Ledure 14: Exactness§ projective modulis, T
1} /%'w{/yc /Mo/bjej
7) Flat MOO/JCS_

Lefs: [€] A3z 6163
BOIVUS : _7/(4/'601‘/1/6 modules.

1) /Zo/'edf/:/e o dutes
71) Defimtion £ equiua\(znf chaveterizetions.
Let P be ow A- mdile. e inow that Lhe Bmctor
/ﬁ/_% /é)) A-tMod — A-Mod 15 é/fﬂmdt‘, Sec 2.3 o/ Lec 73
A paturol 7&/@52210” is when CFo whih P) it's exadt, e7uivdem,‘6)
(mdils e LA 6)(@075/){:5} Sec 2.4 of Lec 13),01//{&«:
’%MA (PM) — Hom, (PIV) ¥ M —”/I//Jru(/'ecfm A-Lnear map ),

_/Def/mfloms A 5!2? ‘é%wf P is aﬂ};o/'e(/‘fll/e A- /ﬂo/b.[e //3
A-modde P and 2 set T s+ PeP =~ A°*

Emmp(ez EVCVJ Free module s //Lyédn/c (tare P=10%)
Loter on well sec thot /f@/eoffue doesnt /m/a§ preo. But po-

jwfn/c Modifes ave 7unff close £o I{ejn} free.
__] Heve are C?M;Va[ﬂ//]'é chavacterization of /b}’?j'eof/Ve modales
y



Thw: TFAE

(1) P s projective.

(2) 19( A- gﬂew Su(r/'eo‘f/on a: M —FP 3 Al-Linear
(P —> N st 775L=(b{0 (5“5‘ Hhot W“S/&fS)

(3) é/i"’iA (//OJ /s exact-

12) Poof of Theorem 7
() = (2): %MA /6/4) T, //omA[/?P) /5 JUL//e&‘L(/Ve =
= 66/7/0%[6/‘4) S.Z .77"°4=/‘p/w/104 s (2)

()= (). FBer CH—=P w a=c=id
In ‘L‘[L /0)’00/ well nesd L‘/z /y%m'ﬂae,.

Mam; 1: 9 ’fé,/o = M=ker T®im(
/0)’00;[ 0/ [Zw’mi
m= (M= crim) + UTln) § 9 (m~ CTT(m) =Flm)~Te7(m) = Lo =
/'o/:{=J/Z7n)~ﬂ“ZM)=O So M- (TT(m)E ker I
Henee M= kergr +tm ¢ Mow if me kerar(\(m ¢ Lhen m=1(n)
£ n=3gre(n)=grim)=0 > m=0. So M=xer TBim¢ O

//ow we 5495 /Aclﬁ _é"ﬂ [,’{) ?[1). /OICK jwel’aifors P,— (iel) o/p

giving, - M =AT =, @),y > Z ap Mote that orc=nd
= ¢ i injective = P ==simi. So can tave Plererir amving.
ot Pop = A%

7]



(1) = (3): e start with an ;wx)'sz'ar} resulit:

(eim 2+ Led P.ieT fe some A-modles. Then
€ HD—’"A [Ige,) /5 exadt & ﬁJﬂA[PL) is exact 'ﬁ/[eI.

Boof of Ulaim:
Gecdll, Bem. in Sec1l of lec 4 tht we hae a neturad
1somorohism 1y, Hom [@@N) —”"/7 Hom (/f-,/*l), e (7] ). .
TZ;& ISOiit/oézsmj ij 2 7411%0}"2?0)/11072//1'}14 L, /ﬁa/fla»f/g; )le;I/o;
p: M —> /% {,-/e J"po%lﬂin} ﬂ&zzj}’am s commutative:
oy (@1, 1) == [ fom, (8, 4]
po? J/ (po)iex
Hom, (@ P H/) == ['] Hom, (P,4)

(€T

H# /DZZOWS fn/w{ {4 %//{ 20w IS Jaﬁ?c/fn/e /']4/ ’fé //j/f /s
Sugeuéfve il ¥ e map //J/t:/d (P M) ——9/%1174 (P,V) is Suy'eaz‘/ue_
laim 2 / ows, O

/Vow h/ejf/f {act % /}’on'/i; /’/)'—“7"[51 Lecad /_@;}4//{')5
/‘44-/*40,(1 n ﬁoa/f)m&u’, exaz/f. /%L o(S/ng, ‘<’ 0/ &) 7@/ ﬁ =A a Lé]:
we See et Hom, (A% is et Mo & usmg "="of (%)
for +he o&tom,aon'fzon A% POP’ we see tht /_4/3@4 (P-) is exact O

1.3) /?’z()/'{mf/ve vs free
"_| /%w fwf e pr?/'emflw /Moa(ujﬂf 74/0}% @I‘ng, yfVee 7 7Z/'5 o(%mp/; oh
3



‘é[& /’)Vlé'_ A 50[014/ we M% 0}1% Col?S).a/fV 75111%6% jwf/affo//w/?/;:.c-
Live modlutes.
We descnbe ’f/l’e& vesulls 1o be /VDI/CD/ i Lecs 75 & 26.

