lecture 11: Tensor pre ducts, T
1) Forther dseussion of - tensor /Xcmdmfs_

Z) Tensor- Hom Rojundf/an.
@]{ [A/'(j/ Sedtion 17

1) Further oseussion of - Lensor /orapdmfs.

Let A be 2 commutative nmg & M, M, fe A- modsles. In Lec
,ZO we Aal/e /&%heJ —He{’y feﬁSOr /ﬂyooludf /f{% Mz —éo(jfjger h/ftzl
2 bitineor Map MM, — MM, n,m,)t> mem, , wrth e /Jfawm}
wniversal P”"P”@" ¥ A-blinear map BN 3! f- lmear

mep B8 M, —N st gim, m)=Einen,) ¥ n;el;

11) Lenerators
Zflwmz: ,._77/ /’/k =$QMA (Mti / dEIk ) k=12 f»é,n
1M~ Spay (w5 n| €T, jeL.)
I partilor M8y M, = Spen, (mam,| meM: )
Poof: Let /V=/’/,é?4/‘12/5/’o% [mf‘.@ mZJ{ e, jel,) and b4
¥ /{1)®A/‘12—>> N b He /Vr(:/‘edg/on. Lonsidky /@-‘/V,X/VL - N
[M,,Mz) t—>37’(ﬂ4,®mz), it's A-bilmear. bl hawve ﬁ(mlimlj)co andd
Sinee /%’S,aanA (m," ), ﬂ{; S/OMA (mzj), From 5[&/1&:’1@ h/aj{/f
p=o Now, I Is e M Cintar Map 9/”//14,@/441)15’[%,%)
ond smu 0 alse setisfres Hhis Cfaa&‘fz,, T=0. Since I 15 sur-

"('emflve) N=0& /14,£®ij Spas /’/,@jq/‘fZ D
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12) “Tensor /Woaluafs of Onear Meps.
Zf’/?f///{f /’4// Aﬁd}ﬂaMt:tf?ﬂé/ﬁm/Nﬂ)éfz
/o/;y/o/er /VX/’// ~—>/{@ M (o, %)H?ﬂ(ﬂ/)@?ﬂ[

- This /h? i A- bitnear
So zfj/z/es rse o an A-Onear m 4 ?ﬂz/i/@/i/ /’//@ﬂ//
L(m7w% tharactenied /% [(70 ®Cf]{/h®/ﬂ) jﬂ [m)@;p[m /w c/‘/

Fopertres of Lensor product s of naps:
p
. w/ ®£o/ = 60/ /g ?

Z /‘/@/14 p %

ﬁwpos;f/ons M g L " s t /L/ // ,_>/l/
(9.9 ) {ﬁ”zjﬂ) (7@7)@0 @, ) J/c zl/;( comeide an

jmngﬁarj ), SN, 0/

So Cone /Mc fﬁ/e ZZMSor /0/0044%1 %/ﬂ&gof
/4'Mao/7< A- /'/ooz —> /“ /%o/
We witl L{Iua/M Dx an A-module / & consider £l fantor
A@ : A- Mook ——>A Mo Smn//nJ, an A- mm/w& M to Z@M &an
A- /meay Map - M =M T /0/@50

/@m Anato auS% ‘o (ase 2 in Sec 2.1 of Lec A0, if Kem
s a Submoduts Hew Z@/M/K A l{zﬂf/en?z o/ Z® M (54,
Span, (Cok| el cek). 71 lattes Sbé/hon/wé cen ée Aescribeo!



a5  (m [io/LGs?L), whoe ¢ KoM is e mclbusion.

. goz/c 4&1‘(5{{,%}(—97&/@%/
Hom, (H,, M) % Homy (M, 1) —>Homy (1,8, 1., 48, 4,)
(5 A‘!’("nfw’ //m'zl: hece o0 fﬂemfo}»{ a/ /Zﬁf’/z )

7.3) “A¢, ehra prooeties” of Lensor //opéyfs,
I Y

Theorem:  Le# M, M, My be A- modikly. Then:

1) Theve s a unigut /Somago//.rm //{?ﬂ/z )@1 M, =

////@ [Ml% /‘437 St /M,@ML)@/MI Hlﬁl@/ﬂg@m}) /{’.es tensor
vodud s assouative).

