Lectwe 15 c;exz‘(jﬂms, Hinctors 8 functor /MDI/Oﬁ}I}MSJ /8
1) Yoneola. Lemme. ond “agplications.
2) BroducAs i categones.

Pefs: [F1, Secs 27-23; [HS] Sec IT.5
BOmUs: Caifeﬁor} e7a£ velences.

1) Sonee lomme. ond ypé’caﬁf/om

Led £ b e C’aztejog_ bocell Hak 4 Xe JB(€) we con assign
a functor £ C —> Sets sending, Y E(E) £ Homy (X7) & o mor-
phim 3 E= Lo the map Homg (5) — Hom (X ), pio> Foup.

/Vc;(’t/ for g€ z%mé X X) we fave 2 functor /Ma//’aélsm

/% /—Z:) /_‘,_-Zyﬁs /%””6 [)(/ ) — /%mc (X! 7), Zj (;ﬂ)::}ﬂ d’{

TLe £ollowi ng 74&#4/&76/0%2[ vesudt s €>ere/Me% /}u/)o#famf

ﬂm [ )’Ohfo/a /ewma)-' Z:—l/eg /wwfaz/ /1401704”144 Z-‘ F; = F; o
of He Fovm J 9 for ungue 4 € ’%””C [X,/X ]

17) Foof of Yoneda. tomme:

Sty 1y gives  p: Homg (X X)=F, () = £ (X')= Homg (X)X
Set 9= (1,). We need 4o show:

9oy &

gy
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Step 2 ggf[g?]x (4,)= &2}?

Sﬁf 3. e show that giz=z o ¥ IeHE) fue (Z?Z)V =4,
a ffqd.é’g g/ Maps /%mg [)g}’) —> /7/0”’6 (X,/y)
Nite Dhei /%?Z)y sends f&//omc (XY) 4o fogx (7X )
Now recoll 4ot V sotusties 4o /wf/owmoe: ¥ Y edye)
4 }’/—’;97 I8 o&bg/w below & commutative

/L/amc[)(,yl) F)=fer %Homc()CY)

l@’ J/Z)'
=te ? /
Hom, (X! ) oo Hom, (X7 )

We wse His For VLX, aend app% A 67412/ /740704//5}14: % 1,

1€ zL/Ma /,K)() f-? %Hom(f/)gy)
b, Lo
Hon, (1X) ————> Hom, (X'Y)
Vi fep ), (D) eHon, (79)

—>

Yop (012, dre Hom ()
The cpuality (y ), =y, follass Hushng o poof B
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1.2) Yoneole. temmo. s cam/oomzlom £ /SQMO»;U/::mJ
Lemme: 1) Led KX X'eOhle), X 2 X =K e mopphism
yieldng y3: F,=F ., p2:F, = T 23’;,22,23’

Z) Zﬁ S A /Ul)(/’tlo/ lSOMOl?jAISWI <=){[c Morpélw 3 (s /)’o/harpﬂ/lfm.

/07'007[3 1) for /Véﬂ!/C), 9ue//omeﬁjy) = ,
220 )2 pl lpe )= (pedeg = polgig)- p 2 )

Q) < by 1) ggoggtgf"' = 1,_-)(, £ S/W//M% 1 the oher direction
= by Yonca Comme. ALK < Homg 0C) w7 p? Thon p '
- h -
='/FX,=Za£ '=Z9o24:['f}] =23_ % # w/l/?umcsr/&arf of Thm
3/':1X" 5/}4:&7#%) 452'/)(' O

13) /{0760{5 /\;o/efwz‘m; Funcitors
An Zm/oonfanf use of tlo Yoneds Gomma iy o relete (hstuad)
constructions in cotegones & (Concrete) constyuctions w. sets. A

z'mporfwnf wle in his veletion i /fajeo/ ép e /D%WZ"/} defon:

ﬁé’q//m’f/an: Let F: € — Seds fe a %myfoz Wi 57 Xéd’//f)
/7/{;&,{5 F&/ F s /50Me77/zc % /:;(

A }’60/1‘:5617{/}72 ﬂé‘e% Moy Jal 4> exst (see an exercse below).

