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1 Projectivemodules

11 Definition equivalent characterizations

Let P be an A module We know that the functor
Hemp P AMod AMod is leftexact Sec 2.3 ofLec23
A natural question is when forwhichP it's exactequivalently
module the left exactness Sec 2.4 ofLec23 when
Hom PM Hom PN M N surjective Alinearmap

Definition Wesay that P is aprojective A module if
A module P and a set I sit POP A

Example Everyfreemodule isprojective take P 03

Later on we'll see that projective doesn't implyfree But
projectivemodules are quiteclose to beingfree

Here are equivalent characterization ofprojectivemodules



Thm TFAE
1 P is projective
2 A linear surjection ST M P A linear

1 P M s.t To L idp saythat it splits
3 Hemp Po is exact

12 Proofof Theorem
3 2 Hom PM Hom PP is surjective
c EHom PM s.t.TL idp which is 2

2 n Pick L M P w Jac idp
In theproof we'll needthefollowing

Claim 1 JTC idp M Ker IT 1mL

Proofof Claim
m m cotm ICM JT m JTm JTm JLT m STL

id STml JTm O so M CITml ker IT
Hence M Kerst M L Now if me kerst him c then m un
n JTC n JTm a me SoM ker IT 1mL

Now wegetback to 12 1 Pickgenerators p lie I ofP

giving JT M A P failie to Eapi Note that IT id
L is injective P imL So can take P Ker it arriving

21ˢᵗ POP A I



1 3 We start with an auxiliary result

Claim2 Let Pi.ie I besome Amodules Then
Hema Pi isexact Homalpi is exact ieI

ProofofClaim
Recall Rem inSec1.2 ofLec 4 that we have a natural

isomorphism 2m Homa Pi M Hemp PiM t tpliet
These isomorphisms form a functor isomorphism inparticular for

4 M N the following diagram is commutative
Hema Pi M 11Hemp PiM

140 Ilya lies
Hema Pi N 11Hemp PiN

It follows that the left arrow is surjective iff the right is
surjective iff i themap Homy PiM Hom PiN is surjective
Claim 2 fellows

Now weget back to proving 1 3 RecallHemp A
ida.mx inparticularexact Byusing of for P A IEI
we see that He A is exact Now byusing of
forthe decomposition A P P we see that Hema P is exact

13 Projective vs free
How far are projectivemodulesfrom beingfree Thisdepends on



theringA Below we will onlyconsider finitelygeneratedprojectivemodules

Wedescribe three results tobeproved in Lees25226

Thm 1 Suppose A is local i.e hastheuniquemaximal ideal
Then

every finitelygeneratedprojective Amodule isfree

There are otherringswith this property Forexample theQuillen
Sushin theorem from1976statesthat this isalsotrue for A
Fxp Xn where F is a field

In general reasonable projectivemodules canbecharacterizedby a weaker property they are locallyfree In order to
definethis condition we recall a special case of localization
fromLec 0 primeidealPCA S Alp is a multiplicative
subset Moreover theringAp A Alp is local Prob6
in HW2

Definition An Amodule M is called locally free ifMa is
a free Ammodule maximal idealMCA

Thm2 Serve Let Pbe a finitelypresentedAmodule TFAE
1 P is projective
2 P is locally free
I



Recall that being finitelypresentedmeans that PsA imy
where q A At is A linear forsome R le74 Notethatfor
Noetherian A beingfinitelygenerated is equivalent to beingfinitely
presented Also forprojectivemodules fingenerated finpresented

Theorem2 allows to give an elementary characterization
of finitelygeneratedprojectivemodules over Dedekinddomains
which leads to explicit examples of non freeprojectivemodules

Definition Let A be a domain M be an Amodule Wesay
that M is torsionfree if aeAko meM 03 em 0

Example 1 Every ideal ICA is torsionfree but A I isonly
torsion free if I 03 or A

Every submodule of a freemodule is torsionfree So
projectivemodule is tension free

Thm3 Let A be a Dedekinddomain Every torsionfree

finitelygeneratedmodule is projective

Example 2 A TL Fs M 2,1 FS SinceM is an ideal in A
it's torsion free henceprojective Ontheotherhand it'snotfree
Indeedthis ideal is notprincipal so I A Andsinceevery
twoelements of I are linearlydependent abe I Ga ab
we cannothave I A for k71
I



Remark Formoregeneraldomains torsionfreedoesn'timply
projective see Prof5 in HW5

2 Flat modules
Definition An Amodule F is flat if Fq AMod
AMed is exact sends injections to injections since
ingeneral Fg is right exact

Examples

I A is flat bc A I thisfollowsfrom our

construction ofEensorproducts in Sec21 ofLec20 If NGM
then N M So A isflat

II Recall Sec1.3 ofLec21 that M M AN is naturally
isomorphic to MAN MGNThen we can argue as in the
proofof 1 3 in Sec1.2 to showthat

M M is flat bothM M are flat
Combiningthiswith I we concludethatprojective flat

II Let SCA be a multiplicativesubset Since A 5 0g
5 Sec1.2ofLec22 5 is exact Sec 2.3 of

Les23 A 5 0g is exact so ACS is a flat Amodule

Remarks 1 III gives an example of a flat modulethat is
6



notprojective take A 7 F Q flat by III Theabelian

group Q doesn't even admit a nonzero homem.to 72 forany I
This is because LEG he74 α EQ w α nd such

abeliangroups are calleddivisible On theotherhand if Caile79
ai 0 then we onlyhave tofail 79 forfinitelymanypositiveintegers
2 Ontheotherhandthe followingfactholds
Anyfinitelypresented flat module isprojective Aproof can

befound in E Corollary6.6

BONUS injective modules

Let Abe a commutativering

Definition An A module I is injective if Hemp o I
AModPP A Med is exact equivalently for an
inclusion NGM the induced homomorphism

Homp I M Hemp I N is surjective

The definition looks verysimilar to that ofprojective
modules however theproperties of injective projective
modules are very different Projectivemodules especially
finitely generated ones are nice but injectivemodules
are quiteugly they are almost neverfinitelygenerated



The simplest ring is 7L Let's see what beinginjective
means for TL

Definition An abeliangroup M isdivisible if meM aek
m EM s t am m

Example The abeliangroupQ is divisible So is Q TL

PropositionFor an abeliangroup M TFAE
a M is injective
161M is divisible

Sketch ofproof a 6 apply
NGM Homy I M Hemp I N

to M T N a7L
6 a is more subtle Thefirst step is to show

that if holds for NCM then itholdsfor N TmCM
meM So holds for all fingenidsubmodule NCM

Then a clever use of transfinite inductionyields for all
submodules ofM

We canget examples of injective modulesformoregeneral
rings as follows Note that for an abeliangroupM the

group
Hom AM is an A module Theproofof thefollowing

based on HemelA beingrightadjoint to theforgetful



functor AMod TLMod Prob2 inHw5 With this theproof
ofthe following is a premium exercise

Proposition 2 If M is injective as an abeliangroup then

Home AM is an injective A module

Finally using thisproposition one can show that every Amodule
embeds into an injective one thecorresponding statementfor
projectives that everymodule admits a surjectionfrom a

projective module is easy bc everyfreemodule isprojective
Thisclaim is importantforHomologicalalgebra

J



T


