Lectuwe 22: Lensor /oraaﬂufs, 1.
1) Tensor- Hom ad) Wufm) contd
2) [ensoy pro uts of 4507%/45_

Pefs: [AM], Secs 28 7.11
BONUS: ]M/uuézon 0/ Jreep /e/arcseqfo/f/ms.

1) Tensor- Hom Ao/(/u;wfz'on) cont'd
11) Lenerakizadion of tensor-Hom Qﬂéw’lcflﬂl’)
This is 2 continuation of Sec 22 in Lec X1 Lef 70—' A—-B
{e a Aomommfbsm o/ CO/%mufa,fn/e //ﬂjs. 7];; jn/cs yise to fé 7l§y-
j%/wf Any’for 7* B-/‘/oo( —"/4' /’/ooK
/1/014/ Ot Z be a g-MoM_ _Z_n Sec 2.7 0/ /ec ,27, we /mfer-
Pl’ﬁfeo/ Z@A? AS a 7@1/)0!50)/ /f—MoX"’g-Moo/ (ﬂc B-action on
L%N (s um’guc[} a/ufﬁ/’mmw(@ a/f(@m)= [“)B’M). On Zhe oter /Mo(,
we have a /Zmofor 70*_/6/0_;”5[[/-)5@/%0/—*4-/%0/_

ﬁm [ Tensor~ Hom Ro(//'aﬂﬂf/on) c Th funyfor Z% e A-Mo — K -/1'/00/
i Lot adfont b Homy (L ): B Moo — A-Hiod

Sketch of /ﬂoo/: e /Woo/ o%se% Follows Yat 1m Sec 2.4, Lec.
21. We need 4o Show .. L—oN L ‘qf-' Z%M >N are B-near
Both cloims follow a//ch‘Ka,L Hrom e construction of £,

jg‘ﬂm‘lon on LBM, O
7



12) Pase %Mge

Tave L=B. Then Hom ,(BIV) is nu‘urzlﬁ /SOMDl;pAIC to N for ny
B-moduke NV ie. Hom ¢ (B -) is /som(;rpé:c o the /'o(enfi{} encly- funcHor
of B-Mod We arrve at 4, /pﬂowg'ng :

[é/oﬁagr 7ZL %}nafar KCZ")(] /{’/%o/ ’9%-/400/ (éase M/anje or //m/uc-
tion /umjaf) /s /u/{~q(j’o/n1§ Zo 70*: B-Mod —> A-Mod.

//l/e 8/1Cawlfey /MC %zwja //ﬂz h//-w n //necv ﬂéf’//& we /7&@,
vector spaces aver & Add [ w vector speces aver e aé%/m‘c co-
Suke F(C—J. F-F, F- ‘E),f//r /5 éasiazﬂj, dore gy %0?/»4;, F‘@ﬂ_-’.

/%/6’5 M%(/fr /V/UEC:/ML& ﬂ/ D/RSt O/Mja ﬁom 'fn/ls coyrse.

/Dl’olaos;"flom /VL[ Schd 4 o mw&‘y&ca/’f/n subset. 77m ‘LZ/»/C ]{mmfor
ALS™] &, - : A-Mool — ALS"T-Mod s /50/140/’/0//6 % Y Llocakization
%/ndfoy [57),

/Drom[f

% E\’M/ZL Z in Sec Z2 in Lec 19, (ST is Lt «og'o/mf % Y.
/wg[l{act funitor A[S"T-Mood —> A-Medd. By Lovollary above, So is
A[S“']@iq . Sfow —fA M/?u(ﬂﬁss o/ 4(/'0/;11%: [Sec 13 a/ Lec 73)
jumwfees [5] = /\7[5"']0;4' D

