LSecture 73 Exad‘ﬁzss, f}/aJc&é/ch //M‘ maa/u/e_s, I
1 ) Additve funtors
Z ) Lxactness.
Befs: [AM] Secs 2629

BONUYS : Additive £ abelion da:ffjanei

0) Mhois ﬂfxf?

We witl toucd Upoh //on/:oﬂ)éicd a/j&gm,a /an of /é%r&
heanty inspived [} (Abebraic) Topology.. We witd axumotite
Some F/p/)&rf/cs of tunctors Zé?d 7 g /fgﬂ p £ -) 4o ame ot
e nition of “adlditive fnctors" belween ca;(fegom ¢ of modiles.
721; main 7wesflzm /s 1‘4 behavior of f/esc /unyfaf_v on "éXaolz
seﬁfucncas”a/ o dules , which u&‘waz‘e& has To oo with ompu-
fmg He IMmages of objects under Lhese funchors. Wetl sec Hhat
Hom ( (-] behowes best whan £ is ?}z/eof/ve"& Z@Z. behaves
5{;{ Wlw / (s ’/(&zf ! 77;1‘:§c ek twlo 0/2556 0/ lﬂoMJ 0/ j/mz‘é
/m/yoVéMCe f%mbfgéouf A[é@é)’&, h/eff Sfua/a /)’(cy'e(;f/)/e modutles
m some level of oetail

1 ) Ao/alizzh/c f{meorS
1.7) Defomtion Lot /I/ B be  commutative 11435 So et we cen
60/75/0/0 f/&[r sz;!fejar/ej O/ /Woa/w[a 4*/%0‘/ /g-/%o( /%m I&l{r

V2 ‘Ll/eSf. Lﬂifejor/cs are M&Z&w jlfou/di

7



:Dmp/néh‘f/on: A yﬁm(/fo) F: /4/%0/—’-’5’/%0/ (s 4/04'1[/"6 ‘/#
l-mw’wfzs /% /V, e m %/amﬂ //’Z V) -’7‘“/7/0/745 fFﬂVZ /%V/},
@ /:&]u ), 15 & glraup Zﬂﬂmdi/o//fm

\g/”?/éd’ , We ayq bl abodt dp/a,//‘f/ve ﬁmﬂlors A-ttood %:?g"/%a{
ACV& We Vegul}’e $0 (g ny}) /L/omA [/Z/i'f) ’ﬂHomg [F[/"f), F(/V]) 'fo ({C_
Q (7l’au/o Aommor/QA)SM

1.2) E;Ym/ofes.
) . - A—8B b a /omamol/'a/,m of commutative rns
7]6. /uZZ é'acz /Zow‘for 50’* g - /‘/o/ —94—/’/00/ /s a///z‘/ye.

1)_2;/ e Se/fvém;L of 0)/ Lt L ﬂa 2 g-mw/wé. /A fguyllar
Z% o A-Lodd — B- Mod 15 addditve /(g, Lrevese in Sec 12 of
Lec 11 He map 5V > /'o/é@;v-' /L/omA (/‘5/'4’) %//omg /Z@}i/% Z@d /‘/’) /s
adlitve).  In sz‘)ou,lw; ’L%;( o /Dropos{f/an tn Sec 12 o7p
Lec X, Yo locilization fnctor -[S]15 A58, 50 +[S7]
Is Qo/oZ/‘LZ)VC.

.Z) for an A-mdibs M £le 74/101[0;/ //012 (A, ): A-Pood — A-Mood
s zoldite, see a) of ol 4 of HW1

27) For an A-modile A He Aunctor IL/DMA (o 0): Aol 7= A- Mo is
sdditve, also 2) Bl 4 of HWT
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3) fanctor -2 A-Hod — A-Mod, M % pig M, 6% ooy i
st additive (ciois)

Sio/c rem ey ﬁei’e are more &xw/gé,s:

D) Tor & Ext functors thet jem/aﬁ'ze tensor /}’oﬂéxdf £ Hom

/@nd[fors.

