
Lecture20 tensorproducts I
1 Definition oftensorproductsofmodules
2 Construction

Ref AM Section 2.7

BONUS Tensorproducts over noncommutative rings

e Roadmap

In the last four lectures we've coveredabstractcategorical
constructions In theremaining seven lectures we will focus
on their interactions w Commutativealgebre This will split into
two topics that are related to each other

1 Tensorproducts ofmodules algebras
2 Exactness projectiveand flat modules

1 Definition of tensorproductsofmodules
1.0 Bilinearmaps Let A be a commivering M M N

be A modules Recall Sec2.3 ofLec3 that β M M N is

A bilinear if p m M N is A linear M EM β m

M N is A linear meMe Considerthe set

Biling M M N A 6linearmaps M M N

Digression why should we care aboutbilinearmaps



bc they are everywhere
1 Linear algebra for an F vectorspace V can talk about
bilinear forms V V F lef Sec1.3.1 inLec12
2 if M is an Amodule action map AM M is A bilinear
3 the compositionmap Homp LM xHom M N Hemp L N
where L M N are Amodules is A Gilinear Problem4 in HWI
4 If B is an A algebra then theproductmap BxB B
is A bilinear

Observation Fam Biling M Me is actually afunctor
A Mod Sets to yetomg NN we assign

Fmmy Biling MetMe N Biling MexMa N
1 op

Exercise Show pop is A bilinear Fgm is indeed a
functor AMod Sets

11 Definition of tensorproduct
Definition By the tensorproduct M0AM we mean a

representing object for Biling M M i e want afunctor
isomorphism Homa M pM2 Biling M Me

Similarly toproducts Sec2 ofLec18 we can equivalently

Lim tensor products via a universalproperty this is an



A module MGM w a bilinearmap M M M Mz
M M M Ma W thefollowing universalproperty

Amodule N A bilinearmap β M M N
Alinearmap MGM NS.t β m ms M Ma
ie thefollowing is commutative

MixMayiii
MAM

I q
In terms of 2 thisuniversalbilinearmap is2mam 1mpm

and yieds Rn inverseto Biling M MiN HomyMGM N
βAB if theproofof Lemma in Sec 2 ofLec18

Thx to either oftheequivalent definitions thetensorproduct is
unique if exists inthe following sense if MGM is another

tensorproduct w bilinearmapmom me'm then Amodule
Isomorphism C MGM M sMel mom M me MieMi Indeed
thx to wehave A linearmaps
C MGM E M sMe i Then let M my m m MieMi by
the uniquenesspartoftheproperty cal'sid Similarly Lol id

2 Construction

Themain goal of this section is to give a constructive

proofof
Theorem M AM exists for all Amodules M M



2 1 Case 1 M is free
Lemma Forany set I A 0AM M

I
w

ai ie M aim ie aile A meM
Proof

Asfor A linearmaps fromfreemodules peBiling A M N is

uniquelydeterminedby piettom M N β m β eim via β failm

E hepilm Note that the r.h.s.is welldefined bc ie I a to
is finite
Withthis observation we'llgivetwoslightlydifferentproofs

using thedefinition usingtheuniversalproperty

Proofusingthedefinition
We have a bijection Biling A M N Hemp MNT

β plei On the otherhand by Sec1.2 in Sect havebijection
Homa MN Hemp M N pi Milies to E PilmiConsiderthe composition

2h Biling A N HomMFN β Mi pleiMi
These bijections constitute a functor isomorphism exercise This
shows that M is indeed A 0AM take2 12 Note that

β ai m aim ie is in Bilin A M M 1 satisfies 2 p
Pmo exercise so indeed a m aim

Proofusing
Let β A M N be a Gilinear let 8AEM Met



begivenby a iet m aim ie it's bilinear exercise We
want to construct a linearmapB M

I
NS.t.p p.tk

show that the latter equationdeterminesβ uniquely
Construction B miliei E Bimil whereβi plei l
Wecheck βBotper ai m β aim Σ β aim Σaiβimi
Σ apleim β Σ aili m β Cai m V

Theuniqueness of β satisfying β pot is an exercise

2 2 Step 2 arbitrary M
Let Mi M be A module s.t MGMexists Let KCM
be an A submodule M M K 9 M Me Inside
M 0AM consider submodule K Spang K MIKEKMEM
projection it MgM MigM.lk

Claim MGM K is thetensorproductM Me
for M JTM E M MEMa have M Mz JT M Mz

How this implies Thm M is aquotientof A forsome I if
Milie are generators ofMe then Yn A Mo fail Egaimi
is surjective A'GM existsbyStep 1 Now in Claim take
Mi A to see that MGM exists

Proofof Claim
Exercise M Me is well defined independent of choiceof

51



m mme mom is a bilinearmap M M MigM K
Now we only need to check univilproperty II bilinear
M XM N linear MioM K NS.t
M me M Mz

Define M M N by β mim β 0,1mi ma so
is bilinear MigMz NS.t.B mima
mim Note that 0m p gm β o

m o

so k o So Migm K NS.t

Best This isprecisely thecondin m Me β mem
The

uniqueness ofp is an exercise

23 Examples
1 Tensorproduct offree modules A A Step 1

As I A w basis a ej ie I jed
An importantobservation is that notevery element of

MGM hastheform m m we'll call such elements elementary
tensors or tensormonomials Let's illustratethisby continuing
theexample
Let A F be a field M F M F By Example 1

MXM aije.ee kxl matrices
Underthis identificationthe tensormonomials

correspondto re matrices exercise

T



2 Let ICA be an idealandMbe an arbitraryAmodule
Weclaim that A 10AM M IM Indeed in Step2 wetake
My A M A I M2 M By Step 1 MGM AGM M w.am

am Then K I and K Spend 60m be I MEM CAGM Under
the isomorphism AAM M the submodule K corresponds to
Spen 6m beI meM IM So by Step2 A I GM M IM

2 As a concrete example of2 take A I f M
A g for f.geA so we are computing x f ax ax g
By 2 it's enough to compute M IM X g f x g

x fg GCD fg
In particular if CCD fg P then AIgM 03 so thetensor

product of nonzeromodules can be 0

BONUS Tensorproductsover noncommutative rings
Let A be a commive ring R be an A algebra associative

butperhaps noncommutative Recall that it makes sense to
talk about left right Rmodules also about bimodules

Also compare to BonesofLec 3 for two left RmodulesMe
Me the Hom set Homp M M is only an A module not an
Rmodule
Asfor tensorproducts we can tensor left Rmodules w right
R modules Namely let Mbe a left Rmodule N be a

right Rmodule For an A module L consider the set
A




