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2 Tensorproducts ofalgebras
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BONUS Induction ofgroup representations

1 TensorHomadjunction cont'd

11 Generalization of tensorHomadjunction
This is a continuation of Sec2.2 in Lec21 Let q A B

be a homomorphism of commutative ringsThisgives rise to theforgetfulfunctor q BMod A Med
Now let Lbe a Bmodule In Sec2.2 ofLec21 we

interpretedLop as a functor AMod BMed theB action on

LGM is uniquelydeterminedby 6lom be m Ontheotherhand
we have a functor y Hemp L BMed AMod

Thm Tensor Hom adjunction ThefunctorLogo AMod BMod
is left adjoint to Hemp L BMod AMod

Sketchofproof theproofclosely follows that in Sec2.1Lec
21 Weneed to show Tm L N Ty LGM N are B linear
Both claims fellow directly fromthe construction ofthe

ppaction on LGM



12 Base change

Take L B Then Hot BN is naturally isomorphic to N forany
Bmodule N ie Hemp B o is isomorphic to the identityendo functor

of BMad We arrive at the following

Corollary ThefunctorBg AMod BMod basechange orinductionfunctor is left adjoint to y BMod AMod

Weencounter base changefirst when in Linearalgebra we replace
vectorspaces over a field F w vector spaces over thealgebraicclosureF e.g F R F C thisisbasicallydoneby applying

Here's anotherappearance of base change from this course

Proposition Let SCA be amultiplicative subset Thenthefunctor
A 5 0g AMed ACS Mod is isomorphic to the localization
functor 51

Proof

ByExample 2 in Sec2.2 in Lec19 S is left adjoint to the
pullbackfunctor ACS Mod AMedBy Corollaryabove so is
A5130g Now the uniqueness ofadjoints Sec 2.3 of Lecto
guarantees S A530g

Rem Here's a concreteway to thinkabout BGM under
21



mild assumptions on M Namely assume RCe7 A linear

map T A A sit M A imt Then t isgivenby a mat
rix T ai MatkeA we view elements of A A as column

vectors This is a way to present Mbygenerators relations
Wewrite q T for theelement ylaijlleMatk.se B let E

be thecorresponding B linearmap B B Thefollowing
generalizesSec1.3 in Lec 0

Exercise Bg A imt B ima

2 Tensorproduct ofalgebres
2 1 Construction

Let Abe a commutative ring BC be A algebras RsoAmodules
Amodule B C

Proposition A algebrastructure on Bgc sit
6,0C 6,0C 6,6 CE 6beB CGEC w unit 101

Proof Uniqueness will follow bc BGC Span GacbeBceC
Sec 1.1 of Lec21 any bilinearmap is uniquely

determined

byimagesofgenerators
Now we need to show theexistence Theproductmap

BxB B is A bilinear A linear

JB BgB B W 6,06 6,62

Similarly we have juc CGC C



j4BMc BOA
BYA
COAC Bgc

assoc commut of
sec et

Ye Bgc Bg cf6
aesia6mTf

1
xg B AC BAC our multiplicationmap

So we've shown existence of A bilinearproductmap Associativity
unit axioms can bechecked on elementary tensor e.g here is

a partofunit axiom
101 610C 106 110c 60C

Rem BC are commutative so is BopC

2 2 Coproduct

Theorem Let BCbe commutative Then BOAC is the coproduct
of BRC in E A CommAlg thecategory of commutativeA
algebras

Recall Sect ofLec19 that thismeans that the following
functors are isomorphic
HomeBGC Home B Home C E Sets

Equivalently
Aalgebra homomorphisms LB B Bgc C C BGC

1st alg homom's gB B D y D where D is



a commutative Aalgebra Aalg homom g
w yβq LB B D y y.cl D

Proof Construction of B C
CB6 6 1 c 10C
Theconditions on q BGC D weneed to achieve

916 1 yB61 y 10c g c Goc 6 1 1 c

q b c yB6 q c

Weneedto show Aalgebrahomemim y Bop D satisfying
The map B C D 6c to yB6 y c is A bilinearso
Alineas 4 satisfying

What remains to check is y respects ringmultiplication unit
is clear enough to dothis on elementarytensors

y 6,0C 6,0C y 6,60CE 916,6 q GE
9 16 yB6 494 y G D is commutative 9 6,14491
y 6 y c 416 c 416,05

Example B A x 43 1 fi C Alyage ga.ge
Then BAC Alt tianya.ge l ifi jge

denatethe

righthandsideby D

Will show isomorphismof functors Fo FB Fc where Fo HomeD
E Sets FBFc are definedsimilarly then we are donebythe

guniqueness
of representing object Sec 1.3 ofLec18



Defineanotherfunctor E Setssending a comm'veAalgebra
R to milk ER l fi book so K andan Aalgebra

homomorphism4 R R to Fby R R2 b re to Y r 4trial
well defined map bc filter ythat p filro all D
ThenFB yetlomp.ae BR is sent to q x ggxilleR

here x ̅ imageof x in B lylxi.ingladeFbR similarly to theabove
themapER p to ly x y x is abijection bythedescription of

homomorphismsfrom algebras givenbygenerators relations Exercise2 inSec lof
Lec2 Toshow ppl constitute a functor isomorphism is an exercise

Similarly we have Fc FL F F ThatFf Fb Fcis
an exercise This completesthe example

Concrete example Take A B Cfx f x g
Here

R l o fg are
elementsofA so Bgc x fg x adf.gl

CfExample 2 in Sec 2.3 of Lec 20

Exercise Let g betheimage of gieAlx Xe in Bxe Xe Note
the BGC is a B algebra via CB Show that

BOAC Blx Xe gBrigte

61



Bonus induction ofgroup representations
Thisbonus is aimed at students who tookMath 353 in
or know relevant representation theory It's also
based on Bonuses to Lecs 3 and20
Let AB begeneral associative unital rings p A Bbe

a homomorphism Then it still makes sense to considerfunctor

Bog AMod BMod
An interesting situation is as follows Let HCGbe finite

groups Let F be afield Set A FA B FCand let g bethe
inclusion AGB Theresultingfunctor is knownas the induction
ofgroup representations Theclaimthat it's adjoint tothe
pullback functor a.k.a the restriction functor is known as
the Frobenius reciprocity