2) F ssomm ME M, == MG L w. mEm, t> mEm,.

3) Al rsomm /4@4[/42@/1(3) ——"L)-/{QZMZ@/L(@/% w
m&(m,m) > (mom, nem,)

4) 4! Unigut /som ‘m /{QZ M =M st. a8@m 1>am.

Pr’@a)[-' [4)
A/é wont fo e;fa/!&sl 'f[c szsgw/ce o/ an A—Zmew’ Mzz/
jz’: (/V, QZ M, )@A M, —> M3, /Mz?/‘lj) S.t. (mdm,)®m.>me(mon,)
Such 2 Mmap wll  be C/mftu, & Hhe &/W&mfs w, em, Span /’{@2/{2
hence [mq@ﬂ'ﬂ@m} span [/’1/&'%/14&)@ M, , sec Sec 11,
So, we need o Bilinear /m}off//,g ﬂfl)X/Vg —> M8, (MG M, ) st
(nem, m) 1> mo(nom,)

__’F/x m, o & bneer mio /'/2 *’3/%0:%/‘43} W, = M,em, . Detine
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ngg.'/f{@q MZ — ///% //l/ZQA /?43) ‘o de 1%, ‘{ensor/ﬂ/aaéi{
of iy & [mt>mem] so (@1, ) =M@ (mom,)
ﬂ/afe’ ot ’ngj A%mna/s gméou'? on My /e.j, ﬁqu ap,, e both
send mem,to & melmem) & Spen, (mem)=M o, M, ).
o A= bilinesr mp 5 (G MMy — ME (18, M),
J%fX, M) = By, (x) 7> B a5 revod,
Z s e jfomd’;DAISM ¢ S j?v’: /%6,’74 //VZ@;I/% ) A%%%)@/M]
m&(mom,) > (mdm)on, . s mvere a//??’ G fof=id &
/fzvo/'i'@io( on (qemm{ors /m,®mz)®m3. ﬂo//f).

[27 —Comrua’fmﬁ)wf —/5 an & (4) —-L(mZé ~/pﬂow5 74’0/17
o aonstruction ((ase 1 in Sec 1.1 of Lec ,20)

/O foa/ 07/ = ) —aé‘;fr/éulzl wf(f' wﬂsm/cr %[f, /p;/?/'eaflon
X MM, — M, (=73, 4 incliasion (i < DN,
~ /a{(/Ié@J?‘-’-' ME (MeM) = MEH: id, 8~
(id, ©7, o)/, (BN )= N8 KOlE M (1,0, 4,01,
4,0 ()+ 4,8, (1) <y

: check et Hese megps. ake muéuw%, mverse. D

2) Tensor- Hom Mjwwf/on_
The gool of Hhs section s %o pove Yot tensor product

%m ors ase @/z/ aayo//n‘ %o Hom %m[/z‘wcr,
7]



.7.7) Brsic Se/ffmé.
Lot L be an A-modide. W can consider Hh /B%Mﬂ; Fnitors
A- /’/00/ “9/4‘/%01:
'I) Z@jq ° 7[/0;44 Sec 77
2) bom, (") detned exactly a5 Hom, () A-Pood — Sets 4t
vewed a5 a fndor o A- Moo, whih mexes sense G for an
A-near map. - M—M e Map 500.7-‘ %n% M) —"’//0/:74 (L M) s
A-Cnear (Fof 4 1n Hi1). /L;’”’”/Q, //0/74 ) > Fore /_é/a_mA(é ) whne
For is Hhe 76/?%7/0[ Sfunctor A-Mod — Sets,

Thm (Zensor-Hom Qoy»mﬂ//m)‘ /@, < s leff ﬂﬂfb//ﬂz‘fo @A (Z)')
(as functors A-Mod —> A-Modl)