() 71L 40m/0j3 & CoéamoZOj} %ﬂwfm’j /L/,c /)C ) & Hk/)(/]
2-Mod —> Z-/0d, where X is 2 fO/pofoéica/Z space. These are
S'fquieo( (n /4{7&//@& ‘fgoa/éjj

2) Exactness
n)s 5 z{/c YLy /Vx;&erfj o/ dp/oé‘//yt ;4/1%10;5 wWe care @{mz‘ y7) famm.
@{?Mm. TL fescnbes Sow @ functor fehaves o Ceact Seyuwces.ll

Z/)é:mz/’f Se7z¢w6&-‘
ZO‘L[ /% S’L>/% _& gﬁ?/% ({e aQ SZ?LLZMC(, 0/4“MOM
5 HHeir Acwomo;ﬂ/um; jp“ 6/%/2 //{ M) )} (=Q.. k-1,

_De/mn‘mn: : 'b%; Lﬂ{tcmcz /S {z(zwf ZT/ Z'Mjﬂc-,ﬁkﬁjﬂé ‘%i%.. k-1
A shot exact Séfma (SES) (s an exact Sepleents of Yhe jékm-'

0-——9/% ——éi)/l{lﬁ?//j—aa

Le. Gy 15 miedive , in Gk G, 4 % jujéd{/l/&.
3]



&mfa& (f SES) f NclM s an A- sufmadits , £lon hove SES
0 PN M — MIN —sp, where Hhe /sz‘/a¢ /5 Y
('/70&(5}0/4, end the lnd M40 /s the P/?/'ed(/m.

In a wasy, every SES loes e m this exempts.: % (dlent-
/es /L,/ A Su!/hoa/k/& a///u fZ /My/ﬁes /% w. /Lé/&}”f"

2.2) .@e//m‘/ﬂh a/ eractness af fwmctors
Aéf A,Ig gc co/mfaz‘m‘/va /’//(ljs/ F 4—/%0/ — /g‘/L/oa/ /e an
40/04'//14: 7{/”%/{

ﬂq//n/zl/on (0)/ @/{ 5#(741,‘ &(cwf %quoﬂ)_.
() I} ¥#SES 2 —M 2 M 2om —0
HHe sef’a,wa g~ F[/L/, ) F—[ﬁ—)> F/ﬂ/l )_i%-; /——’Wg) /5 €)(aof/

Hen Sa} F s GHf exact.

(i) If ¥ SES as in (i) Hhe Sequence
FH) — FI) — i) =0 &5 cact, Ehen s3g F
k{/rh‘ exact.

Eem: Con o/@/}u G ﬁyé% exat Amctors F: A-MMol 7= B-/od
eq, m (i) require Yot

g 0— ) 28 ) 55 )

(s exact.

a



Def For F AML = B-tood, or  A-Lod ' — E-/oo!

7 J

exact = lft 17741‘ et ce. sends SES 4y SES

7.3) E(M/ﬂé@
0) bor a s /omoma;;a/um gﬂ-'/d =7 e puldbece Ainctor
?0*-' B-HMod —> A~ Moo is /ﬂen;'yénz? exat

7) The tensor //oa,/aw-‘ ;{(fwfar L% A-tood = A-Modl 75 /’/j/z‘ zxalt:
For a submodule K <N, L8 M) is e ;wo/’f/enz‘ of (BN 53’
the mege of LGk, ie th seuerc /(8K —> L8N —L8ME)~a
is exact, cf Remanc in Sec 1.7 of Lec Xl For j&ﬂf/’d L, s
74/17%{0}’ is not €)<A(/f, See lpi’o'!ém 4 in Hw ¢

7ZL Some [s Thue 74/ ZQ;’ 2 A-Mod — B- Mod /Z%; Some. as

Zéz A-Mood —> A-Mod on B tol of ﬂ//&ékﬂjVW/)S)

Z ) 77& locelization f{mﬂfw’ [57] 5 eadt {; /9’0/00»’/2//0” m
Sev’f)on 71 o/ Loc //, as it sends venels ‘o Eeonels f
[majes ‘o c’/najes; so SES 4o SES.

