[ecture 20: tensor /Voa/uz/fs, I
1 ) @e//'m'f/on a/ tensor /OyOO/uufs o/ chs-
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BONUS: “Jensor fy"’/“ s gver poncommutative /’Mj&

0) ano/ map
In te st four lectures werve covered abstract Ca,i%jva//cﬂ[
construdtions. I ’L‘L Kemu'mng, Seven tectures we mitl #axs
on their mteraitions w. Commutative ebva. This witl W"{ o
ﬁ/o fbﬁ/cs ‘Mu‘ are /&Za:lfeo/ ‘fo (47 mé/er
1) Tensor P}’oﬂ&(ﬂfs of o dules & a%%m;
2) Exactness, /(o/'em‘/Vf wnd Hat modules,

1) Detintion 07/ tensor /p}’ao@ﬂzj p/ Mol

1.0) Bilinecr peps: Lt A be a commve rnm , //L/‘Z 4
be M- modubsy. Recall (Sec 2.3 of Lec 3) Het p: M4, 5 N s
A-68inear /'/f/m“ 2): MW 5 A-bneer ¥ mel, & /B[fmz)
1M =W 5 A-lwew ¥ meM. Lonsisler e sef

Bitin, (H<t,, 1) = [ A-6ilinear maps MMy — v E

Digression: why Shokol we cove abouit 6)0near maps —
7 J %‘ v



b/e -é/? are Werdqwlm./
1) Lincar M;ga{m: Sfor an [F-vector space V can tabe about
bilnens Sorms V2V = [F /c/_) Sec 131 m Lec17)
2) if M s an A-modile = action Mo AxM =M s A-61meon
3) the compo srtin nag  Homy (L,40) 5 Howy (K00) — Homy (4 0),
where LM N ave A-wodikes is A- Gilnear, Robtim 4 m A1
7) I B an /4—&{7&//@, Llon e p)/pa@uf mep BrE 2B
/s A= brlineasr.

Kservation: F .-B K/;;’ //%K/f/l, > (s «r/‘t‘aafgt a %Mpfor

H M,
44%0{ — S&fS : fo 7)6/%}4:’4 //Z/VI) We assion
@ﬂz{y/)r Bitin, gg “M, N) —— 51574 (H4xH, V)
L

; 5400./ fﬂo/é’ (5 4"0//{/)?661// X 6/—,/1/ 2] /lfoéu/Q
inctor - Mod —> Seis ’

14) .@@lzmzz/on ﬂ/ tensor /aroadwf:
Defnition: 5 o Zensor P ol /z{ G% M we mean a
/’?aresenén} ﬂ:/ﬁedf o 5,6;44 (MM, ) le. want 2 funcAor
[SOMOVA/SM /%IMA ///IQZ/UZ, -) %E/ZMA //{X/%)

5/;44//&//4}, %4 //’oalqofs (Sec 7 of Zec /5) we Cen fyw'wr/e@fé,

a/"%/u ‘LéeMSoJ' /0)’00&40145 vie, A (//7/V€/’Sazg /}’7964’&;]3 7.%/5 /s an
Z]



A- modute MG M w2 blinear map MM — M EN,,

m,m) > mem, w 4 /aélawmoq wnversal ety

(%) ¥ Ad-modill, /1/5 A-b:6near #ap JB’ /%"/UZ —> 3!

4—(?;765{/ maQ f /%%/'42 — N/ s.vf.f(ng,mz)ﬁfv//n,@mz)
M x M

(€. 'LZA /ozgdwm} Is COmmutative ’X .
(m,, m,)
AN
ml 2 ﬁ

M/%Mﬁ——_ e/
Ly tewms of 7, 1‘4//5 wniversel blwmeay map s ZH@A Ml/ /"’/8’,4 M;)/
w/lo/ (%) g:eo/s gN,/'m/ei’Sc o /ngm'4 (M, M,;N) ——*%nlziA [/‘6@14/‘42,/1/),
A f-?/%/,‘ of the /9700/ of Lemmo. (n Sec Z of Lec 18
7Zx 4o fl'z[/er a/ ‘f/e, e7a£ velent a/c/m/'{/oﬂs) Z% Lensor /7;/004«%[ /s
w//7uz (if eusts) in A /of(owc'n; sense.: c'/ % @{M 15 andther
’éﬁ/?SOV )’oaénpf W. f/gnear map (/ﬂq,ﬂrl) ~ ﬂf,@/mz /‘élw 3/ A-modits
fm cAGM = MM | (mem)=mem ¥ mel;. Indeesd
ths 4o (%) we hawe A-Cnear wmeps
CAGM =M M Thn (o' (mem)=-mam ¢ mel & K?
Ao uniqueness /an‘ of He property, (ot'=id Similasty, (ot =i

/Som0/7a I5

2) Lonstruction
ﬁc Mam jﬂb[ 0/[ 'LG//s .Seuflon /5 ‘fo jn/e a cm;fm%‘m
/0/00/ 0/

Thearen: /%Q;/% exsts fov all A-mogules MM
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21) lase 1 M, s Hee.

