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1 Yoneda lemmaandapplications
Let C be a category Recallthat to Xe06 e we can assign

a functor Fx e Sets sending Yeable to Home XY a

morphismY to themap Home XY Home XY profay
Next forgettome XI we have a functormorphism
2 F Fx 2 Home X Y Home X Y 2 141 4g

Thefollowing foundational result is extremely important

Thm Yoneda lemma Every functormorphism 2 Fx Fx is
of the form28foruniquegeHome XX

1 1 Proofof Yoneda lemma
Step 1 2 gives 2x Home XX FyX F X Home XX
Set gz 2 11 1 Weneedto show

gygg
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Step2 gas 1281 111 1ig g

Step3 We showthat282 2 Yeable have 1282 y by
an equalityof maps Home XY Home XY
Note that 1282 sends fe Home X Y to f 2 11 1
Now recall that satisfiesthe following YY Edb e
Y Y the diagram below is commutative

HomelXY t
HomeXY

y 124
Homey Y Éf Home x y

We use this for Y X andapplytheequalmorphisms to 1

Ie Home XX Home XY

Ix 124
HomelyX HomeXy

for 1 1292 f HomeXY

zylf.ly pyffleHome XY
The equality 29274 2 follows finishingtheproof
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12 Yonedalemma vs compositions isomorphisms

Lemma 1 Let XXX e06 e x be morphisms

yielding 29 Fx Fx 28 Fx Fx Then29s 28.29

2 28 is a functor isomorphism themorphismg is isomorphism

Proof 1 For Ye06 e yeHomeXY

2 2 y 2 ly.gl lyg eg yogag 2 y

2 by 1 280282 If similarly intheotherdirection

byYoneda lemme h eHome XX w 2 2 Then 2
f 2oz 28.2h 17 29h By the uniquenesspart ofThm
gh.ly Similarly hg 1x

13 Objects representing functors
An important use of the Yoneda lemme is to relate abstract

constructions in categories concrete constructions w sets An

important role in this relation isplayedbythefollowingdefin

Definition Let F e sets be a functor We say 0b e
represents F if F is isomorphic to Fx

A representing objectmayfail to exist see an exercisebelow
If it exists we say that F is representableI



Lemma An object X representing F is uniqueup to isom'm
if it exists
Proof
Let XX e06 e represent F 2 F F Fp z n

functor isomorphism z or F Fy ByYonedalemma y or 28
By 2 of Lemme in Sec 12 X X is an isomorphism

Example The forgetfulfunctor For Groups Sets
is representedby 7 Indeed for anygroup Gwe have
a bijection ofsets 3a Homgroups 71G G y y t
Ba is a functormorphism what we needto check is that

group homomorphism f C H the diagram
Hom

groups I G
4

Homareups TH

19491 John
G H

iscommutative which is left as an exercise
Since is bijective G by Sec 2.3 of Lec 17 it's a

functor isomorphism implying our claim

Exercise Consider thefunctor Rings Sets
sendingeveryring R to a fixed set w oneelement
andeveryhomomorphism of rings to the identitymap
Show that it's representedby 7

T



Exercise Show that the forgetfulfunctor to sets fromthe
full subcategory in Groups consisting of finiteand for simplicity
abeliangroups is not representable

Examplecontid We use the isomorphism F For to compute
themonoidof all endomorphisms ofFor BigYonedalemma every
endomorphism ofFy comesfrom a uniqueendomorphismof 72 by
Sec1.2 thisbijection is compatible w compositions reversingthe
order So our job is to compute Homgroups 72,72 As a set it's
Fy 7 For 7 7 The isomorphism sends 4 7 72to

9111672 so me7L corresponds to the homomorphism amx 72 72
composition in Homgroups 72,22 corresponds to the product inTL
It follows that themonoidof functorendomorphisms ofFy
hence ofthe isomorphic functor For is 7 w.it multiplication

What does the endomorphism of for corresponding to met to
be denotedby2m do The identification Homareup 17 G Eyal
W C is by y aplot And2m Flat Fatalsends y to

q ma q x
m So 2m G G is gragm cf Example in

Sec2.1 ofLec17

2 Products in categories
The concept of a representing object allows to carryconstructionsfrom the category ofsets to ageneralcategory Here we

consider a basic such constructionproducts
51



Recall that in our usual categories Sets GroupsRings
Amod we have thenotionof directproduct In all ofthem this
is characterized by universalproperty E.g if A A are rings then
A A is a ring w ring homomorphisms T A A At st rings
B w homomorphisms go B A 4 B A A w.ge tip