3) Lk W b an Amodidi. Then Homy ( N): A-Podd "5 A-Pod is
Gt exat, His follows bom )8 <) of Pooblim 4 m Wi/

ST0) Hom (K- ) A-Mod — A-tod is bt exact  Lndeed] thanes o

__Exzzm/y{’c m Sec 1.7, o eﬂoujé 4o check Yhat ¥ submodutes
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Kel, 2 sequence 0= Homy (A1) Homy (M 1) ™ Hom, (4 MK)
is eXa(/f; where (2 KN 10 e mlusion & 1: N —MWE i Y
/OVc(vjeof/on. Then ker [727]= im[e-?] 6625/51 £llows from Tetp =0 <5
ZM(IaCK- Also (-7 is /»'7/'5:—/1‘/1/\4 be C is.

@ZMUIC-' &ao‘ézﬂess }’olowf/cs j/l/e Some h/ajs o ca@ul‘e h/n/q/‘f
funtors do % 0:7’4:%‘5, et Prob ¢ in Hw1 for Hom or o6 ¢ in w4

for ®. Fxact Sfanctous are best Ar Computations.

24) [onse?uenwg of 0/67‘7'/7/'1(/0}7,

Zﬁmmm ZM—L IF 4’”0/ Hg‘/t/ao/ be R g/{ bxat 4/04‘14“:
funcor Then

() Fs &zq/S /}yéﬁf/ons % //‘7/2%/04:,

(6) F senols een, erat sepunt a-M f’—>/’g i”%a/wj 4
an exsct sequne 0~ Hig) — FM) — FIIG)

[ c) F s exact <= F J'fﬂo/s 5H/y-€ﬂllpllj % J"U\?ZM[)/U"

Foof- (2) /l/i—%—ﬂW con fo mikuded mto SES
0 >N Lot — N —o ﬂ/*ﬁ/‘%ﬁ}njﬂj.
SF

0~ Flu) S Fil) — ) ~etact = 7) 1 yjecte

{g) /%/ :/};/?ﬂz c /1/3 702’_- ,71 V/&ch/ 25 A /ﬂ7 Yo its /nmge

/
A /’fé Ca/45 Ny //m/cfsa'on/ So , = Lo Z/.
g T



0 —=N 1, M, ﬁ;/%/ap s exalt =>
0 — Fin) 58 Fm) B ) )
is gxact. /[Z(rﬂu; { Is m‘/'em‘/w; = [57 )7 F) g,,/'gdzzm
E s o funchor = /‘_[fz): Flo)e Flg). So ke /L_(%)=kf}’ F/fz/)
Baq Zhs and (*), O = F//%) — //’/l) —> F/Mj) s byat
(c) s . |

Rowi: There are olyect ma/o(j; of Hy Lomne for 2l er
(z‘j/;eg o/ one-sided eactness. L 7 O exart funtor
FA-Md PP —> B-Mod  sends ¥ eract refuenc
M — M, — M, —0 ‘o exat sepuence
0 = F(M,) — F(M,) — FIN) )



EBowys -
//) A dilotve (dfjar/g:

,.Z}-v our A/E/é}ﬂléloh a/ 40/04‘?-111/6 74;7%0/»; we /w_aa/ % ('om/oé/
[@fejowes A "Moa{ A- Mool 77 S%xraf Ths s awkward. The
C’ohc?ﬂ‘ 0/ n //40/04'1—‘% 0@570; ks es 14“6 &M/éf X mu%
move.  And we can tele about additive %”mes Letween 2.olol-
Zlve ca;fry;or/es‘

ﬁf/zmvfzon: Ay additive cmffjo;} E s
(Dats) - a Cmf?o;?}
: fojw‘n/a w. 28elion oy sBucture on /%’”c 499,
¥ Xyeds(e)
7Lu 4/47!& /au/e 2‘0 S'Mflfvﬁ, ’LZZL /DZZ‘%/M; Aaxloms:

3 0eOUE) v Hony (Bo)-llomy (400505

- F XreME) 3 2 /araoéwf Yxyedr)

A aw?aam‘/on map /%’”c //{f/)*%/uc (7Z) —’/L/mcf/ﬂ/Z)
i Gi-additve (2.k-a Z—éﬁhfm»)) ”V,{}//ZZGO’J/L’)_