Lemma.: For auy set 1 A$I@1M M

(3%, 8 =(am )iy ¥ (a:) A% me M

Boof
As o A-lneer maps from free MoMS, V.G ﬁfmﬂ //4@,1/’4/'/1/) /s uni-
70&? oletermined p; /g-éz%MA//‘f, V), /BL-[m):=/B/€;,m),wa /8//@)/")
-S4 i) Mite Yot e rhs. 15 well-defred & [ieT|a. 405
Is 75”)'{&.

Weth 4his observation wetl que two 5«%/1‘«”; Aiffevent /01/00/5:
using Ll defimition & using He umvessel //cye/zzg &)

Boof using £, Aedmitron:

We have o Gijecton Bibn, (AS*M; 1) => Homy (M#)"
/6 - [/B[Q,')). O ’fA ol%ef /ww/) @ Sec 17 in Sec{ fave g(///{ed‘/on
/L/omA (/V//V)XI——% HOWIA [/’(Qir/l/)l 4g‘-) H[[m;),-q H:%i /Bi(”’i)]- (onsi -
g/er 1,% (om/oasiz‘)on ,

i Gy (A5 0) > Hom (W 1), p o[ ) 1> T ple:, m:)]
77856 5()/6%‘/0”5 cons le'ﬁ('fc R’ %MV’LLO/' /50/}70//9/&14 / ) 7]/'5
Shows Hhet M®is pradeed A@I@AM (fake Z=(p’)"), Note that
L), m): = (am),or is in £y {/4?1/’4; M) & satisthes Y(B)=
1,01 ( ) so mo/feo/, (2:)®m = (3 m) d

Froof using (x):

o Lef & AP Sip = N b o bilinear § G4 Y- A% — Mm%t
Z



be Ziven é} ((a‘-),-er,m) H(a{m),'q, s filintay ( ). he
wart Lo construct a Omcar map /57 MET s.f./g=,é”e2’&
Show Yt £l lutter (/74/47510/) ddermmes /fgv an/'yur/fg.

Lonstructon: /E’[(m,-);el)=‘,é B; (m:) (whore /3[:/3(6,.) ).

W check. Bl ﬁe%{[a;),m%ﬁ(/agw) =7 R (o;m) = Z o)
- 2 ¢ ple,m)=B(Z aie;, m)= flla;)m) V.

The unigueness of F smf/sﬂmg, /5’=/3N<=X/Lr an .0

2.2) S’éﬁfa Z: wlz'z‘m/y, M.

Let M, M be A-moctidly st M/QZMZ exists, Lot KTC/’{/
be aum A-SulmaM"* /Z‘/Z//g 4{97,’ /V,/’”/Z, Tnside
/‘/,/@1 M, cons)dev _SZ///MOM K: =S, %[/a@mzllgé,g,ﬂfzé/z).
L /7/’@/{01‘/0/7 Nl /’{%/’/z —> /V,@Q ﬂ/z/k

(Lain: /i/,/% MK s Hh Lensor /}foa&u/ Mol &
For ", cjg’[@’)e Y, Emel,, have em: = (men,).

//Oh/ zzéy /'ny/ggg{ ﬁm /Z /5 R /Pbole/enz( a/ /4 o 7‘2}’ Some I [ ('/
/IM,-),'EI are jel/e}’dais o/ /% ,1%11 ;Vﬂ /461-—-?/{) /431) HI%_ 4{”75,

15 Sw('/’ednic), /4@1@2‘/"1 e i5ts @ 557 7 WNow in Lloim Tare
M= A" 4 seo that 1,8, M, ensts.

P}’Oafﬂ df [ﬁam .

