Lecture 4 1133, ioeads & Maﬁ/w/B, v
1) /bﬁsfruyf/cws w. modulles.
2 ) Submediles p4 /z{ofimf radalles
3) F;h/{v% jmucafca/ X freo /740040&

Efoences:  [AN3, Chapter Z Sectons 435

1) lonstruction witf mdily & /ommoyﬂ//m; - Hom modde
Lot A b a commutative rug & MN be A-modutey. Depme
the et Homg (4 W):={ A-binear “meps M~ NF

(laim: /%/74 M) is A-mdils w.rt. e point-wise gperations:
for v, y'e ,%% MA), aecA

/;u+}p’]{m),‘: ;&/m)ﬂr;y’/m) el ([~ pry’is 2 Mmap ML)

[ag]n):= apin) el

Lemma: 1) ;p+;u// ag are A-Cnear maps
2) 7Z{, 6}06/6?/7/[/0}75’ Lyl Lurs %/% //Lf/‘/) o J”Moﬁ/uﬁ.

fortial proof- [ap](bn) = € Lap)(m)pat of lnearty for ap
[293n) = a(p (bn) = 28 pin)=(abe )= b apia))=blap)ir)
Pesf o/ /oro (s Gn ) ]

»__{gcw/oﬁ 7} LeA M= A Then %ﬂz (AN) SN as A-modnles.
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//ameé, we hove @ map //omA (AN) =N, @ Hﬁu['l), [ts A-
Unear § has inverse:for nelV defm the map A —9/1/) o>

The mverse is # B, 7o dece deAails Wat these Maps ave well-
definesd 8, mwﬁu% c‘nl/ersc} s an . D

2) Fom, //’/69/1// W) =5 Hom (P4, 0)x Homy (4, 1)
5‘/ = (;V/M,/f/// ), h//m /L/C/r/‘/@/w
ViR my e 0) and S/mxﬁwgl for M,
Twverse Map (B, ;z/z)c//am (M, V) /%m (M /V)(joes ‘o

(]U //fBM —94///1/6@ 0/2, }V[/l? m,): ﬁ[m%/ﬂ/

- PBove Yot Hese meps e //wzi/o/ﬁ pverse  A-
mogule /)o/namof/ﬂ/ums

3) Theve is & dyrect Mﬂ/oj of 61&794 2) ]5#‘ /7@-”@/%.
£g. fom, (4@ ) <> Hm, A1) =™

f //y/ﬁ:) V(&)
whove € = [0, ______ o) /7 i e zf///?ece) The (nverse

map Ls j/l/en _/g ... nk)H/u_ (4.4 )P 2 a4

Eemi EXM/D& ,2 7{”2‘/(/ jenemjti‘ES ‘fo /'n/m'fe 44}’6021 Sums:
/%m (@/1/ /1/) ———>/7/7/0/w//1//1/)
774 P)’ao/ Is S/m/a/ 'fo -éfé, A/ow Mﬂ/ s M as

—
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Z) Sut £ quolient Modlles
,2.7) Sa{im%:

ZF/Z[ /4 AZ R Comm’le /MJ‘
iDeaﬂmn_‘ion: LA M be an /f'/hoM,’ a  submaduls o M s

o pbeter Su(o}rpfyo NeM st acA nel/=anell/

B Nty 4 mtsnl A-modele strire.
EXM/D@: 0) oMM we Submo dutes.
7) A s e /(,Zo/ (%o sodulle < vetor ;mcz): Submodts -Sebspace.
ZJ 4 =7 /So Modiihe = MMMJWP} ﬂ‘;/%M = Su@/’aa/o,
3) A:F&] [ZF/Y aﬂ%@/) A modids /Y - fwuir?pm w.
q](far /V M —M /45‘1/54{00&,& WCM*.Yué‘mce st
YW) N lonversel, every N stabte su @ﬂm 5 4 Submodils
% 7/6a)/n=;f[/(/)m £ X)) s N/ = fﬁ()//l/) c S,
4) A s ﬂﬂgl //ﬂ(f/ SM=A submodals = /'a/ee,Z
. 2) /0}45 truitions o Saza/mam/M;/e/,

7) }y M —> A /44/;70%4/& foromm: Ker;//CMK d}w/ﬂcﬂ
are SLIO/}MDM, (2t as

3]



2) m,.me/M S/OMA ,..m,)= {de,% Jo, & A - s
. &= Bk
3 s}vead case o7 % W=(m,.. ) 7 A" —> /M
[jec €)(zzx4¢/pé 3 45 Sec /Z) 771% %MA[/@,._M/C):'(M 'y
Note 2650 f/uf s jenem%‘zes e idead jWaf;eo( é 2
(j/!f(w Cog/edf@n 0/&&m@nfj, 566 37 0/ ZeC 7 /%/’tjeﬂe/a,%)

for index set T X m, eM (iel)~ &a& (m‘-/iéIF[ygm'fe A-Cnear
combimadtions of m.’s).

