LeAure 6 exactness, /p/ad'eof we £ Hot /ﬂoa/u/cs, vV
1) éWI//@f/M of /ﬁ/oo/ of Sere:s 'f/eorem
2) ﬁ’o()’ed‘we modules over Decokmd domains
3) Twertibe modules

() Lompletion of proof of Seres theorem
Let A be a commutative 3
In Sec 13 of Lec 76 we have stated-

ﬂm Vi [S@V}’t)-’ Lt P e - /jm’zzc&} /DVéSenfeO/ A-modnls. TFAE
7) P is Py?j'eﬁflve
,Z) P [s /oca/{} yg/ee, [e. /i /S /}'ee over /f,{, ¥ max. /'o/ee/ MCA_

In Sec 3 07[ Lec 15 weve /DVOV{XO/ 7)—’31) ono! /’60415&0/ 2) =
7) to {[L /WZZOWZYI& [5{@ 7 i Sec 3_2)

Lemme: Lot MW b A- modides & (72//‘7—”174 A- Cnear
map. 17[ ?0&—‘ /{4; — /’r/; s 5\4{/‘601[/% . max. /b/cfa/ls I C A) 7,4(0»
(77 s SuyJ'edZ(ve.
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/9007?: Stfc/a 1: assume C is on A- modide st [;'—’{0519/
mex /'o/eafs me A We [/ca'm 7,%7/1‘ C=1%Ff _Z;m(eeog Yawe ce(.
Sme (, {07 we howe 7£=70<=7 3 ued\ | ucz=0 m C
Lonsider fxc subset JﬂnA (c)=/aé/]/£zc=0}. 72)'5 Is an /'o/fo./
( ). If cto, ton 1€4m () = 3 fo st Aunylc)chy
Bit wewve seen d ue AfnnA ()\ 1, contradiction.

Step2: Set C:= WfinG By Sec 11 of Loc 10
. /m[%%(imép\/)h ¥ max. idead mch 4
: (A’/V/K)ﬁﬂf—’ /17:;,/(54 Y submodduke Kl /6.5. K= im 97)&
¥ i

Sinee 72;, Is ,Swje&flve, we See thet Q‘/Of ¥ max. idead
m. /%g_ g’éﬁf/) C= [05 74”!54})’!5, ‘é/t /}’007( In]

2) ﬁ’o()ey‘fl\/e /MOﬂ/waS over fDeo/eKMO( /omm'm

In this section A is a @ea/etmo/ domain. We-tl needd tuo
742(/1‘8 A/Koa‘f /t-'

7) A is A/O&‘L[Ac/lah /{J Xe//ﬂ/‘{/an)

2) ¥ mox ided Hcd th localizetion /4,41 s 2 PID
(froblem 3 én Hi 2)
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Tn Sec 12 of Jec 24 wewe stated 4 /@//00\/&45,

ﬂaorem /e/‘t‘ /'/ be o f/mfe/a, jwe/afeo/ K( /Wo/a/e I/ M i
forsion-free (acA| {03 me M| {3 = am=o0), Hhen M is //?/ccz‘/ue

Fraof:

Step 1: e fivst consider a special case: A is PID. Heve
we have o co»wp/de classification of /mlze{;_ jeﬂem;feo/ modudes,
Sec 33 o/ lec &: M« /4 69@/4/49, ) Such a module (s
forsion-free itf g=0 (e pi (1*-[/0 'N=0). In parélca[w i M
torsion-{rec, Hheu 1ts freo.

51‘6 Z: Smee A is //oe{/ewan P i fntet /Vesem‘eo/ So
We Can Use 'f/c Serre é(eorem P 3 f/’OJC’dL/Ve /74[ it DCWJ,
f/ee Wite Lhot /fﬁ, 5 o PID So, Hx to 5{/7 s Su%uemf
+o prole /i is Lorsion- tres.

.51.‘6/0 3 Well prove & More jenera/@ clom: if A is o domein,
M s a forsion-Free A- moolute Len MIST is 2 torsion-Free AIST
module /Mw@fy&cwé’n/e subset S < A\ {05, Inolees Zaice #on-zevo
elements £ <A[S™]) ;ﬁ”éﬂ[&’"]. I %’,g,fn/m L ue§ st
uam =0. But #a #0 = yato & m#o lads 4o a controdickon. o
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3) Tnvevtibte modules
3.1) Definition & C)(am/oés
Let A be o commutatve ing.