Rewm: Heve's a concrete h/a? ‘o 'L%mk 2 hout 5%/‘4 (under

P

Z)



milo ASSUM/D‘LZ/MS on M). Namel, assume 3 gle 7, & A-Cineer
mep T: AP A% st M A imT. Thn T is j/l/ané a Ml
rix T=(a;) € Met, ((A) (we view eloneits of A A% 25 column
vectors). This is a Wey to /rffem‘ M @ ﬂwem;tors g relations
A/a write 50[7-) for ‘fA eLewent [(f[a[/-))é/%,fhc (B) X 4t FZ'
b th Col/es/aana/mg, B-Unear Map B®— 8% Ti /J/owm} Gene-
whizes Sec 13 in Lec 10
. Be (A% imz) == B%/im =

Z) 7;450)’ //’ooZuﬂé d/ a/é'ufra&

2.1) Construction

Let A be 2 commutative r/;gj/ 5 C be A- %Jms [X 50 ,4-/110/«/45)
~s A -mool S 5% C.

/Drolnos:flon: 3( A- a{i%m sbuctuve  on KQC s.t.
(68¢) (60¢,) < 44,06¢ ¥4 4B el fu wnit 101)

/O/Do/: M’l;fut’/lﬁSS w1l /DZ/OW é/c 5%C=5}MA /6@6/(25 ceC)
(Sec 11 of Lec 77) £ Qn} bitinear mep s am;ao@ detemined
é z}myes 7 7 anerators.

/%W We Meao/ “o SAOh/ Z‘/e &/Swfeme. 71/70044%‘ /m}o
BxB —>B s A- blbmewr ~> 3 A-near
515%@ — B w 484 44,
Somilas we /au/c (e — L —»
3 / é, St &4



@ (B8,88,.(5, c) —— B§,C

assoc. £ commut- of & — 5
Sec 1.7 of Lec 16 //,@C,m/(@g) N
< (B8, (;)@ Be, c)

X@%
(J/J) (B8 C>7< (68 ()

OW /m./&lenﬁ cation mep

So We Ve Slown a/j?fem a/ /4 - 5/'5)484/ /prooénwf /nﬂf, /JSSoa’a)fiwfg,
£ un waoms can be checred on Jm;enfw;, fﬁnsol/) €4 heve is
o /ﬂrz‘ of wnt  akiom:

(18@1) (f&c) = (4@ [)&//@c) = bec. In

fem: @C e commutative = so is 8@4 C.

227) /0,0)’004@‘

Theorem: Let B C be commutatie. Then B @C s He 6'0/.7}’04&4%(
of BLC m E=A- fammﬂf (He cate ory- o/ commutative A-
4/(;&57&5)

Fecall (Sec 1 of Lec 159) 'L(n/e;(f this Mezns f/zz]f the Mow[né,
;/ZMVf ars. gse /501140;700/ lc
/%mgfgé% C +), %mi/é’) X /76”)8(6; ) E — Sedbs.
£7ui Va&n%@:
= /!'a(fj»%m Aomomarﬁlsms & B — B8 ( o L= b5 C

& — C. s :
ﬂ&f e ﬂ[j fomom’s P B —D P C—D, w Ao D i



2 commutative A-abebre, 3! /,D,{;,, honom.
o gt 8-9) 8 g gl £ D)

Fl)foaf’: (onstruction o/(f LE:
6)=4m1, (“(c)=100cC.
The conalitions on (F: 5§C — D we nud to ao%;gva;
50/6@/%308(6), 5008'6)7 ()= [boc = (oi)(16c)]
) ¢ (boc)= 7 M]goc(c).
We need 4o SAow 3f Af“ajquém homom'm ?5§C"’@ 55(,2//54//}12,
). 7L map BxC —>D, /éc)f—eﬁagfé)aacfc) (s A- Lilineuy, so
3 Lelinews o satsfiuns )
What remains +o chece 1s: @ respects 1] /Ifw&‘c/'o(écaf/on (lunt
Is Dfeaﬁ enoush +to oy s on Elemen ary tedSors
¢ (495 65c )= gl 44000)- ¢44) 75 ) =
= ?Efé)(fg[{z) ﬁocfg) ?ocfc_’z) = [D s (omm%f&fl'vej:(ﬁﬂgféjc,ocfg ))'
(4 %,)¢ (0= pl4ec) ples) =