L MBuy Is W&gf~ﬂé4//uo/ (ma/?oc”/wf o/ chace o][
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M,’)&/M,,MZ)HM@W /s & §)lnear mep M xHY —?/'/@/V/K
Mo we ondy neeod 4o checr anvt /)’o/wrv.‘ /I) %/ o/ Cinear
- Mam — ) 3! meJg oMK — N s+t

Blm,m) JB[/MM/)

:D%ﬂ/}u.j M — NV @f’/m”@bﬁ@’@’% ") <o
Jg/ /5 //{/»Covfta 3( g’ /L//@/tl ngf//w/@lé)
JS[ ). //oz‘c Yot f/(/i@m) f//glw)jg[/ﬁ)ca

f[f . '/f /’/@/l//f N st
f 7Z/: ’s /ﬂ}’fa.r&? £)e com/;; J?/nge?/hz)-f( 9,4, ). The
anjqueness of 15 an _ 0
2.3) Excwlpfc;

1) Tersor /mw of e modily: 4G ,4@‘°’/5g 17
Meﬂ)er (Ix7) v fasis q@g /LéIJéJ]

An (mp ortant observation is thet not every eliment  of
/l/@/’/ s 1% 75»” n,m, (wetl call such elinents €é/ﬂmfag
1Ztimor; o Censor mommiaks. ) Lot s (llustrate His & g con fmu/né;
Ha example :

ZUI_ZA[FO/& 2 pelel, N = F@Eﬁ/ /]—"f%
/‘/@M ——»{ZZ&L o¢; § =5 et -matnes].
é/ noler zZ[S /a/fnfip/(a;é/ofi B Lensor monomals cowes

/00114/ % Jr / /7747,2‘1’1665{ )
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2) LA TcA be an el 2ud M be an WK/Z}/WJ, A-modite.
We cloim 14&76 (/4/_?@;4/{4 —'V>M/IM. Iﬂﬂ/eeo( /n _S_?fe/,?} we 1Rte
H=4 M-AIT, M=M 1% Step 1, /{Qlﬂffﬂéqu M w agm
Ham. Then K=T and K=SﬁenA /6@/14/561',/146/'4)6/1@4/‘4_ ooy
£/ /SDMD}?AIS}M A oM = M e submodile K Co//es/oano/: %o
Spon, (bm[beT,me M) = TM 5’0,;2 Steo 4 (A/T) @M = M/TM.

2) As a concrete gxam/oé o/),?)} tere A- (E[X]) - [f) £ M-
A/@) for gge /47 Sp we are com/aaf/ng; G[xj/[/)‘gd:[xj (E[X}/[j)
B 2), its enough 4o compde M/IM=[CL)]/ (€3]
= €[/ )= CIXT/(GeDds)

I partiade; if CCD(g)=1, too HIEM=103 -5o ¢ Lensor
/jrooéumf of nonzers moolules con fe O

B ﬂlf/ M 5 7»{;4501/ /0}’004(”{ S oVer pflon cammaﬁ:;fzuc /M,js‘
Lt A b a commve my & B b an 4-aljebe (associatie
but /’77"//7&5 non-commutartive) becall Yot it mones sense 4o

by about Lff X}yﬁ Emod.ty X also  about oflmpoévﬂ,(
45‘0 /Cam/mut ﬁ golwr a/ /.”C 3) Jgr '6«./0 @/z‘ EWDM /’_4,
M, A Howm se /o/qf[/%,/%] /S m? au /4~/4¢0M/ 1ot oum
P-modlu k.
/45 /pk Leusor /0}’004{#{5 , We Can tehsow @/LZ gﬂaw w. /’/jzz‘
K -modily,  Nomety, G4 M be a toft P-modit 8 N be 2
_"/’éﬁ/i‘ E-mo  For an A-modile L consitr 4, set
¥



54‘% ( N=M, L ) CO”)’/)’ZZM;_ a/ 2l A-6lineer meps
(‘7: N —/ s7Z wm 4/»4’%/0» jﬂ[m;m] :jp/”’}%) 79/ ref}
ne . meM.

Defmtion: NGM<HK(AMod) Hpreseats 4 fontor
E’Z’hg /A/X/% i A- Mol — Seits

Zﬁzﬁoﬂz M’Ll CXeyUSe.: ,Z;Z /e 5 Co/ww/e/ 2%44 '///; a/&%}m‘/ah
j/V&f ’A/.L Semt as % M}fﬂllol’l wm 56(. /7

fo construd N &, M we can use Yo saue constrution as
we oéo/ o VA lecHture. J%z‘,’me;f/ma/?/ N %M /s ZZA /ﬂz/a/f/em,l o/
/@M é 'LZA- 4‘51151140%
\_§;M4 (ﬂr@m-ﬂ@%/neﬁ/me/{ relk)

/%w Su/olwse we 40«% / Hore A“%WU, SM/T /1”/11
N b an S-L-bmedits XM be an -T-bmadets

_ﬁwfoﬂé&wf exerause . _:T .{ S- T—{me S{Y’Vc on /V@M st
S (nem)= sn@m, (ném)t= neomt.



