
Lecture21 Tensorproducts II
1 Furtherdiscussion of tensorproducts
2 Tensor Hom adjunction

Ref AM Section 2.7

1 Furtherdiscussion of tensorproducts
Let Abe a commutativering MyM be A modules In Lec

20 we havedefinedtheirtensorproduct M AM togetherwith
a bilinearmap M M MGMMM ameme withthefollowing
universalproperty A bilinearmap β M M N A linear
map B MOM NS.t βMoMal pM Mc MieMi

11 Generators
Lemma If Mk Spang mil ie Ix k 1,2 then
MGM Spang mi mil ie I jeI
Inparticular M AM Spang M MalMieMil

Proof Let N MGM Spang miomil ie I jeI and let
H MAM N be theprojection Consider β M M N

my m STm me it's A bilinear Wehave βmimi o and
since M Span mi M2 Span mil frombilinearity weget
β O Now IT is theunique linearmap w JTM Ma βmo.me
and since I also satisfiesthisequality it O Since IT is

surjectiveNo mi mi spanMGM



12 Tensorproductsoflinearmaps
Let MeMi Mi Mi be Amodules yethemMiMil 1 1,2
Consider M M MigMi Mmil a g M palm

Exercise This map is A Gilinear

So itgives rise to an A linearmap4,04 MGM MigMi
uniquely characterizedby 4,042m m g m gimal meMi

Propertiesof tensorproductsofmaps
idpidme itmopmi
Compositions M M M M my M

gig gig Yogi y y b c they coincide on

generators m M of M Mz

So we have the tensorproduct functor
AMod A Mod A Mod

We will usually fix an A moduleL considerthefunctor

Logo A Med AMod sending an AmoduleM to LGM an

A linearmap q M M to id y

Rem Analogously to Case 2 in Sec 2.1 ofLec20 if KCM
is a submodule then LOp MK is thequotientofLAMby
ana lok EL KEK The latter submodule canbedescribed



as im id c where C KGM is the inclusion

Important exercise Prove that g g 4
Hemp MIMi x Hom McMil Homp M Me MigMi
is A bilinear hint check ongenerators of MGM

1 3 Algebraproperties of tensorproducts
Theorem Let Me Me M be A modules Then
1 There is a unique isomorphism MGM 0AM
M M AM S.t M Me M H M mem i.e tensor

product is associative
2 Isom'm MGM MgM W M M H M Me
3 isomim Mg M Ms MGM MGM w

M MzMz H M Me M Mz
4 unique isomim AGM M s.t.am am

Proof 1

We want to establishtheexistence of an Alinearmap
MgM g M M p MGM s t M m M M MGM

Such amap will be unique 61C the elements m M span MGM
hence m ml m span M Me OMg seeSec7.1
So weneed a bilinearmap MgMMM MG MGM st
m MeMs H M M Ms
Fixmy a linearmap M MGMs MHMQM Define
I



BmsMFAM M g M Ms to be the tensorproduct
of idm m MFM so Bm M Mz M M Ms
Note that53m depends linearly onMs e.gBam apm bc both
send m om to a M m M Spang M Me M AMz
A bilinearmap M MYMs MG M Ms
xMs 5m x as needed

is an isomorphism have Mg MGM M Mz M
M moms m M Ms It's inverse off bc prep id
Bop id on generators M M Ms of 1

2 commutativity is an exercise 4 unit followsfrom
our construction Case 1 in Sec2.1 ofLec20

Proofof 3 distributivity considertheprojection
JT MGM Mi 1 2,3 inclusion L Mi MGM
idm JT MG M M MOpMi idm 4

id JT2idpsts MOA Mz M MpM MGM idmq.it C3
idmfLlxHidmflsly xy

Exercise check that thesemaps are mutually inverse

2 TensorHom adjunction
Thegoal of this section is to prove that tensorproduct

functors are left adjoint to Hemfunctors



2 1 Basicsetting
Let L be an Amodule We can considerthefollowingfunctors

A Med AMod
1 Logo from Sec1.2
2 Hemp L defined exactly as Hema L AMod Sets but
viewed as a functor to A Modwhich makes sense bc for an
A linearmap y M M themap yo Hemp LM Homp LM is

A linear Prof4 inHW1 Formally Hemp L Fora Homo L where

For istheforgetfulfunctor AMod Sets

Thm tensorHomadjunction Logo is leftadjointto Homa L
as functors A Mod AMod

Proof Weneedto construct natural bijections ofsets

2mn Hemp LogM N Homa M Homa CN MNare Amodules
checkthecommutativity oftwodiagrams Pick te HempLGMN
Want to getqetlomp.CMHempKND Choose meM Then la lam
LGM is a linearmap henceTm l tot lom L N is a

linearmap i e an elementofHemp LN So weget a map qt
M Hemp LN MAtm It's A linear eg foraeA Iam e

T loam em Com is A bilinear at lom atm et eel
So yᵗ Hemp M HomCLND We set Rmwet 9
Conversely let getlem MHom K N Then eml a yml l is
bilinearmap L M N exercise Let to bethe corresponding



A linearmap LGM N uniquely characterizedby
Ty lom y m let

Themaps t y y Ty are inverse to eachother eg let's
checkTye t SinceLGM is spannedby lom w leL meM it's
enough to checktheequality on theseelements

Eqt Com g m e Em le ell ml V

Let's check that the bijections2mn's make one diagram in
thedefinition ofadjointfunctors Sec 2.1 of Lec 10 commutative
the other is an exercise PickJe HomaMM We need to show
thefollowing is commutative

Homp LAMIN Hemp M Hom L N

ides 1
Hemp LOAMN Hemp M Homy L N

to m l to lid 3 lam t lo ml
I

to m pm n t g m logm

2 2 Generalization

It turns out that the same methodgives left andright
adjoint functors to pullback functorsq BMed AMod Sec1.2
ofLec 17 for q A B a homomorphism of commutativerings These
adjoints are important so we explore a more generalsetup
61



Let L be a Bmodule so also an Amodule M be
an Amodule AmoduleLGM

Lemma 1 There is a unique Bmodulestructure on LGM s t
61am 6 m beB CELMEM

2 If y M M is an A linearmap then id y is a B linear
map LOAM LOAM

Proof 1 Consider themap B L M LAM Cm to 6 0m
It's A bilinear exercise so AlinearmapBoLOAM LAM
sit Bollam 6170m beB CelMEM Define a map

BX LGM LOAM 16x polx
Weclaim that it defines a Bmodule structure on LogMThis

is a boringcheck ofaxiomsusing thatBo is A linear Spang lam

LGM Sec1 1 Forexample to checkassociativity 6,6 x 616x
it's enough to assume that x.com Then 16,6 x 16,6e m

6 62 lam 6 621
2 is left as an exercise

This lemmagives us a funder g AMod BMod

A


