Lecture J5: Fyactness, Pr;y‘ea,‘/z/eﬁ flt  modiles, T
’f) ﬂ/mcajme_ Lomma.

2) Pyp(/'ez;fn/e modales over Lycal /ings.

z2) Pyod‘eafn/c vs /acﬂ/(g Pree.
Ret: [/4/‘11 Sec 2.5.

gU/VUS : WA} fo caye ajoqf SC/Ve’s ﬂm

0) Eecaf

ﬂ /CC /M we M'Sw,fseo/ a Com/lez/?f/on p/o'fl«/een /0)’?/'&1[/1/@ &
fra moohules an( Séméco( fﬂ/}’a ’L%:ofems ‘o fé«/’f e;%af,
LA A b a commutative ring

ﬂm 1: Iy[ A s ﬁ)c&l (’ Aas aﬁ/}vue max. /b/fal)/ ‘f/&/] 61/€ry 7534;'-
fef& Og;enem/fco( projective module is Jree.

sz v (geVrt)i Lt P e a ﬁm’{c&} /Di’eSaqfeO/ A-moduts. TFAE
1) Pis Py?jea‘flvc

,Z) P [s /oca//z fﬁ'ee, le. /2 /S /r& over /4,{1 ¥ max. /'o/ee/ ﬂzC/4_

_Z;: 1%': (c&fure wetl /al’aVe 7Zm 1 & Sllan‘ ///W/noc 7Zm Z M
Note Z%a;f 7]%4 !/ is a S/Ow'al lase o/ 7) %Z) n ﬂm 7 _Z;mﬂeea/,
/'/ A e bcad 1 moax. ideod m, o all elements i Al we

_’/Werz‘/é(c: i odm= () s =()-A=0 5 muetible. Hene
1



Z]

/4,;,=/4 & P%4=P (¢} Sec 2.2 in Lec3). Bt we l] use Thm 1 ’fof}’ow_
Thw 2.

1) //akajma Comma.

TA& /}’007/ 0}[ ﬂm 1 is {aseo/ on A //efbb&f ﬂ/ %f/”/mmfa/
/m/oon‘ana; 7%/ [&Mmufaﬂfh/c &Zjeé}’a: //a/cagama /emma, 77,'; /5 Q
/6?, ‘fOoZ z‘o S{Ma/} /Moo/w/es over /OCQ/ }’Mjs.

Thm //%x:ajmq lemme). Led A be a bocal //;7 w/fA max.
ideld o, M be 2 %mleé jw&’afeo/ A-modile. If mM M,
hen M={o%

Foot: Kecadl a (Q&}' Ham ton ‘L‘J/yz lermmea , Sec 11 Lec11:
if IcA is an ided & T:N—?M 5 an A-linear map 5.t imep
cIM, e 3 f6)e ML) of e form F1x)x"+2x" 3.+ a, st
fip)=0 £ qe I!

/4/9,06, His 4o L=t & 30:/'04\1 (so Yot /mclpcﬂ"{ o
M=tM). We get £ =0 = (1+ ara.+a,)id,=0 fut o
¥ So ’/+/4;+_._+an)€/4 /s /m/efflo/&, cee the cyscussion 4/ffr
Thon 2. B fllows that /'044=0 > M- {03 ]

EBVMMLS ﬂﬂt Kuﬁls /A 'éo [e /Ocal 74:/ fé. Z%eoiem o /c ’LZ}’MZ-'
bae @ feld [F & ,4-'=ZF></€ M= Llo)xeF5. Then WM=M.

We bl newd 2 /w%mhé( corﬂa.na.l oF He theorem. be continue



4o assume that A i locak w maximad idecd .

[amﬂa,}; /(/f /t/ o/e a;‘fmz‘e«? (76/{-6/ eo/ 4'/}/00/404 Aflll,/lfk
eM [t /—V;,_..,% be Y Zmajcs o Wy, M N Minm IF Y., ",
Spen He Afn- vector space MM, Lo .1, Span A-modell M.

Boof: Set = Spon, (n..m,). Nt ot He conposed s
Nes M ——»M/&M (s 5uf/'eo't‘n/e & M= N+ M ¥ meM 3
&..aEh m, . meM| m—‘_iacm,-é/i/ &> m(MW) = MM The A-moditl
0 s /jmf&é jm:e:’afepz 40/0§fnat e Mzm?wm Lomma. , we jm_‘
MW =05 = M=-N uj

c Lt MM b %m’fe? jmru‘c/ A-modlfes (ye/%%//g,ﬂz)
Thea Y Is ﬁu)l')'eﬁflvc it e nduced map M IbH — MM, i
sugwf)ve.

