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Ref's AM Chapter1 Sections 3and6

BONUS Noncommutative counterparts 2

e Recall Preposition Exercise 1 from Sec3.2 of Lect

Examples ofquotient rings
1 A 7L I n n 7 ALI TAK residuesmodn

2 A TL de 7 not a completesquare I x2 2 CA
Claim A I is isomorphic to thesubring
TL A a 6K 96 7 of C
Proof
homomorphism

q T x 7 523 f x f s
y 21 0 Ickery 71 3 I TL 52

g atbx a 652 so y is surjective Exer13 is surjive
fe 7L x a.be g x E7Ex3 fx1 at6x g x x L

division w remainder Ker q I Exert f is injective
So y TLx I TL 52 an isomorphism



Exercise 1 to beusedbelow inthislecture
Here we compare sets ofideals in A in A I Namely

show that the followingmaps are mutually inverse
bijections

Fl
e ideals JCA Js I J

IE ideals ICA I 91 9 511

Exercise2 Let Fy A X Xn yeY whereY is a set
Then there's a bijectionbetween

i Ringhomomorphisms Aftp.xn3 FylyeY B and
ii 9,6 bn where

q A B is a ring homomorphism
6EB are s t f 61 bn o yet Here FyeBX Xn is
obtained from FyeA x in by applying y to the coefficients

ThisgeneralizesExample 2 fromSection2 of Lect

1 Operationswith ideals
Def A is commutative ring pick ideals I J CA Thendefine
The sum It J atblae I beJ CA
Theproduct IS Eg aibilkeke.ae I 6 EJ
Theratio I J aeAlaJ I
The radical FI as A ne74 w ane I
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Proposition IMJ I J IJ I 3 If are ideals

Prooffor SI theotherparts are exercises
Need to check

e 1570 I
1 aeA be IF abe isabeliansubgroup

heretake a 1
2 a66 IF a be SI

61CA iscommutative
e SISI
1 be SI n w 6 EI ab an6 I abe FI
2 a6 IF n w a 6 EI

at6 Ee a 62 ie I abets

againusethatAis commive fi TeI if isn

Example generators I f tn J gegm
Then

It f fn.ge gm OEI I figjeI J
fi fn.ge gm C It J
It C f friggm is manifest

Exercise Show that I fig i 1 n j t _m

Rem For INJ I SI generatorsmaybetricky

Example A 7 I a Want to compute IF

ftp p.tpiprimes
die7he



be SI 6 a forsome n 6p pk FaP p pic
divisibleby

Exercise for general A I show IF SI

2 Maximal ideals
2 1 Definition
Def An ideal in CA ismaximal if

M A
If in anotherideal s.tn sm A then m in

i e maximal maximal w v t inclusionamong ideals A

Lemma equivalent characterization TFAE
1 In ismaximal
2 A in is a field

Proof Weclaim that both 1 2 are equivalent to
3 The only two ideals in A m are 03 A m

1 3 bc of bijection ideals in A containingm
ideals in A m Exercise 1 in Sec 0

3 2 Remark exercise in theendofSection 3.1
Lecture 1
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2 2 Examples ofmaximal ideals
1 A TL so every ideal is of the form a a7 for ae7
a ismaximal a isprime Indeed the inclusion a s 6

is equivalent to 6 a

2 A F13 F isfield f ismaximal f isirreducible for
the same reason as inthepreviousexample Forexamplefor
F C or anyalg closed field themaximalideals are exactly
x 2 for def

3 A F X Xn
2 4 a EF mg f e f x xD f x so is an ideal
exercise We claim it's maximal ideal I Macontains 1
feI w flal 0 Write f as polynomial in Xpdo Xian EMa
ffkltgw.geMe I fate I PEI

Infact thisway weget all max ideals in F x 4 if F is
algebraically closed Thisclaimto beprovedlater intheclass isoneof
mostbasic connections between Commutative algebra Algebraicgeometry

2 3 Existence

Proposition Everynonzero commutative ringhas at leastone
maximal ideal

Ie will provethis later for Noetherian rings all ideals



are finitelygenerated a justification is that essentially every
ring we encounter in this course is Noetherian

Thegeneralproof basedon Zorn's lemmafrom Set

theoryaxiomofchoice isprovidedbelow as a bonus

Definitions Let X be a set
Apartialorder on X is a binary relation s.t

SX

xsyzysx x y
syzysz

yized

YEX is linearly ordered under s if xyeYhave
sy or ysx
poset a set equippedwithpartialorder

Example X ideals ICA I A

Zornlemma Let Xbe aposet Suppose that
linearly orderedsubset YEX an upperboundinX

i exexs.to ysx yey
Then amaximal element ZEX i.e xeX Esx Z x

Note that both the condition the conclusion are

essentiallyvacuous forfinite sets

I



ProofofProposition X are as in Example Wanttoshow

let Y be linearly orderedsubset of X being linearlyordered
in our case means I JEY have ISI or JSI Set
I I Weclaimthis is an ideal A note unlike the
intersection the union ofidealsmay fail to be an ideal
Needto show

i I is an ideal abe I as long as g6eI
Check a 66 I I I J EY st aeI 66J
Canassume IS a

669,7
6EJ SI Thisshows i

ii I A
I is anideal

But I for every IEY I I 1

ApplyZorn's lemma to finish theproofofProposition

3 Primeideals

A is comm've ring
Definitions ae A is a zero divisor if a beA sit

6 to but also
A is domain if Ahas no zerodivisors
IdealPCA isprime ifp A Alp isdomain

Lemma TFA E thefollowing are equivalent
i β isprime
ii If a beA are setabep aep orbepnote



that is automatic
iii If I JCA are ideals IJ sp Isp orJap

Proof JT A Alp an atp
i ii a p it a 0 abep JTa 0T6 stlab 0
ii iii I J Ip ae Ilp GeJlp abep I Ip
iii ii I a J 16 Then I 4p atp IJ sp abep

Examples A A maxie Alm isfieldsodomain hisprime
0 CA isprime A isdomain
A 7L Every ideal is n for ne 7 n isprime

7h isprime or n o So everyprime ismaxie or o
Same conclusion for A F x if F isfield
A F xy x isprime but notmaximal

F xy x Fly domain but notfield
The ideal xy F xy is notprime
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BONUS Non commutative counterpartspart 2

BM Propergeneralizations or what we discussedin thislecture
will be for twosidedideals For twosuchideals I J itstill
makessense to talk about IN It J IJ I J those are still
2sided ideals For SI thesituation ismore interesting the
definition wegavedoesn'tproduce anideal look at I 03in
Mat e Undersome additilassumptions still candefinea
2 sidedideal We'll explain thisfor I 03 for thegeneral
casejust take thepreimageof FCA I underA A I

Definition Atwosidedideal ICA iscallednilpotentif
need 1 03

Exercise The sum of twonilpotentideals is anilpotent
ideal

Under additional assumption A is Noetherian for 2sided
ideals there's an automatically unique maximal nilpotent
ideal Wetake this idealfor 63

B2 Now we discussmaximalideals

Definition A ring A is called simple if it hasonly 2
twosided ideals 03 A
T



Exercise Math F issimpleforanyfield F

Premiumexercise Weyl F y xyyx 1 issimple if
charF D not simple if char5 70

Atwosided ideal MCA ismaximal if Alm issimple

A


