


































































Lecture26 exactnessprojective flat modules IV
1 CompletionofproofofServe'stheorem
2 Projectivemodules ever Dedekinddomains

3 Invertiblemodules

1 CompletionofproofofServe'stheorem
Let A be a commutativering
In Sec 1.3 of Lec24 we havestated

Thm 2 Serve Let Pbe a finitelypresentedAmodule TFAE
1 P is projective
2 P is locally free ie Pm is free overAn max idealmeA

In Sec of Lec25 we'veproved 1 2 and reduced 2
1 to the following step 2 in Sec 3 2

Lemma Let MÑbe A modules G M Ñ beA linear

map If ya Man Ñm is surjective max idealsMCA then

g is surjective
A





































































Proof Step 1 assume C is an A module s t Can 403

max ideals Mc A Weclaim that 40 Indeed take ceC
Since Can 03 we have f f weA m also in C
Consider the subset Ann c aeAlac o This is an ideal
exercise If c 0 then 1 Anna c in st Anna c CM
But we've seen ne Anna c 1m contradiction

Step2 Set C HimG By Sec 1.1 ofLecto
im gal impan max ideal meA
Ñ K Nm Km submodule KCÑ e.g K img
m
Since Ian is surjective we see that Can 03 max ideal

m By Step1 C 03 finishing theproof

2 Projectivemodules ever Dedekinddomains

In this section A is a Dedekinddomain We'llneedtwo
facts about A

1 A is Noetherian by definition
2 max ideal MCA the localizationAm is a PID

Problem 3 in HW3
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In Sec 1.3 ofLec24 we've stated the following

Theorem Let M be a finitelygenerated A module If M is
tension free laeA 03 me Mlle am to then M isprojective
Proof

Step1 Wefirst consider a special case A is PID Here
we have a completeclassification of finitely generatedmodules
Sec3.3 of Lec 6 M A A pii Such a module is
torsionfree iff k o 16c p 1 p o In particular if M is
torsion free then it's free

Step2 Since A is Noetherian P is finitelypresentedSo
we can use the Servetheorem P is projective iff it's locally
free Note that Am is a PID so thx to Step 1 it's sufficient
to prove Pm is torsion free

Step 3 We'llprove a moregeneralclaim if A is a domain
M is a torsion free A module then M S is a torsion freeACS
module multiplicative subset ScAllo Indeedtake non zero
elements ACS EMCS If 97 f thenuess.t.nameBut u a to uate 2m to leads to a contradiction
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3 Invertiblemodules

3.11Definition examples

Let A be a commutativering

Definition An A module L is called invertible if Amodule

L w LO L A an A module isomorphism

Examples 1 Let A be a fieldF Weclaimthat an Fvector

space L is invertible dim L 1 Thisfollowsfromthe

computationof tensorproducts of freemodules in Sec 2.3 ofLec20
if ei.ie is a basis of L ej jet is a basisof L then
ei ej form a basis in Lgl so in our case I I 11 1
111 1

2 Let A be a Dedekinddomain and L be an ideal We
claim it is an invertible Amodule

ByThm in Sec2 L is a projective hence flat Amodule
Inparticular if 2 is another ideal then the inclusion L A

gives rise to Lgl Lg A L andthemap isgivenby
le l all so its image is LL theproductof ideals Weclaim
that we can find L suchthat LL is a principal ideal so
that LYL LL A Forthis we decompose L intothe
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product ofprime ideals p pk It's enough to findpi stpipi
isprincipal Take aepille Thenpioccurs in thedecomposition of a
exercise a pig ge we takepi ge This finishestheproofof
theclaim that L is invertible And in fact every invertible Amoduleis isomorphic to some ideal in A as we will sketchbelow

Rem Here are motivations to consider invertiblemodules

Acategorical motivation is that the functor Lg AMed
A Med has an inverse L'go byalgebrapropertiesof tensor

products So thesefunctors can be viewedas symmetries ofAMod
A geometricmotivation is that counterparts ofinvertible

modules linebundles a specialclassofvectorbundles are

extremelyimportant in Algebraicgeometry

Side remark usinginvertiblemodulesandthedescription of
invertible modules overDedekinddomains one cangeneralite the

classgroup of a Dedekinddomain to arbitraryrings Weconsider
the Picardgroup its elements are isomorphism classesofinvertiblemodules and theproduct comes from takingthe tensor

products
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32 Properties of invertible modules
Proposition Every invertible module isprojective
Proof

Let L L be set Lgl A let denote an isomorphism We

aregoing to establish a functor isomorphism Hemp L a L'g
The functor L'g is rightexact so thiswouldimply L isprojective
In theproof we will need thefollowing construction For A

modules L MN consider the A linear map
01N Hom MN Homp 2,9ML AN y it 4

Claim If L is invertible then AYNis an isomorphism

Withthis claim theproof is as follows weget isomorphisms
Hom L N Hom L'gL L pN that constitute a functor

morphism exercise andthenuse that L gl A functorise

morphism Hey A a idp.mx to get Hemall L'op

Proofof Claim Observethat
i Apnbecomes the identity undertheidentificationsAGM M

AGN N

p
a am AE bothsides send yeHomo MN










































to ideal Y idf i2294 Hemp 2,949M2,949N
Apply ii to L L L L Since Lgl A by i Gigi is

an isomorphism So ii implies
n
is injective MN But L

L playsymmetric roles so for M L M N L9N themap
01inis injective as well If the composition oftwoinjections is a
bijection then both injections are bijections ofclaim

ofProposition

Corollary Let Abe a Dedekinddomain L be an invertibleA
module If L is finitelygenerated then it's isomorphic to an ideal
n A
Sketchofproof We'llprove that L embeds into Free A as

an A submodule so it's isomorphic to a fractional ideal Sec1.1
of Lec 13 Every fractional ideal is isomorphic to an actual one
an isomorphism is givenbymultiplyingw suitableelementofA

Since L is projective it's torsion free so the natural home
morphism L LES is an embedding for everymultiplicative
SCA including S Alle So we needto show that for this
5 we have S FracA Thxto Example1 inSec3.1
this will follow once we show that LCS is invertibleas an

A 5 module This in turn follows from



Exercise ForanyA modules M N we have a natural ise
morphism M S Als NCS MOAN 5 Hint use

universalproperties to produce homomorphisms in bothdirections

Remark In fact every invertiblemodule over a Noetherianring
is automatically finitely generatedequivalentlyNoetherianmodule
The shortestproof is categorical thefunctorLogo AMed
AMed is an equivalence of abelian categories beingNoetherianis a property inherent to an abelian category so doesn't

change under equivalence Since L is the imageof a Noetherian
object A it's alsoNeetherian
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