2) P}/D/eﬁfl)/a mgo/wfes over local //Mjs.

Froof of Thm 1:
Froot: Let tc A deate Ye maximal /‘/{q/) so P/P is a veddor

space. over Yhe feld A/w. Swe Pis #n jmmu‘u/ over A, Y
vector Sprce F/P is fon. dmensional. Let 7, 7, b o basy
wmd Lt m,,. 7, be /0}’4//11:3745 of these elewments in P Lundder
P—» ID/ﬁnD). % &VDL/% o Section 7, P-= S/DanA (m,. mg), equiva-
__,/enf {4 %moﬂmyﬂ)im
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> A% P la,. ) Hé@-/ﬁ,

/s suriectie. We went o SAo;/ it's an /SOMo/;bAI)‘m_

Nite Yot A M/ﬁaA ” Is ﬂdu/aﬂéf (i /omz,l/w/&/, Al —ﬂnfwfl)
e fi/;co/ w. M/h)a/ The /omomwp/z;m Ak )gf—s P/iP mduced /J‘Ji“
Seh/s —LZL; Sfanq/wo/ besis & To the bs1s 0/€/uenf M., So [s an isp-
Mo}/’u//Sm.

Smee P is ro/'eyf/:/e/ i/ 5/06%5 £ ,46%1/ Pep’ P./'steh?“
(Thw 1 Sec 11 & ts proof m See 1.7 of Lec 14). TE follows Yt

(W) %= AT A = (PoP)/m (PoP’) = F/tnP@P /P’

Biit (4/57 )66& PIhP are /Somwyglza dim € veckor spaces aver
A So PraP’= 135 Tle d-modibe P’ admits a Swy‘éﬁfwc
/owmoyﬂ/w Hom A _M So, rts f/”mz/e§ jawmz‘e «

4&/5/,? /%myam& {élﬁlt{k L P-mP we Se z‘/:\»,{ P: (0%

So T 5 ay z';omo//’v//!m 0

3) R’oJeu’fch Vs /paz/[; /V@a-
In z‘AU section A is a jencr«v/ commutative /’/Hé,

3.4) Poof of 1) =22) in Thwm Z
Since P is //nn.‘zé’g jemm;fe«;/, 3 A% 7P T, ‘L%./)’oof) of 2)31) in
Sec 17 a/ Lec 19, weve Seen 'LLAQ/{ Aeh-'—v’Pq‘)Pl w. Pekery Sina loca-
lzation commutes w. direct sums, Sec 17 of Lec 10 we have ,4:"= RoF.
So B ks a £, 3%@;«2}6603 p}'ﬂ/'cvf/'/e Aﬁ'-mao&«/c. So /0\1 Thm 1 itss free.
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3.2) Towards 2)=21)

Sup/)osc P is a /. f}’eSenz‘eo/ A- moduke st F is a fre ¥ h
We went 4o show F is /J}’a/'euflve < ¥ A-linear M—>N,
f/{L /Vlo/ucco( map (/9.7 : /%MA [6/'4) — ,L/omA [eﬂ/) Is jw(’/'eafu/e

Wow bt mc be 2 mex. idead so that P ir o P A, -modue.
Sine fln lacalizetion /uwﬁfor o I [/’54{) exact, %1 /1457 —»/{/m
and Sinee fi Is f/&,
(1) ¢, HomAh(Pn“Mh) _»’%””Am B, M)
TA /aroa/ Hot 2l map 7 o7 s S‘uﬂ'c()zf/vc brears mto Zwo
51‘6/95,

Sf«afo 1: Fvom (1) we Aeduce ot e Cnear Mep

(927): Homg (M), — Hom, (1),

[obtamed Lrom 507@ aﬁp@ing, 2, Funcitor ) Is SVU'ev‘fh/e-

Step Z: Mo wtl prove #o following : &2 G- -1 &
on 4-(/)’){3” /’W&,O. I/ {ﬂ;: /{},;—9 /17; s j’w(?'cm,z/va 75;, aﬂ Max.
idects Wch, Hon 6’5 /s Su(V/cz/fIVe.

Then we opp% Step 2 4o /;VrﬂomA[P,M)) /17=/%m/J (PW) £ 9’}-?0«7
A’no/ use erp 1 %o Com/pfmfe f/L /0}’007[ fAerf §ﬂ°.7 /s SM(}]Z’(/L‘/V\&.

