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1 Primeideals continued

Here's a motivation to careaboutprime idealsfromNumbertheory
Let A be a domain

Def an element aeA is called irreducible if it's
not invertible and a ga one of a is invertible

peA is calledprime if p isprime i e at p
a p or b p

Exercise a 6 invertibleEEA sit 6 Ea

prime irreducible

TFAE i irreducible element isprime
ii A is a UFD uniquefactorization domain i e

ae A irreducible elements a hi w a a are unique

map
to permutation multiplication by invertible elits



Examples of UFD 7 x Xn F x Xn F is field I 51
Non example TL Fs 2,3 1 Fs are irreducible with

2 3 1 Fs 1 Fs

An especially important case for Numbertheory is when
A is a ring ofalgebraicintegers He bedefined later in
the course Examples of such include
TL 52 2 2 or 3 med4 where α is squarefree case 2 1
med4 requires a modification to be explained later
A very important observation due to Dedekind is that

while the uniquefactorization in a ring of algebraic integers
andsomewhatmoregeneralrings now calledDedekinddomains

may fail on the level of elements it alwaysholds onthe
level of ideals everynonzero idealuniquely decomposes as
theproduct of nonzeroprime fortheseringsmaximal ideals
So thefailure of being UFD is the failure of ideals tobe
principal

2 Modules homomorphisms

2 1 Definitions ofmodules homomorphisms

A is a commutativering
Definitions
1 By an Amodule we mean abeliangroupM together

wmap Ax M M multiplication or actionmap sit the
a



followingaxioms hold
Associativity ab m albmlem

Distibutivity atb m amebm abeA m m EM
a Mtm amtam EM

Unit 1m MEM

2 Let MN be Amodules A homomorphism aka A linearmap
is abeliangroup homomorphism y M NS.t

as A MEM p am ay m

22 Examples
C A TL Then AxM M can berecoveredfrom in M

thx to unit distributivity So 72module abeliangroup
And a TLmodule homomorphism is the same thing asgroup
homomorphism

1 If A is a field then A module vectorspaceover A
and homomorphism linearmap

Forthe next examples also below we will need

Observation Let g A B be a ringhomomorphism

I If M is a B module then we can view Mas A



module w AxM Mgiven by a m y a m Every
B linear map M N is also A linear

II If B A I y isprejin T A A I then a Bmodule
Amodule where I acts by 0 am so meM aeI
Let MN be B modules y M N is Alinear y a m

a y m aeA.meM 416m bym beB meM B linear

2 Modules vs linearalgebra
i A F x F is field

By Observation I applied to F F x every F x
module

is Fmodule vector space Xm Xmfor an F linearoperator
X M M from we can recover F x module strive

f x m f x M M f x m
So F13module F vector space w a linearoperator
An F x module homomorphism y M N is thesamething
as a linearmap y M NS.t.Xnoy yoXm

where

Xp M M Xn N N are operators comingfrom

ii A F x Xn An A module vectorspace w n

operators Yn comingfrom A St XiXjXjXi ij
iii A F x A Ge Gic G E F x Xn Useof

fbservation
I w F x I A shows that Amodule



F x Xn module s.t G G acts by 0 F vectorspace
w n commutingoperators ns.t Gi X Xn e as

operators M M i 1 K

3 Anyring B is a module over itself via multiplication
BxB B This is often calledtheregularmodule

2.3 A algebras
Definition Let LMN be A modules Amapβ LxM N
is called A bilinear if it's A linear in both arguments
β liml β Cm pllim p al m apiem feel aeA.meM
similarly in the m argument

Let A be a commutative ring By an A algebrawe mean
an A module B w Abilinearmap BxB B that is a ring
multiplication inparticular B is a ring

Note that we have IpeB q A B ylal atp is ring
homomorphism Conversely if B is commutative q A B
is a ring homomorphism

then by Ex 3 Observation I B is
A module multin BxB B is Abilinear So B is an
A algebra Details are an exercise

Usually when B is obtainedfrom A using some construction
I



it becomes an A algebra E.g A I Alx An are Aalgebras

24 Constructionswithmodules Direct sums products

MeMy Amodules n
M M directsum M My directproduct product
MXM as abeliangroups w a M Ma am Ams
Moregenerally for a set I possiblyinfinite modules

Mi ieI define directproduct 11Mi miliei mieMi w

componentwise operations
Direct sum Mi milie onlyfinmanymi to
Have A module inclusion

Mi MeMi
which is an isomorphism M 03only for finitelymany i

BONUS Noncommutative counterpartspart3

B1 Prime completelyprime ideals For acommivering A
an idealp A wehave two equivalent conditions
For 96ep abep aep or bep
For ideals I JCA IJcp Icp or Jcp

For noncommutative A and a two sidedidealp
theseconditions

are no longer equivalent

T



Definition Let A be aringandpcAbe a twosidedideal
Wesayp isprime if for twosidedideals I Icphave

IJcp Icp or Jcp
Wesayp is completelyprime if for sbeA have abep
aepbep
completelyprime primebut not vice versa

Exercise 1 03CMath F isprime but not completelyprime
if n7 1

2 03 cWeyl F xy yxxy o
is completelyprime

B2 Modules over noncommutative rings Here we have left
rightmodules also bimodules Let Abe aring

Definition A left Amodule M is an abeliangroup
w multiplication map AxM M subject to thesame axioms
as in the commutative case

A right Amodule is a similarthingbutwith
multiplication map M A M subjectto associativity
ma 6 m ab distributivity unit axioms

An A bimodule is an abeliangroup M equipped
w left right Amodule structures s t wehaveanother
associativity axiom am 6 amb g6eA



When A is commutative there's no difference between

left right modules andanysuchmodule is also a bimodule
Notealso thatfortwo aprioridifferent rings A B we can
talk about A B bimodules

Example 1 A is an A bimodule
2 F thespaceofcolumns is a left Mat F

module while its dual F thespaceof rows is a right
Matn F module None of these has a bimodulestructure

Exercise Construct a left Weylmodulestructure on F x
hinty acts as

I