Thm 1: guppoSc A s loced (ie. has £Le LM/'?W, meximel /'o/fa[}
Then evcna, //mfe@ jehe/zwfeo/ /py?/'eﬁflw A- modube ic ﬂ/ee.

72&}’& e n%ey //”065 W,{Z f/{: /}’DfC’ﬁ;],. For exa/n/afg/ fn/t ﬂq/aen.
Suslin theorem fom 1976 statec that His i alse True for A=
Flx,.x,3, where [F s a freld

—Zﬂgeﬂﬁf’d, f/easow,g[e) /ﬂVa{/'e[/f/Ve moa/uég Cen ée OAMQO{&
vived by a wearer properts : they ave localll, free” In oroer to
7 ety ‘
o/e//ne_ «fA/’s com(i-élon we rvecelt a S/eo/a/ cAase o/ /om[;fajbon
%’om /ec 9 - {//}’/ma /Xf&l ﬁC—AI 5-‘ =A\ﬁ s Q /ﬂa/&‘ff&cdlve
subset.  Moreover, e ring, /flg-' =/4[//J\ﬁ7"_] is tocad (Prof &
in HW/2),

_@e/[m"flon: An A-modds M s walled /M% Per Z/ /(’/5, ’s
a free Aﬁ;mm/u/&, + moxima L /'o/ca/ mcA

ﬂm Z (S@V}’t)-' Lt P e - fem'zzc&} /pVeSenfeO/ A-modnts. TFAE
'/) P is Py?j'eafh/g

- ,Z) /D s /064/{) Jg’ee.

5|



Fecall that Ka«’né 761712466 /ayescnfea( means tht P~ A% im 2
wheve @ A% — 4% is A-bnear (for Some tle Z, ). Mete thet for
/Vﬂﬂ%er/an /f) l{(’/;/lg, f/nrfc{} 96/702:(5303 /s etjwvafen{ ‘o Je/'na; ﬂm'ft%.
pre sented. Also #or Pojective modLes, fin. genereteds fon /rc;em‘eo/

Theorem 2 allows 4, give an a/ememzar} Characterizaition
w/ 74/1/{6( ﬁenem/z‘eo/ /p}’o‘/'eifll/a Moa/u/es over @&t(ekm/ %Iﬂajnj
_ WA)(/A em/s fo exp@'a‘f eXam/(es 0/ Ao/ -76’& /}’?/'60{/1/& /haa/L/es,

Debmitron: Leh A be a fomain &M be an A-modulo. Wo sey
Yot M is zzorsmn-zﬂ}’ee if 46,4[[0}) me M\ {03 = am+0

Exam/ot_ﬂe 1: -El/crg /0/&2[ I<A i fors/on-/}u 6ut AT is 0/16/
torsion-Fres if T= {03 or A
. Eyarg Submodude of a Free modile i Lorsion Yree. So ¥
/OVLZ/EQLZ/VC Mo A/Me is Lorsion - %’a.

Thw 3: Led A be o Dedlexind Aomain. Ef/er% torsion-tree
%M/f@% genem)éeo( //Moo/wgc s p}’a(jeafn/e-

Exampfa 7: A= 7[[\(??], M= (2 1+(5). Sina M is an idead n /4}
itrs torsion-free, Aence projectuve. On o other hond its nt free
Tndeed, 4his oleal s not prndpad, so I LA And s every
ws elements of T are fmawfz/ Aependest (24e T = bo-ak),
we Comnot howe T # A% fov k71
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Femare: For more generd olomains , Zorsion- freec doesn 't Impty
/on%}'fyé/n/xc Prof 5 1 Hi §.

2) et mosiLes.
_(Dwzlmlélon: Al /d’ﬂfdM /:/.r /{Mf Z/ F@l. A- Mool —>

A-Modd  is exot (& Seuols /:f/'eafzom’ %o /{/ff/é/on: Since,
(n jw&i’d, Fé%' Is njﬁ exect),

Examloﬁs;

(I) /4@1_/5 /Keﬂf t{/c A@I% ‘ %@{ —L%'s /O%WS jg’om aur
construction of fensor prpo/umfs in Sec ! of Lec 20. If NN
Gen N s M7 So A% s flid

(L) Kecedl, Sec 13 of Lec 21 Yhat (MOM,)8 N s M/fumﬁa,,
/Jol'hofyinc ‘o /‘/, (?4/1/ 5 /(/zé?4 V. T[w we Can MJ&«: as n f/t/c
proof of (1)=3) in Sec 12 Show that:
MON, i £t <> bt M M, we {01,
Lombining, His with (I), we conclude that prjective = [t

(17) [et S<d b a /hwéff/)g{cuf{m sulset. Sina A[S"Ja.éy

[S) (Sec 1.7 of Lec j2) & <[S") 15 exect (Sec 23 of
Lec 23)) /{[5’"}@4' is exact, so ALS™) 5 a et A-modte.