/@arjf 4ot n 7/’/"/%/, A /ayaoéav‘f 0/ Buo 0\7(%
L Soct of w? Hnite collection) Concioles w. o cymaﬁ«o‘ﬁ
7 hs /)’p/e/f} Cantes over ZZD ﬂ/»&'fm/d\t do/olf-//vc caZl f}w’/fi
A [Co)/al’oad«m‘ XXy s a:wajﬁ callod Ao divect sum
and 15 sdensted § @y

—_—

Z|



gxm/y@ A)/ 46/04‘1(11/41 CQ/{?OM:’!)"
7) 4#%4/ /74# a /’/}9{ 4 A ﬁec‘frfa///g (’DMM’VE}_
P4 ) A- Mool v
3) A LU Sm/m;éc;joy v an adolibive ‘”’f?"? /s
2dols tive (// 1ts closed ol f“”g- %h/zzf dvect sums
/Co_y C)(am/nﬁ, (n /4 - /‘faa/ e Can (’Mf/oéy 'fé /u/f jz/o/cajf?o}’/ej
CMS/;i‘/;g of Fre 045'607_[5. 72? we losed wnder direct sums
/{wct Qa/ﬂlf-fn/e_
4% 1n verious perts of [Z’o/m/’fy S Tepolp owls. consider
Cde}ones o/ “heaves” /Z/x (Mfgor/e: /)Mejéjj; ve.
5%) Vavious constuctions m //Wa/é;/cq/f /ngz{m
/Oml«wa more cm/ﬁcafe/ 2ol Bve caﬂ.‘ejom s Bom A-Mod:
40/*/02(9?1 (a/fgjor/w 0/ comp exes dope d (Rffjo//f} ere.

Z} 40/&51444 cote orses.,
Additve ﬂnﬂfors mart sense befn'een adiditive caz‘gjor/e;, D
next 7&/«351‘/014 : w/«ﬁf 4,0/04\1[/0/74’/6 n/m(z‘um / Coﬂod‘fzom a/o We ncw/
4o (pose i ok 4 be 2Bl to Lol about eract Séfmcq.?
I turns ot et o addolitiond stuctuones are neeoled bt
we heed s cm/go:c 2dolitionel  eonditions
[Xa.mf Seguncy  are 2bout /ffr/wZS, /hmje; wnd Lheir Co/}oa%ﬂce.
Ui can olefine tom faffo when we tete aluit modily Gt v
2l (jeﬂﬂl’d«fg of adilitve ca;é(cfoms, 0{/@15; we mt sets & /myéum; ave
not maps, 5o we need o explain whel e mean é,/cmo/:,
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As ususk 4 reupe 2 oetpe e el fand Coker!u/;:yaaz‘/enz‘s
é; MR jes) we b ot ot Hev wnversal /pr%a‘f/er m e
usuel Avffmj of abebier 704

/A A//M be abelin (/}/ﬂu/w 4 j’/f/f —9/70{: a /omamo;y//m.
Let Kéc e Eernl a/f onel ¢: kCa/I/fo/c 4. melusion e
We AMt {ZL /o%awmj:

() ¥ LeK(7-Md) £ ;u-'ZﬁM.« homomm 5.1 fpo;pra
3! 7)4 L =K /MM/'MO{ e /o%w/;g afr’cijmm commutative

.Z' K
¥
K —~— M
Dedmition (of vernd in an addtive Ca/‘fyory) LA C bean adiitie
category , MNEGHE), e Homg (M) By e tomel of
o/(f we  Mesn o\/gair /k;é) w féﬂ/[f)/ (E//o}wc (L///V) ST,
$poc=0
- (K ¢) fas & umversed, /0;/90&? Het 15 a od'mmfjmmz/a‘-
Zat)on 07[ (a(’)

:Df///mf/on (a/ ok an adolybive cate 027) 7. cocand in
Vid
C= ‘1.4(. kernd m f’p Le. m z‘[c poation o/ “, /}’er &%};/‘ﬁo/}/
we ot a pair (C7) w CeGB(C), Jre Hom, (M C) s%
. 37'07=0
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< nd Ao aﬂ/l/gr;d/aro - ¥ é/%mc //glj st
}ya?ﬂzo ,3./ 7”/67%”45[(; Z/;/_;‘?f }U
N

T ,(P
c-F -7

&arase: _7.;; 14', cw’fﬁo'} a/ zz/fwgcwjrou/os, 'fé cotemel o/ jfﬂ/ﬁ/’_’/?/
/s /V/sz W 7,[4//;0/—6&&0/1 /R /V_”/’/A’”;V

(s commutative.