Roof: We need 4o construct “netaved @’wf/ons of seis
D /L/omA [[%M//V) —"éHomA (M /L/om/4 M) (MW are A-medutles) &
640_&2 e, C(mefwflwl‘g, of two ﬂé/.QjVst. FPice Te #‘WA (Z% M,/V)

Went o get (fté/%m'4 (M //omA W) Choose meM. Then CtsLom:
[ — Z@ZM i5s & Uvear "ep, hence T,i=Ct>T (Com): L =N s a
near Map, l-e. an elemunt of /L/omA (L), So we jﬁé 2 mep ?ﬂT-'
M = Hom, (Lp), m 15T, Itrs A-Cinear - €. for aed, 7, ()=
=7 (@am)=[({m) > lom is A-bilnear]= aT(Com)=[azT,1(t) # el
So ?fé Hom (M, Hom, (L W) We set %M”[—CP?'T

[am/emfal leAt (fé/%mA (M, Hom, (1)), Then (€m) H[?(m):l(g) s

__/_Z;_ bilineor megp LxM =N ( ). Led Ty be e 60//{5/90/40/1;45,
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A Uineor Ma]o Z@M —?/{/ L/m'?u% Hava terted zi}
(f@m) [?(m)](f
The ma/:vs Tr—>§0 chr—af are mverse to €ech az‘/er ej A s
K/Aecn T, =C. Since Z@/"I (s Sanﬂeo/{ Com w. !EZ meM, /1(5
¢ / fa
eﬂoacé»A {o chece th e7uajrfa, on these elements:
Zoe (Com)=[ep (m)] ()= T, (€)= T(Lom) %

Letes chece Hhat +he biections Jnu> make one oéagram Ln
’é[c 0/{246;7/{/0/7 a/ 40/ a/mf /anofors [ gec Z 1/ 0/ /ec ﬁ) ZOMMMfM,[/Vc
e oler 15 an /Dc,ejéﬂomA[NM) We need 4o S‘/ow
e /og/awm; s commutetive
Homg (L8 M 1) Hom, (M, Homy (L, 1),
L 7. (id,e3) l?" 3
//omg [Z@M,/V) %’74(/1’ //OMA/Z,/{/))

It [nb (T (fes)lom) =T (te 5 m) ]

/ V
| Tlm H%:Nﬁ')](ﬂmﬁ’C(€®j(’"))] 0
2.2) Leneyalizetion.

T tums out et He some methor e oAt (end /?(j/ t)
dﬂ/ ount fwnctors /u/gf/ack ]/iuwfars (f* B-Mool — A-Mod (Sec 12
0/ Lec 17 ) for V A ’95 Q 40/”0/%0};0/”;:4 o)[ commfath/e l/lzjj 77553

4 (j'o/nfs are Mloon‘anz‘ So e 6;05?/(: Q. mopve jmemf Swfuf
A



Let [ fe a B-modibs (5o also an A-mdl) K M be
an A-modidy ~ A-modite Z@,/’f

Lemme: 1) Theve is a am?ue B-mdele sttuctwe on [ GM st
§(lom)=(60)om # e lel, meNr

Z) I 2 M—M 5 an A-Enear map, Hen /)Z/@;U is o B-lyear

mep Z@IM — Z@jq M/

Prodf: 7) (onsider Hhe map [ IxM —91@/’4, Cm) > (8)em
Tts A- htmear (- ) so Al A-lear wf/é;-'[@M S
st /é;((@m): (§)om [V 6eB tel met). Define 2 map

Bx (e M) —LgN, /éx)l—%/’g;[x)‘
M c/ajm ‘L%z]f /iz o/%//m's Q % /Maﬂ/w& .SZ(}’U&Z[(//: on /é?dM 71/}
I5s @ {or{n& chece of  axioms usiy et f 15 A-linear § Span, (Con)
=M (Sec 11)  for exam% £o chocr 4:500&2‘/1//'2;7) (64 )x=66x)
its eﬂoaO% 2o assume that x-lom. Then (44 )x=(4(C)em
= 4 (4, (tem)) = 6 ().
2) /s M 2S  an : d0

7715 Comma. Jives us a Zunyfor ZQQ-: A-Mood — B-Moo