/@marzs:f) KE[) ﬁthS an fxam/yfc 07[ a2 //a;é /Mod/wél ‘f/a;é /5



ot /OVI(?jedflve-' fore A= 7() F:= Q,/(R/é /3 TI). The albebisn
jroup Q ﬁ/oesn'f even aa/mzf A Nohttsp /omom, te 7 @17301/ 0‘”0‘! I
Ths is because A AGQ, 1467170 T XEQ w f=n" (suth e -
Cien grevps we called a/n/m!fa). On Hle obher ﬁma(, // [@-)67/?[
(a:) # 0,1‘/4,7 we 0/16 have L) By //m‘c% meny /0057'~
five (nteaers.

2) Oh 1‘4 m%er /am{ —f/e /oﬂowéhé fadé ol As:

Ahg, 74}41’1‘0@ /pyescmffo/ 1ot modds s /}’f/'em‘/a/e_ A /arom[ con
be Jound in [E] /omf/zu} 6.6

BONVYS : z'()y'wfnxe o dulles.
Sed Abe a commutetive /’MJ.

\@@6/7/1[/0/71 A A- modedy, 1 s /(14/20751/& c‘/ //o%/; ya )
A-Moo W ——> A-Mod s exact (egovabictsy,  for a
mclusion N <M fé //mdnw/ /omomoy//m;

/%%24 (ZH) — %/0}134 /Z:/f/) s ju(//lzm-/}l/e).

ﬁe /@6}7/1&/0/7 éo/:: 1/6/0\1 f/mfa/ %o z(/cf/»‘ 0/ /ﬂ/(’o/l’%’/lfc
WOM/ fowever LZA /0/7%7/1‘/@5 o/ /7%0‘//1/& £ /d/a/'€ﬂ§1/&
Podully e Ve? ﬂé‘//ﬁ/wﬁ/ /0/7201%@ modndyy ”f’}”‘%’%
ﬁn;z‘r’/& /Wmfca/ oney ~ are et but /(q/%af/l/ﬁ roclilly

M /l{/'llﬁ é{j?7 -f/z;/ we abuost neves ﬁ/f% jawmfea./
|



Tl 5/@0/4;1” ///% is X Lt s se what é{/? /7'{@‘/;/5
meens For 2.

.:Df//mz[/oﬂ: /4n /-/&&@n jrau/a /% ‘5 oéw,r/a/d Z/ #Mé/‘/}aez
AmweM st am’=m.

&M/é’ﬁ: 7L ahela jm«/a Q /5 pé'k/f/o/ﬁ. So ss Q/Z

/jtfo/ﬁasmzlon 1:for an abeliar _reap N TEAE:

() M s /y‘ez;fn/e

6) M s divsibl
Sceetd, o///oa/f (a) = (C): 400

W=t = Hom, (T 1)—>Hom, (T 1) (%)
b M=Z N=a
(6) = (a) is more subtle. TL ]‘/ﬂrrz‘ 5{? 5% How

Hot of (x) helds By N M thn i Iolds for Nt P
#meM. So (%) /oza/f %}' all ;gndywa/ SA/JMDM NeM
Tl & e we of brnstinte jndution gee lils (%) for M
Suo//MoM of M 8]

We can qet &vm/yés o /fy'em‘n/a Moduley v more jg/{tm/
Hnjs as wZaw;. /Vofe —f/c)é 76;» au M@njmcf /4} {A/e
j}’aup //OMZ / 4//14) /5 An A- /hoM. 72:, /urao/ a/ f[L /o/%h/[&}

Tf_/ls 5&5—60/ on /L_'/D_’"z [’4;) {&‘n} /’(/jH ﬂa(//'omf %o ‘éf[c /o/’JMé/ZVZ



Finctor A-Mod — Z-Mood (Prob 2 in HW5). With 4hes, 4o /mo/
of e /;//am}g/ 5 & /premium exeruse.

/Dm/ms;fzo/; 7. T1f N s /‘iv/éyf’m a5 cn 2belien j}’ﬂcjd) 4L,
//0/’}77Z /4/{'/) /8 an /)yfuflvc /4’ Woa/u,&.

/L/dng,%/ af/n; 1%; /ﬂ}’?ﬂoﬁlz/tw Ore Can J/OW ’6(475 (;Ve? /4%{0441/4

‘Caf/ea/s /vfo an /h/'eaﬁ/e ONe / 7,/4 Com}wm//}g S f@fmw‘f 7%”
/0/’0/'6175{1/5: — et ey modeth 2dlurts & Juy%a//an Aom a
/or(o/'wfm moclle — s €agy 4 cvery Fee mudidb s /}'ﬂédﬂ/e).

This Laim is Zmporfanf for /%Mo’%/cax( wgo{m.
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