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1 Constructionswithmodules homomorphisms

1O Direct sums products
MaMa Amodules
M Me directsum MMa directproduct product
MXM as abeliangroups w a m Ma am Ama
Moregenerally for a set I possibly infinite modules

Mi ie I define directproduct I Mi mi ie mi eMi w

componentwise operations
Direct sum EeMi milie onlyfinmanyMito
Have A module inclusion

i Mi MeMi
which is an isomorphism I isfinite

12 Hom module let MN be Amodules
As a set Hemp MN A linear maps M N

Flaim
Hom MN has anatural A module structure



Needtodefineaddition multiplin byelementsofA
YY e Hom MN as A

y y m 4cm y m E N

ay m aylm EN

Lemme 1 qty ay are A linearmaps
2 Theoperations t turn Hom M N into Amodule

Partialproof ay Gm 6Lay m partof linearityforay
Cap Ibm Aly Gm aby m Cab bat 6 ay m Glay m
Restofproof is an exercise I

Example 1 Let M A Then HamLAN IN as Amodules
Exercise Prove that maps Hemp AN N 44419
N Hemp AN nAyn yncat an aremutually inverse

2 Hem M Ma N Hemp Ma N x HempMa N

Y 4 41mg 4lml where M GM M

via MgkMao andsimilarlyfor Mz
Inversemaps ya4 eHom MaN xHempMaN goes

to

4 MEM Ngivenby 4 mama 4emptyalma
Exercise Prove that these twomaps are mutuallyinverse A

module isomorphisms

3 There is a directanalogofthisexampleforMe Mr
I



Eg
Hom A N I HemCANY N

Y 1 yal 4 end
where E o t o 1 in the ithplace The inverse

map isgiven by B Cna hic toya ay and 4 Eaini
Rem Example 2 further generalizes to infinite directsums

Hem ifMi N I E Hom MiM
Theproof is similar to the aboveand is left as exercise

2 Sub quotientmodules

2 1 Submodules Let Abe a comm'vering
Definition let M be an Amodule a submodule in M is

an abeliansubgroup NCM s.t.ae A new an e N
Rem N has a natural Amodulestrive

Examples o 03M M are submodules
1 A is a field se module vectorspace Submodule subspace
2 A TL so module abeliangroup

Submodule subgroup

3 A 5 x F is a field Amodule M Fvectorspace w
operator X M M Asubmodule NCM subspace s.t

X N SN Conversely every Astable subspace is a submodule
ble fam f X m XIN SN FX IN CN

4 A is anyring M A submodule ideal
I



2 2 Constructions w submodules
1 y M N A modulehemom'm KenyaMQimyCN
are submodules left as exercise

2 Ma MiceM Spangng mid EsaimilaieA this
is special case of image Ms me mid yay A M
see example 3 in Sec 12 Then SpanCm mid imya
Notealsothat thisgeneralizes the idealgeneratedby a
givencollection ofelements Sec 3.1 of Lee 1 Moregenerally
for index set I m em lie to Span Miliet finiteA linear
combinations ofMi's

3 Sums intersections Ma M CM submodules
MAMa M ME mama mi eMi submodules

4 Product w Ideal NCMsubmodule I CA ideal
IN Esainilai EI nie N submodule exercise

compare toproduct ofideals in PP ofLecture2

23 Quotientmodules M is Amodule NCM submodule
abelian

group MIN m NImeM abeliangroup
homemim

si M MIN Alm meN Then MINhas a natural
A module strive Thefollowing is analogous to Proposition

In Sec
3.2 ofLecture 1



Proposition A Themap Ax MIN MIN amen t

am N is well defined am Nonlydepends on Mt N not
on m itself andequips MIN w A modulestructure

2 Thismodule strive is unique s t I M MIN is a
module homomorphism

3 Universalproperty of MIN H M MIN Let

y Mt M be A module homem'm s t Nakery Then
I modulehemom'm q MIN M s t thefollowing
diagram is commutative

M y y isgivenby

MIE Mi g man pom

Proof exercise

Remarks

1 Let ICA be ideal submodule IM M quotient

M ISU is an A I module via att m IM am IM compare to
lbs n II in Sec2.2 ofLec3 Forexample if IM ismaximal

Alm is afield so M MM is vectorspace over AM
Thisgives a way to reduce the study ofmodules over

rings to study of vector spaces overfields

I



2 We havestandardisomorphismtheorems
for y MAN Amodulehemom'm

then MKerry imy
Amodule isomorphism
for submodules K NCM have Mlk Nk MIN
forsubmodulesNaNa M have N NNN MN N

The reason is that the standardabeliangroup isomorphisms
are also module isomorphisms

3 There are bijection between

submodules LCM INCL

Gotta LIN 764 s

submodule LCMIN
Wehave seen a similar claim for ideals in 3.2 ofLectureP

3 Finitelygenerated freemodules
3 1 Finitelygeneratedmodules
Definition Elements MieM i EI aregenerators a.k.a

spanningset ofM if M Spandmilie I i.e HmeM is

A linear combinationoffinite number ofMi's
M is finitelygenerated if it has afinitespanning set

Remarks 1 At is finitelygenerated I isfinite

I



2 If M is fingeneratedthen se is MIN ANCM
MsSpangma Ma MIN Span fam Ime

3 A Me mid ya Ak M Y aging aimi
M SpanCm Ma Y issurj've MA Kery
So fingen'dmodules quotientsofA for some ice 76,0