Now let E be a categoryand F F C Sets be functors
Definetheirproduct F F by
Sending Xe06e to F x x F x
Sending yeHomeXY to F y Fly F x F x F 4 F y

FoxF is a functor to check theaxioms is an exercise

Now take X he06e and let F FYbe theHemfunctor
Homeopp X Home oXI EPP Sets

Definition If Xe06 e represents Fx FYthen we say that
is theproduct t.tk

Thx to Lemma in Sec2 Xxx is unique upto iso if it exists
thatmay fail to be the case
Here's an alternative characterizationofproducts

Lemma 1 There are T Home XX s.t

Ye06e q Home YX 1 1,2 yeHome YX gesteg



2 Conversely let XT satisfy Then X X X2

Note that is theusual universalproperty ofdirectproducts
In particular in our usualcategories Sets GroupsRingsAMed
products arejustdirectproducts andthey exist AX

ProofofLemma 1 Let y F ftp.xfyr for Ye06 e

by Home YX Home YX7 Home YX Wedefine it E
Home XX Home XX as 2 11 1 As in Step3 of theproofof
Yoneda lemma inSec1.1 pettomeYX we have commive diagram

Home XX Home YX

2 1 11
Home XX Homelth É HomelyXixHomelyX

which we apply to 1 getting y g 9.4stay follows

6 c Ry is a bijection 9 4 yw.by yl YYel

2 We essentially reverse the argument Define

2 Home YX Home YX Home YX q to stepstep
By 2 is a bijection To check thatpy constitute a functor
morphism is an exercise So 2 ry is a functor isomorphism
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BONUS Categoryequivalences
Ourquestion here when are two categories the same

Turns out functor isomorphismsplay an importantrole in
answering this question
Before we address this we should discuss an easierquestion
when are two sets the same Well they are literallythe
same if they consist of the same elements Butthisdefinition
is quite useless sets arisingfromdifferent constructions
won't be the same in this sense Of course we use isomorphic
insteadof beingliterally the same
Nowback to categories Again beingthe same is useless

Howabout being isomorphic Turnsout this is not useful
Let's seewhy Let E D be categories Wesaythat C D
are isomorphic if there are functors F e D G D E
such that FG Ido GF Ide The issue is twofunctors
obtained bydifferent constructions are never the same
compare to sets Thesolution replaceequal w isomorphic

as functors

Definition Functors F e D G D e arequasiinverse
if FG Idg GF Ide isomorphic

Wesay CD are equivalent ifthere are quasiinverse
functors called equivalences F e D G D e

F



Now we aregoing to state ageneralresult Forthis we
needanotherdefinition

Definitions Afunctor F e D is called
fullyfaithful if XXeDbe

f to F f is a bijection Home XX Hom Fx FX

essentiallysurjective if Ye06 D Xeable
such that FX is isomorphic to Y

Thm Afunctor F e D is an equivalence
F is fullyfaithful essentially surjective

We won'tprove this but we willgive an example that
illustrates how theproof works ingeneral

Example Consider the category D F Vertyoffinitedimene
vector spaces over a field D and its full subcategory C w

objects F no We claim that the inclusionfunctor
F E GD is an equivalence It's fullyfaithfulbydefn
and it's essentiallysurjectivebytheexistenceofbasis

Now we produce a quasiinversefunctor G In each Ve0610
we fix a basis which leads to an isomorphism 2 V F
Wedefine G V as I For a linearmap f U V w

I



JimUsm dimV n we set Ccf zitof azu
Exercise Check Gis a functor

Now we aregoing to simplify our life e bit assume that

Yen F E is the identity

Exercise GF L E is the identityfunctor notjust
isomorphic to it

Now weproduce afunctor isomorphism q Id FG
So we need to have zu V I m

and this is the isomorphism
from above

Exerciseprove that 2 is indeed a functormorphism

Then
y is an isomorphism offunctors So F is indeeda

category equivalence

Another exercise prove thattheduality functor at is an
equivalence I Vert F Vet
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