I /£ exists, we Say ot F s /e/ﬂ’esenfa,g&.
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f{fmma 1[ 4}7 o(é/ldf/ /K ﬁ;om:w?f/zi_ E /s am?u “p Lo Isom'm
if it exists.

Fioof:

Lt N XEOUE) rpresent Fi e [ = F & F s
Functo /Soma/;aézsm Z"og’: /~;,$§ 83 Yoneda lemma, Z"oyﬁf&
1% 2) o/ Lemma jn Sec 17 X 25X on /5oﬂzor/aﬁzsm. 0

E%M/é ﬂe /0?0{74/[ ]énﬂfor /Cé}’: C= (VOu/os —> 5&2{5
s represented @ 7. Inoked, #or ? iju/p 0 we have
a éy'eaf/on (of sets) &, A/om(,wps(g ) = 0, (ZUHC/W.
[2) s 2 ﬁmc]for MO/}p//S/h —what we nerdd 4o check is Yhat
a jmu/o 40%40/140}794)57» £ C-H, He oé'ajmm
Hot g (7, €) L2525 omg,,,, (2 H)
L oo , K2
A > A
s commutative wheh s Gt as an .
Since 30 /s 0'@(/1‘/1/5 ¥ é‘ Sec 2.3 of Lec 17, i's a.
/imdor tsomonphism inploing our’ cloim
4 ) M/ﬂcy ng. !

: KOI?SIO&V ‘LZZL ﬂmo—for /6/155 — 5%[5-'
. Swo/mg, 61/03, ””5 E ‘L‘o a éz_ce_o/ S&f W. One &/E/%ﬁmé.
- anol every Aomomw;oézm of rings 4o e /k@n‘/z} mep.
Show 'I%z/f 125 /{la/escm‘eo/ /} 4

4]



S 5/)01/./ f/wf ’f[L %@%‘/M /{MJOV “ sets /)’om fé
Al Suécdegorg m Lvoups amszsfmg/ of furte and (Hr simpticity,)
obellion gre4ps s not /ep}’crmfa,g&.

EXam/o& contd. We use He 150/140)7)41;144 o= For 2o compute

He monoid of Ml a/m/amOrpﬁnmJ of For b} Yoreola, lormma, every,

én oMﬂl?OAISWJ 0/7 F?g Comes //0/14 2 W//'?&a 6/70(0/%0¢4/jm a/ 7 £ 50\1,
Sec 1.7, s p//&l[/wﬂ 5 compatible w. @m/wr/f/om [/«Vemnog e
orgler). So aur job is to compute Homq,am (R 7). As a s, itss
E/A[Z) }17: Fov (Z)=7. Th /Somo?aéism 2 senols &: Z= s
4’0(7)€7£ so mel Ca/ras/oonogs fo +he fomomonphism X vomx - 7 — .
cmuposiflon n ’%""G’/oups (74 76) 60///£S/90Mp(§ to £l p}’oo/uug in Z.
T follows et th monid of Linctor en/amo¢41fms of E, &
henee of the /JOMOiPAIc funddor For is 7 wat. multipticeion,

What  does 4e ﬁno(am%n%zrm of For CO/’/(_S/OOM///IJ, to me7l (to

be dlensted @ [,,,)9/0.7 The idertificettion //omc,wpg (% C)=F, ()
w Cis by g0 And g, B0 — ) suds o 4
[ x |—>Cr(mx)=610(><)"“]. So V' G —C is g_Hg'", cf 6(%/9& Y

See 21 of Lec 17

2)  Bodugts in fa]éfjoms.
The camglé o 2 @/escmf/n? o{/’f@f allows %o carry Construc-

Lions Hom o cateaors of sths To 2 genened cateson,. Here we
77 J )7
consider o basic such construction —/mémfs,
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Kecoll thet m owr wsuel cvfejo/ms: Sets, ﬁoa/; :6}273,
/4—/2700/ We pre ‘élc NoTlon 0/ direct /0)’00[«%‘. In all of 'L%:’m} ‘Z‘/;s
i5 cheracterned @ univer sel /ro/m‘g. Ej_ i A, A ar p Hen
AxA, s a nng e fing ﬂ/amomagn%w: T AA, = A stV g
B w 40/440/’1070//57145 Z ‘B =4, H oo B— A %A, sz =7 Y.