3) 54;;95 f/n*frfﬂec;ﬁo%; : /Lé/ /’é c M S&{(/z«/a%
/q,ﬁ/’//zj /%vt/bé = {M/HMZ [mye M ~submodibn

4) Poduct “, el : N submodete, 1 c A cdeal
IM::[%%@‘/@EI/?[é/(/E z@/{mM, :
(compare. % /f’oaémf a/ oy in 17 of Lectwe 7 )

2.3) ﬁmf/ﬁ/ﬁf mm@jw: M Vis /A *WOM) // C/’/ Sz/ﬁMM
~> Mdgeﬂj/af N = { me N [me M5 & MMJFD&}O fomon'n
9 M — /V/d/) 9/\’/m)1=/m/7/ 72,7 MN Ze: V4 oatare L

A ~m9M SZZ rre. 77:: MW/’} cs M@/yaaj % 4740)’/1//0/7
in Sec 342 of LeHure 1

Pm/aasz‘f/cw: /) The mep Ax (1) "9////% (a.met)) >
am+ N is /./@ZZ“CM}L@AZ (am+ d/r,gz{ endls an mr N & 1t

v_\ﬂly n itetf) and <uips MW we A-modicls structure.
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2) 77[5 modile  struture 5 M/'ﬁu SE M= iy a
moaluxé ﬂ/o/nomryﬁ//f m.

3) ( Unversad /ﬂ)’?oerz? L N & v M —> /l//ﬂ/) Lo

;u.' M'—‘?M/ ({e /4’%004:/4 /Mmm’m st //Ckelr / 7Z,4
Ef mM /amo/u’m 7{4 /{///1/"9/1// 5:{, ff/e éhﬁlgp

a/iajram 's commutative

M y 7@ /5 qiven {7

J?)J' \ +N).=

Wy - p“’M/ w(m W): ;u(m)

H’oo/-'

Kemass:

1) Lt Te A bo il s submdils TH M s guitiont
M/TM s A-modull where T acts K} 0= AT -Moduls ; explictty
(a+D)(m+IM) = omt+ IM [see Pservotion I in Sec 22 of Lec 3).

£ ) We fave stan o/a/o/ Zs‘om;yf/ym L//_oom”:/f’
- 75% ;ﬂ/t/ﬁ/% A—MDM /Mmm’m, /av& ,/C//zer 5 im
=y
/ A ’MoM /Somya//m].
~ Ay submodiles KN M, fave (ME)/HE) = Ml
= for submoduly S, N <M, hase HHON, 25 Wt )N,
7ZL [e€ason s f/az‘ {/e, Sz[wmém/ M&n jmu/o /Somoyf/ws

_we also moduid, /Somogaéwm.
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3) ﬁcrg wse {yeﬂf/oﬂ 5 Mh/ew N
{ Submadilly LeM| Nel§
&LHW(Z)—-Z/A/ )_4 Pt ).

{SL{/mo% écﬂ//yf
Werve seen A Smilar claim )g/’ (donls on Sec. 32 of Lec 1

3) F;}?/'Zzeé, genemz‘eo/ £ Free modidles

3.1) Fnibely gensded mduts

Defnition: - Homents meM (ieT) wejwem;fors (z.ka.
50604/7//79 smf)a//?’/if \/MZS/U&%[MI /z‘éz)/ je. ¥me M is

Al-Cnea combpmartion o/ %ﬂ/‘tle hlap bew o/ s,

- M s %n/fcé}, qu,‘zo/ // £ /as Vi %mz‘c 7?052/7/7/’)5 .
EMMCS-’ '/) /4£I/s %ﬂ/f&gl jWﬂ/fea/ = I/‘f %xz/e_

2) f/ M s %«jm\wwfca,/ Zen se i /f///r YN M-
WSS/;JMA . m.) = SYN = Span, ()., T0n,))

2) M= (M, M) D A == M, 4y (3-8 )= 247
M :%Md /”_71,_- m, ) <= ;Uﬁ /s IM(7"V6 i/l/—”v”%@?ﬁerﬁ
50-’ /jn.jenul MDM =/J/0’LI/€I72[5 ﬂ//d 7@# Some KE 7§0~

]



3.2) Free modudes
Z&f M /e an 4-/%0&/«4/4_

@a/ﬁm‘f/m: ‘Eéwl;t’; /ﬁ[/ Zé'.Z; %fm A p/a,s’/s /ﬁ// 1‘/ f/mé/b/
AR Wr/'ffxfn A5 4*5}7@/’ Comimafon a/ ZA WAS 7

M is Bra i i fes a basis.

EJ(M/D/&: /)/CD—V Aﬂy, st Z; /4 &t LS f?ee/ 75/ Y {m/; Ry ‘fa/:e
coovohnate VeHors €= (0,.;/,20,,) eT
ith place
2) _7:7/ /f (s /Mo,/ 'éZen 6(/8/;1 IHQM ﬁz 4. Vet ,/rgm) /5
FHes. IfD Ais nt &/f@fa,/ Hore ave //omf{”ec modully : Lot
JcA b meal, J#L0F A = A /9 15wk Fee lover A)
.Z—Mo/eea// 76)' d;i vedtor €  a {RS/S we Must fewe ac 0

%QEA- ,gu'f QVﬂ«? 66/4/3 we /Mc A€ =0 'lé/ae:]

1@/77&//:5 7) 5/6/0‘/1_ jg’ee, 4{004,4 /5 /)'W%/}c 7{0 /4 @I/éV Some sel
Lt choose busss’ mef] (ie17: g0 A <> M Morear,

Frollem 5 in Hwi shows et T is am'ﬁucfg, determmeo! é M ly
to 5())2%50}4 of sets)

2) As for vector pecy, “"g Aomoma;pASm @: A% /466 (s glven {3,
mwﬂfyy@caﬁlon /5; an Cxk-mednx (where elements o/ /fef A% are

__g(ewep( a5 columm vectors) K o matnx is aﬂfyuf’/g dtermmed {7 .
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