Boot of jfe/o - Kool (Bub Z (n HWZ) Hek for any.
/im%c@ /)yesewfeo( A-module P, any A-module [ & any muti-
ticatve subset ScA we howe £l Lollowing commitative
?)P &



%’aéram [MM is e)cm/’fftgt wheve e con oZitZ/oﬂ o/ /e/h5 %ﬂrfe/y,
pVeScnfco/ /s used)

v ¥ /HOMA [/?é)\‘/:”‘f[”

Homy (FL)[S™] =~ == tom, . (P[S] Z[S])

Here He forizontad Map comes Hom fé universad /ypfey%t of
bocalization (Sec2,lec9) o is aﬂ/?uwg determme o /J £he
zammwéa;f)vm‘g of 4, o&‘ajmm. Hena 1 must e glven !Z,
(z) % > fS’—;u[S ]

Now we choim Yot for any Cinesr map g: M=N the Al
w[ng ﬂ(/'aj}’m (5 COIMmuf%‘/VC (Me/e_ we 5/26021,5%6 4 5 =A \ﬁa)

/‘/(Jm/(1 [//)/‘4)», %r_:%% ‘IL/DMA&(FMM&)
J/[S“?)M P
/'/OW) [//)/f/) 7 ~ = ‘}qm (P,/]'/
A " Yoty s 2

J/__>-' recadl ‘da}f for ﬁrﬂv /Cf/—-%ﬁ;jfé Map 7}; irj/yen é\,-‘g@""?%@)
So (ﬁao?)ﬂ‘ Sencls »5% o 5%"_52 And ton He Sorizontad mep sends
this 4o 31'[(/051/7,"
—

i" ‘f - % (E’%) = [com/aoszz‘/on s bitimear] = ‘51 %o%
['n Is & /wwfor]= 31[(20050)&.

fommwfajf/m‘at of f/a M’ngm £(1) /mp/dxt S{CP7

—_—
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gU/VC{S 1: WA} %o care about Sewe’s ﬂm/{y/'e/ :

Being /ai'f/'eoflvc [s an im/oortanf niceness” /ﬁi’ﬂﬁtﬂ} Hom f/c /Ooz'nf
of CdegoraL eory [ Hom Hom  such o (5/’6&1‘ behaves well). Tt tums
out thedt Kamé 5(% Fren s Zm/oorz‘mf jeomwfr/c% ~/7 seys
‘L%Rf ‘LL/IS /MOM CO//‘CS/.?DI)O/S +t a "l/efx‘t‘ar &mo/é.” g&(ow (S
R 540/14 account on 1%5.

LA X<F" be an alsebysic subset (Sec 14 of Lec 14) £ A=FIX]
be ts ijéi’a of /Oafomommf Fanctions (Sec 2 of Lec15) Th
maximed ideeds m A we in é(/)'eo#/on with e /o/nfs of X £ /f
mc/ CcWeS/gana/; to xe X, then A, “controls’ e behavior of X
foazﬂ’g, near X (see Sec. 3 of Lec 15)

A veckor bundle on 2 ”Spaae "(whih coudd mean z fcpofaj/'ca[
Spaa, & C= monifld, or an a@ag/m’c Vm/a‘g,) s /’049%61 Jpcax/hg an
ass@nmem‘ Yot swds a ppmf to & yector space & we want Hhis
Spact to Mepeaof on a4 pemt ”/oca@ f//w@%_” Fou €xamp&, i
#o Sfuo[g of CZmenitolds we loor ot o fvn;mf bundte (t each
Pomz‘ 07[ A /mw;/o[o( we J(SS/jn /'LZS fciji‘ S/ﬂza,) ov ’fL, extevior

foowers of gofmjwt‘ bundles. Tn ol contexts vector bundles are
among He most mportent strudtures on manifolds.

T e context of /po%ﬂomm/ subsets of [ vector bundtes, {0\1 Aef)-
nition, come from ﬁxaﬂ% free (furtety jwafu‘e/ ) A- modules (2
Modute M attaches He Space MM 45 xeX cor/eyon//not T ).
Th fact thet these modules are exactl, i Projective ones i

Z—i/el/y /mpof(‘aﬂzf for o int ey/ofaﬁ, bet ween 4{365;«& jfom%l/} 4




ﬂamo(odqi cel B,%zmg}’a.