Df%n)%/oh.' M SK} 1['{&% 76/@”5 //{{/V) ‘s & MMMM&O//J?» //
/ﬂ, 0) is its termd  sud 15 an ?/'moyhm 5 /90) 15 1ts copernal

For emm/oé, i A -/%// Mo OMOph S :/'/y'cmf/yc 4 546)’14070 hism =
= suriective.  Nite Yot ﬂ/mmomaﬁzlm (n f=?oc'mor///:m i C
EK@V&:S&: . 7Zc /a%mg / Cahpé‘tzlo/?f ave éfu)wje/wf
() p: M =N 5 a Monoma);v//rm
(€) go7: Homy (0 4) — Hom, (L 10) 15 e ¥ Ledie)
. -SMI&’?, jﬂ 15 &y ?)')41079415}44<=> 7"39 //0/1,44 (/ZZ)C—}%MA //1/14)
Y .lel)e)
o/ /oan‘/w/wf/ ;4/ ausy resrel / K, ) we hoste Lot ¢ os o wonomor-
/04/5»7 Zgér wy_ corernd /g7r)/ P 15 2 ?M%OW//IW

M”’/f/oﬂ: MS&Z/ Z[ﬂ/az’f on 40/01{7{/1/& (R/'fg]og, f s a,!g,f,w Z/
e /azgowindi conoé‘zzlo}u S AA:

70_' (/() Gl/wdtt ma»;o/um m € ﬂ/ag ] ,eg//u,f



[C) e, moya/tj}n inC has A cocernid

(/"’) 7@)’ £ /140/70114070//;114 éé//omz[ﬁﬁ) = /f/;fjﬂé
Hom, (V) st (K¢) is e temd of ¢

(E) 7/DV wery ?&’moyﬂlfm e /%MC[A// c) d /"/X?ﬂ E
’%”"’5 MV) st (Coa) 15 H covemt of <

g)’mﬁ&-‘ /4 “/%o/g /J*Moozyﬁﬂ/ﬂ d/Men CR/’é:.’jowq_

/Voh_ exam/gé: 77{. (A}fﬁag, a/ Jﬂl‘C& 4— /74004«,&4 (s not abeljon
Z/ A isndt o field. Ths o fbecause &/a; [t /Mcamrxé %/ee)
4— MDM (s 14:_ CO!:‘-&WwZ ﬁn-L‘ZL esual &614.(4:) o/ 2 f/nau/ /;1?@

between Sree mo Ay,

Exam/eﬁ: A L s cze/’f«(zjoy of Aok fiher Al o5 2n aSsociative
f»y;,) that is Losed andor taem; sub-& /4’&04‘/@'12Z Mo du by 15

abebion. Tn /amf[w/&y/ Aor A ay//ar/w, A Cﬂ}fezjo% 0/ Hn
szfe/ /4-/%004«/54 /5 A',{r,ﬂen

In oy abebian cvf?ar% 7 mares seasc o Spea about 51606 -
Jeafs a/ /Y /&/M’r 0/ Le 6'0/[)_”) X a /%Mo/ﬁo/;m}/fh [E/%/’%/Ig/{f})
/lfavf/eh{ 09'%5 ee. /4/(/0/245 //1’/)1([) ensure. Hhat Hese

0 /emfs behowe in a wasy we Gv/oeﬂ‘ Yhem to. I /ymzzc'cw&u;

/ZZ o/aes make Sease 4o Zza/& ot Crat feﬁwce:,
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Fremivm exer:  in alleban ca/’ff'jog,. (50

1S < 1010m0v)
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