Now CE € § o category mnd F E:C —%ts & Fanctors

@m&a z‘n/eir ﬁ)’oﬂéﬁf /L:X/:; 4,

'Swa/mg, XeOit) 4 [ﬁ/x)xgﬁ()

- Sew(m} Spélé/om‘:[/\jY) to Klp)hlo): LK )EX) =L ()x £ (Y]
E;XFL is & /Zmp‘fok, % (jeck z‘é axioms IS an
flow are X, e OUE) and Ld o= R be e Hom fncdor
Hotpopy (X, +) (= Homy (5 X)): €7 = Sets
Defintoon: IF Kelb(e) represents b, " E(:"f Hon we 2y the
X 15 b produck KA, ’

Thy to Lemma. in S’ecZ} X; XA, s cntpue /a/ to /50) // £ ousts
(Zhet wy Sl o e e case).
/'/ercfs @) aﬁfmeﬂfn/e Mwam.le/’/éa]élom o/ /}’0 a/uyfs,

Lemme.: 1) Ther are ﬁ;-’é//omc [AC X() st.
b 4 VEOUE) g b, (11,17, 3! peting (120l -3
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2) ﬂmveyse%, bt (X 7) Saz‘/s/} (). Then X= X<,

Nite féﬁf (*) fs 7.‘4 wswudl wmversol /Dro/e/? a/ dyect /)’MA&Z‘S,
Ty peitindsr i v usuald cateapres Sets, (rou s, bn s, A—/%o/
P > J P, M5
/71’00./«4%5 are JuS’LZ direct /01’0&1(440{5 ~ nd ﬂly et ¥ e

/Droa/ﬂ?//emma) : 7) [t v /f:’ﬂ");;;,ﬁ:(:”’x /-:(:/’P,\, oy Ve J6(F)
i Hom, (5 X) =5 Hom, (50,0 Hom, (1 X,). We defime (m;,97) €
/%/ﬂg()(/}g)xf/omc (X,/J RS /KUX). As n Sf\’fg of £, /0)’00/ a/
Sneole. temwme. in Sec 1.1 | ¥ pelm (YX), we fove commve aéh(j/w
/7/0”%, (X/X) il — /L/amc (7X)
Zx f o Sl vy
Hom, UK <Hom, (1) 2B o, (71 Hom, (1.1,

whid we 079/§ o {(je/ffmg: ?y[?%@’o?,%{o?). (x) 1ol
&/c 2y 5o a é‘/'/'eﬂ‘/m: 7 4.0 3! P w. %,/5/)4%%)

2) We es Scm‘m% peverse. w(’jummzl. Detme

s, //W@Q’X? ———>/L/omg (7 X )<Hom (1 X,), ?H/ﬂ’ogo,f/‘,’ogﬂ)
% (x), g, 152 Ky'ewfim 75 chece hat 4 constitute a fanctor
Moy/élsm /s am Y r- (p,) &> a Sanctor /yomoyé/sm 0
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50/[/&5: fwf{forj/ efﬂ/VA’/&ﬂCﬁS-

/é/)’ fC{ESfID/'I 4&/&.’ WLM are 'éI’I/O Caf?jar/é’y 214 //_MW".)

76_1_/}75 ﬂwz‘, 7{/)402[0}/ /Solua@//mf: /0/? an /lf?ﬂafﬁi«f //ﬂ/é mn
answenns, Hrs question.