_fbéyfmfflon-' /fh A— Mo/u/e Z /s C@Z/@/ O)V@}'l{/!é /][ 3 /4- Mo/u/e
4/ W. ZQZ "y (an A- mod e /So/ho/p/{um),

Emm/;/es: 1) Led A be a //e/o/ﬂ-‘ M &/Qjm flwé on [ -vector
space L s mverible = Mml}_l=/_ This follows Fyom 4o Comlgwfa-
tion of Fensor proo[wfs of frew moddides m Sec 23 of Lec 20
if e iel i o besis of /X ‘f:/'//jéj, s 2 basis of L Hlen
e,-@f}.’ Lovm a basis n Z@ZZ/ So, (n gur case, [I%7)=1=>
ITI=1.

2) Let A b o Desermd domain, md L be an idead. W
Leim it is an ivertible A- modite.

/% Thw m Sec 2, [/ is /V?/'eofluc,/wa ot A-modute.
In particale, F 2 s ancther idead Hen e mebusion /'esA
guves fise & Z(%] A VAW =/ el the #ap 5 gven {},
tel ’I——?(z,’ So rts image is Ll /, fA /m/ooéwf 0/ Ideeds. We claim
that we can fud /7 such that L7 s A/rmapa,z el 5o
Hhat Za L= 00— For this, we /aom/poSe L mto Y
7]



/0Vooéuo‘é o prme ideats f; /5)(_. Tt enoaa% 4 fond ﬁ-/ s.t. ﬁf}.’

is principel. ke czefﬂ{o}. TLes fi ocars m 4, pécom/oos‘/i‘/on of (2)

( ): [&)"ﬁ,- 7;‘7;_ £ we tage ﬂ’:%’._ 9,- This fnishes Yhe /}’oa/ of
te lom thet [ is mvertible. d, in fock every vertiéte A-mo-

due is /SO/MO}’PA)& to some jdecd m A as we witd scebch 6elow

Fom: Heve ave motivedions 4o consicler invertible modutes.
A cateqrical motwetion is tot e hncto L8+ A-Mod —
A- Mol has an “inverse”, [/ /@Z . —’{J alij@ém /Vopm‘/es of tensor
pro ducts. S, Hese /imafo/s can be yiewed as ")}oﬂf/ﬂyfnes " of M- Mod
A 5eomafrzc metsvation is et Coumfeyazf/; of mvevtibte
Moa/afesi lne bundles & speda[ cless of vector bundles, ase. extye-
me% jmportant, in /4%&51’@(. 5@0/1406}'3.

Sip/ﬁ remerk : L{SMX, MVe/LL/Ké Moo/a/es and 21'4 péscr?ﬂzlon 0/
imvertible modutes aver Dederind domains, one can generalite th
closs 5/0«4/0 0/ o Dedeind /omain fo aréif}’u} //14;,5, Wo CDMS/'/cr

e Preavd gloup - is elements ove /Jomor/j//m cAasses of mver-
bble modules aund 4 /Woa@mf comes Lom 12 m‘ng, e Lensor
/UVOOZM Ufs
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31) P}’opﬁﬂzlfs of mvertible modudes
P/o/ﬂas/f/on: £ very invertible module is /7}’0/'»66{/1/6.
Poof:
Let [ [ b st Z(Z?(IZ/—NHI, bt ¢ donite an /50/%0/}0/!5}14. We
e jamg, ‘o Csfa%{s/ a /imvar /Somo»;ﬂ/zsm é/o—'ﬂA (Z) ) = Z/?Z .
TZL fumdor Zléz' IS5 )’/;41[ f)(adf, So f//; woulo /M/n§ [ is /nym‘n/c,
In e /rao/ we mtl needl 4 /of(awz'n;, construction for A-
modulles L, MN considler Hhe A- Cmear map
HAM’N-' /L/ong4 //‘4,/V) —")//OMA (LoM /& /V), @t 1'041@;%

, 1477 T1

K/m‘m : I/ Z/ir /th‘(é/g) f[en 62:‘“//} an /Sorlm;;o//fm.