Ciapli: B= Al 5.3/ (8, C= My ly1s0.)
T, B& L= ALy, x, Yar-e /4.1, G-, $g0)), denste He
//jh‘ hand Sicle 'é/ D LK O Gty

M& Séon/ /Somor/o//rm o/ /fm&fo#:: /-:—D ’;}FBXFC /w[erc gflé/omg@o):
E = Sts £ Fy o wre defmed similarty), Hen we ave dore & .

Mum?umfss of /@p/esmfmj ohject, Sec 13 of Lec 15
5|



Mm Mo?dar /4/7 or F & — Seds -96’”0/ g & comm've A- /b%b{f&
R to l([/; S )EK 7[ [I’ K )= =0, (=1 k' EMA/M A- &/goém homomor-
phsw §: B=F" 40 F(y):F (B) =F (€), (1) o (ptr).. p101)
~well- Aol Ma}a 4/ f(&/)(r t’z/fr)) 7/[7!()' r)) =0.

Tlen F ——>F 606//0 aty (3/3) is seqtt %o /V[X ?(X ))€E
Aerc X, ® lmajc a/ X: In 67 /Y[x) }Sa(x,_,)éF(E) 5/07/&1}'{} ©o 1‘& a.%l/a
Zhe nep po' ¢ H/({(x) (/(x ) 1s 2 4 Jcﬁf/on (Q the /csm/p'flon o/ hamomar-
/M/sms Jrom a/ga{ms glven 01 j&l’lcm)fors X redetions, Exeruse 2 in Sec 0of
lec 7). To shot () constitute a functor (; so)moiphism 1S en _

Sim;%/ we have F. —:/—7/1;_/ ,F o :/.—-‘?/;; Thet F; —:—;[-;xFC/ /s
Y . Ths Completes e exm/eé.

lonante. example: Take A=CL3, B= CKU(F), C= CLI/5). Here

e=l=0 (£5 we elemerts of A), 5o B8C= ClI/(F5)- (E&J//m(fy
43 Exam/o(e Z°) in Sec 23 of Zec 20,

Zf/f ﬁ éﬁ/c zmje o/ dq, 64& X, J én 5@,..){61 Nate
e 8@ C is a B- w{jv/ém Via. i S/W z‘/ué
5® C == 5& - X, ]/[j, ’9’6



Bonus - induckion of 4Y04p yepresentotions

This bonus is aimed ot studsuts whe ‘oo Mol 353 in
(or know velevest /%ﬂ/esenfu‘ion ‘zf/eoy)_ 15 atso
based on Bomuses o Lecs 3 and 10

Let AL be jme/e[ (associative unitel) /Mjs X 7ﬂ A—B be
o 4QMDmo7an/)an, Then it sl moxes sense 2o consiler ﬁﬂﬂfof
g%': A- Mok —> B-Mool

Ar /nz‘e//ejzz/hé situetion is as follouss Lt HEG be fnite
g}’au/as. /&f ”'_!c 4%&//_ 5(1‘ /4=Zrﬁ/) B:Ff wm//vz! ?ﬂ zéfé
m b sion AC—’B 77{ /eSw@f/né ftmdfor /s KNowh Rs -f[c /ménw‘iflon
o/ jraa/o /ée/)'ﬁsw'éwflons. 72 Maf’m %Aza‘ ites zz%'amf to ‘L‘ZL
/)w«%éaac ;x/ﬁnﬁfar (a.ka. ‘L%_ }‘CS'LZVWLZIon fanwfor) /5 _Enown A4s
f[e Frobenius /ea)o)’oohfg,