Before we address ﬂ/:, we shols discuss an tasier queston:
Whin are two sets He same? Well 4oy are 52‘0/% 78
Seme if L‘L? consist of Ho seme ehhments. Bit His q/%ﬁ/zz/pn
Js ;m‘z weliss: Sets m}r/)fj Hom odffevent  consOuctions
won' t be b some m s seqse. // causse, we se ('50144079//5
mstead a/ K&’”j’ 52‘0@/?/ . same.
fowr back o ca;t‘z_?ar/q. »{jm‘n) gmi} o soua i aselsss.
fow 2 hoit ﬁ/n} c':ama;ﬂ/zc 7 Jons ot s 15 ot asefo
Lets seo why . Let Zfa@ b (afeqories, W J‘A?‘LG/aig Kj@
ave /50/140794/(, 5/ zl/a/f, are %ﬂﬂzak_r Fe—=d D —-C
uh ek  FC= Iy, TF :IO/C- The t550e 150 Lo Funcbors
pbbained 00/7 J#aem‘ Constrations ave nwer Yo seme

[Com/va/a ‘L‘o SWfJ) 727 50/&1{/0/4-’ /’1;0&6& %vm/ ¢h{ ///Solﬂo;v/m”
A{S ,/imyforj).

-/—Df%/lmé/ah.‘ o Functors F: € —D, [D—-E are /p//a.r/'-/hyerre
9/ FK%’Z;{Z)’ K/C :/_';-Z;(é //Somoyo//c).

A .Sc? Zo@ ave efmwz,&«f //‘6@/& Ve Qupsi -IMverse
%/nmﬁvs (called! 57”/1/“/(&/45%) F:f—>,Q)/ K — .
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Now we are oing £o stete a jma/ej res bt for 4his e
need andther defmition

Defmdrons: A Jén&for F: & —D is calle
Sl fuithid o ¥ Ly i) =
LY o a @eo‘f/oﬂ /%/% /{YQ”‘Q‘%@[FA’ZF&Q
. fSSWf/D/ZQ Judeal‘hfe f ¥ Ve O4(D) = Xelse)
SMVA ﬂa)f /L—/)() (s /Somo?/lc 4 7

ﬁm: /4 J/fmy/or F E —D 15 an f////m&@a &
Fis /w% /aﬂ[//w( % ﬁ:&é’%ﬁazg Suyéc/f/ Ve.

/]/e Woh’f /)’oVﬂ 7‘44)’/ ﬁ/m( we h/ufgj/z/c an (A’M/ﬁ’é ’zzﬂ/aif
Ustrtes fow /)/og/ wors m jWa,Z

éj{mpé-’ é/ﬁ/&é/ VA 52755]»0?, D= [F- V{Jép y of ]5}7/2‘& et
vector Spacty over a Al [F and /s Sl su écwffjw;‘ C w
aé’ewfs F'(no). We claim Gat He mbusion Andto

F-CD s an fya/m/&wce. _Z{[’Jjéjﬁ Soithpod ? def'n
ond s foﬁ&fém%/ Iuyedz}/e Zg the existena of 62505,

Now we /o//oo/ua: a gus SI-Invense jfnpfog 4 In each Ve KD
We %,( R a/zzsu, Wﬂ//p/ éao/; {o an /50/»;0704//;»» fl/: Véﬂ—h
We olofme [/V) es [F" for a bnear map / U=V [o
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OAWI Uzm 0)4»7 [/”/’L) we set f{/):zv"a 7{02“'
gﬁyase: ﬂe&t f/{ ngmﬂéo}f

Mo we ove dqomj “ K/Mé ar Gl ¢ 67 & assme thot
/[F.,:ﬂ'_”-”*éfh A /'oém//ic‘y_

E{’WQS&’ 4) /: Z "">Zf /5 ‘fé /o&nz‘ré} 74/;/17%* (1 /oJf
asomwﬂ:c to i)

o e produce a functor somphm  p: Ly = FC
So We /uze.o{ %o éﬁu/a Z/' V——e[]-— Q/m’/ano( ’Llﬂ//: Vis 'é»é. /Jomo;oélym
Srom above.

5’&0{5&; /}’01/& ’%af Z 153 Maé&o/ a /L)//wfar mpy//fm

T e g 2J‘oM979n/)m of fantaors. So |- 15 oo a
cate oy, £7w1m,(wce,

Jﬁo’f/cr Cytylise. /Van z‘»&;é #Le (AJ;%J/ JI/;MVEOI’ K o

efwm/ua; F (/ef;fﬂ ‘-—PF%V{#:;F.
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