= be functors. For p: F=C TFAE
1) v s an 150mor/04/sm
2) F(x) _Zx_> C(X) is an I)‘OMO’PAISN ind ¥ Xéﬂ({ﬁ)

/%Veow;r) we lwe (g")x = (YX)J
Ed



