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BONUS Why to care about Serve's Thm

a Recap

In Lec26 we discussed a connection betweenprojective
free modules and statedthreetheorems to that effect
Let A be a commutative ring

Thm1 If A is local hasuniquemax ideal theneveryfinitelygeneratedprojectivemodule is free

Thm 2 Serve Let Pbe a finitelypresentedAmodule TFAE
1 P is projective
2 P is locally free ie Pm is free overAn max idealmeA

In this lecture we'llproveThm I startprovingThm2 We
note that Thm 1 is a specialcase of 1 2 in Thm2 Indeed
if A is local w max ideal in then all elements in Alm are

Invertible if a
m a M la A a is invertible Hence



Am A Pm P cfSec2.2 inLecd Butwe'll use that toprove
Thm2

1 Nakayama lemma

Theproofof That is basedon a result of fundamental
importancefor Commutativealgebra Nakayamalemma This is a
key tool to studymodules over local rings

Thm Nakayama lemma Let A be a local ring
withmax

idealM M be a finitelygeneratedAmodule If MM M
then M 03
Proof Recall a Caley Hamiltontype lemme Sec1.1Lec 1

if ICA is an ideal y M M is an A linearmap s t imy
CIM then f x eA x of theform f x x a t ans.t
fly o aie I

Apply this to I m q idm so that imyCIM thxto
M MM Weget flyl o 1 aptact antidaeBut a EM
i so I apt an EA is invertible see thediscussionafter

Thm 2 It follows that idppe M 03

Remark Oneneeds A to be local for the theorem to be true
take a field F A F F M M x e xef Then MM M

We'll needthefollowingcorollaryof the theorem Wecontinue



to assume that A is local w maximal ideal m

Corollary Let M be a finitelygenerated Amodule M Mk
EM Let M mx be theimages ofmomme in MMM Ifmy M
span theAlm vectorspace MMMthen M mespanAmodule M

Proof Set N Spangmy me Note that the composedmap
NGM M MM is surjective M NtMM meM

G GEMM MkeMlm EamieN MMIN MIN TheAmodule
MIN isfinitelygenerated Applying theNakayamalemma weget
M N 0 M N

Exercise Let M M befinitelygenerated Amodules yetlomplM.MN

Then
p is surjective iff the inducedmap MMM Me MM is

surjective

2 Projectivemodules over local rings
Proof of Thm1
Proof Let meA denote themaximal ideal so PMP is a vector

space overthefieldAlm Since P is fingeneratedover A the
vector space PMP isfindimensional Let my mebe a basis
and let m me bepreimages of these elements in P under
P PMP By Corollary inSection 1 P Span M Mel

equivalentlythe homomorphism
31



p A P lap he E aimi
is surjective Wewant to show it's an isomorphism
Notethat A mA is naturally inparticularAlm linearly

identified w Alm The homomorphism Alm PIMPinducedby it
sends the standardbasis ei tothebasiselementmi so is an

isomorphism
Since P isprojective I splits Ate POP w P kerst

Thm in Sec 1.1 itsproof in Sect 2 ofLec241 It follows that
Alm Am A P P m P P PIMP P MP
ButAlm PIMP are isomorphic dime vectorspaces over

Alm So PMP 03 The Amodule P admits a surjective
homomorphism from A So it's finitelygenerated

Applying Nakayamalemma to P MP we see that P's o
So IT is an isomorphism

31 Projective vs locallyfree
In this section A is a generalcommutativering

3.11Proofof 1 2 in Thm2
Since P is finitelygenerated A P In theproofof 2 1 in

Sec 1.2ofLec24 we've seen that A P P w P'skerst Since

localizationcommutes w directsums Sect2 ofLec10 we have AI PatP'm
So Pm is a fin generatedprojective Anmodule So by Thm 1 it'sfree

T



3 2 Towards 2 1

Suppose P is a fin presented A module s t Pa is a free m
We want to show P isprojective A linear MTN
the inducedmap go Hemp PM Hemp PN is surjective
Now let encA be a max ideal so that Pa is a freeAmmodule

Sincethe localization functor on is right exact yn Man Nan

and since Pa is free
1 quo Hema PmMm Homan PanNm
Theproof that themap go is surjective breaks into two
steps
Step 1 From 1 we deduce that the linear map

go m Hemp PMan Homa PN m
obtained from 4 by applyingthefunctor m is surjective

Step2 We willprove the following let q A Ñbe
an A linearmap If ya Man Nan is surjective for all max
ideals MCA then g is surjective

Then weapply Step2 to A Hemp PM Ñ Hemp PN 9 4
and use step1 to complete theproof that go issurjective

Proofof Step 1 Recall Prob7 in HW2 that for any
finitelypresented A module P any Amodule L anymulti

plicative subset SCA we have thefollowing commutative



diagram which is exactly wherethecondition ofbeing finitely
presented is used

Hemp PL

yay
s

4

Hemp PL 5 Hompes P S 5 1

Here the horizontalmap comes fromtheuniversalproperty of
localization Sec2.2 Leco so is uniquely determinedbythe
commutativity of thediagram Hence it mustbe givenby
2 pls
Now we claim that forany linearmap y M N the

followingdiagram is commutative wherewe specialize to S Alm
Hemp PMan HtemalPnMan
Ilya 1m 4m

Hemp PNn I
Hemphpa.mn

recallthatforGM Ñthemapya isgivenby
So ye m

sends to 4 Andthen thehorizontalmapsends

this to yay m

toya sym composition isbilinear You You

m is a functor yaym

Commutativity of thediagram 1 implyStep1



BONUS 1 Why to care about Serve's Thmbriefly
Being projective is an important niceness propertyfrom thepoint

of category theory Hom from suchobject behaves well It turns
out that being locallyfree is important geometrically itsays
that this module corresponds to a vector bundle Below is

a short account on this
Let X F bean algebraicsubset Sec 1.4ofLec14 A F X

be its algebra ofpolynomialfunctions Sec2ofLec15 The
maximal ideals in A are in bijectionwiththepointsofX if
MCA corresponds to xeX thenAn controls thebehaviorof
locally near seeSec 3 ofLec15
A vectorbundle on a space whichcouldmean atopological

space a C manifold or an algebraicvariety is roughlyspeaking an

assignment that sends apoint to a vectorspace wewantthis

space to depend on a point locally trivially Forexample in
the study of C manifolds we look at thetangentbundle toeach
pointof a manifoldweassign its tangentspace ortheexterior

powersofcotangent bundles In all contexts vectorbundles are
among themostimportant structures onmanifolds
In thecontextofpolynomialsubsetsof F vectorbundles bydefinitioncomefrom local finitelygenerated Amodules a

moduleMattaches the space MMM to EXcorresponding to m
Thefact that thesemodules are exactlytheprojectiveones is

query
important forthe interplaybetween Algebraicgeometry



Homologicalalgebra