/4/,{4 'L%'s &/mm 7,4; /Vao/ Iy &S /D/Z{ﬂh/!-' We 3e/f /50/%0;0//&7143"
8" Hom (L, 10) =5 Hom, (182, L8, 1)) et constitute a funchor
Mol/’an/ifm ( ) atd Hhon use that L /@G}lé 2 A & Punctor 150-
MOVPAIIVM HQﬂA (4 ) 27;°/A-Mool 4o jwf é_/o_r_uA[Z) ) = Z/@f'

ﬁ’om/ 0/ ﬂw‘m: /gfe}’vc L%z}f
(i) eA"’,’V be comes f[c /'aZszzZl} cmo/f/ f/e /a/mzl/%cwf/pm 4®AM 19/14)

AN =N,
. M N LB M LN MHN
(ii) ‘941@“1: 5’44 A 0 621 0%4 s‘)p(c; send (7u6 /%MA [/%/?/)
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Yo 5,8 = i ®d, 8 € Hom (4,581 /8L 50) o
AP/D%» (ii) 4o L=L,0=L" Since Z@;qé’—”—z*/’/[ () 6)5‘%;&' s
an /Somo;////sm_ So (i) mptaes %N’N is /}(1/@7,‘/% Y MN. But [
yal p(e,} SCy/Mmel’Zc woles, so for M’ Z’é% M /1//31/8;1 N, 1% m
MW’

8" s /i(rjw‘f/;/e s well. If cwposnf/on of Lo /@'e&{/om U &

/{]fdloﬁ , How ) /»{y'epf/ons ave @'@ﬂ‘mns_ 0of Claim
0 07/ /%o/mmz o/

[omﬁaygx LA A be a Degeeind a{)main £ L bo an nvertidle A-
modnle. T [ is /mnﬁzﬁ jemmf@/, HHen rtos /SOMOV/M/L to an idleel
m A

Sketch o/p}’oa/é e ltl prove f/\a;f L embeds nto Frac (A) as

en A submodule, so ites /jomor/;/zc 4o o fationed jdeald [Sec 11
of Lec 13). Every Fractional ideal s /50m0}p415 to an actyad ore:
an /50/#070418m /s gtven «5} Ma,éf//b%[ng, w. suitalle element of A.

Sinee L s /mi/'coz‘/ve ites torsion-tree s Ho matured  homo-
mwpéum L —/[[S7] is on E/u/ea/ﬂ/mdc 7@/ €Ve*st /Mu/&‘/)ogicmfm
S</ /Mﬁ(o/mg S:=Al{0] So we neeod to show et for Hhis
S we hove L[S”] ’gﬁac[ﬂ). Thx 4o EXQM/o/e 1) m Sec 31,

z‘n/is w;{[ /aﬂow onee. he J%ow 1%,{ Z[ S "1 s 5}71/6#‘5/0/& ’S 4n
ALS™1-module. This m turn follows Hom:
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ﬁ/ MJ’ A’ /'I/IoD(M/Zes /%/1// we /M& R ﬂd/LZUVa/ /J0-

/'17017)413»7 M[S']® A[gj/f/[S"] N /N® M[S]. Hint: dse ani-
versel. /Wopm‘/es v /a/oo/uoc Aozﬁo/%o};oélsms n beth directions.

Eemzz}’/c: If? /apf, eyerd«y invertible /MoO/w/@ over @ /Vppz%c/’ian //"j'
}.r ﬂ,u'foﬂ/mf/c% ﬁnn‘z% 5@”6/&%@/, ffun/a /%m‘(j,, /%ef/e//an /Moa/u/;:
The SAonéesf /)Vao/ /s Co;fejoifcaz 1% %/ﬂﬁfor Z@ A- /%o/ —>
A-Mod is an e?wl/afwa of “abelion Cazfeﬁor/es £ é@m fbe-
z‘n/emw s R /070p£l’f3¢ /Me//!mf o an wbellion L’offﬁog so p/oemf
(LAMgc émo(cr ffw Vafenx Since £ is f[e /)M&jc o/ /[/om%cr/an
acff'edf, A its abse Mhedhevion.



