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0) Modules: I«/ZEL to rave aud whedss next?
1) Noetherian s X modilly
2) Hbwtrs Brsis theorem
3M Further p/o/ﬂe/f tes of Noetherian modiles
E(?/ﬂ’w?w: [AM 1/ M@a{&' 8, ntra 4o C/ﬂ}o{cr 7

BOWYS : « M- Mpetherian rngs & /M}o/}x sz,gysu.
. I’l//dlt Hilbat cared

0.1) Why to care bot modukes’
EﬁaSon 0: /ma/u/es jeﬁam[«ze various classical OﬁéVfS-’
abelian 910ps, vector spaces, vector Spaces eguppeo w. Cincar

306/&/%0}/ (FL3- modules), cotlection F ca/ﬂ/mtz‘/nj_ gag/a;fm
( FL,..x,1 -moutes)

EeaSOn / ; Maa/a/ffs /}’owq{: Q jwem// ]g'amcwo/z 7‘5}/ %ijm [Some)
/p/a/gg/{/es 0/ /o/fﬁjs Lh /4 oy /4‘12/50!/&25_ /55/ exam/é) y%r 1 t’zz/; we

care about w/m%er ’L‘n/cd«l Y2 ///ha}m/ Ths is 2 //’cfﬂr‘% h///ﬂ/
w»?, KEGuires Ye modile  stuture.

Eeasvn 2 : /%/u/es Qe Zm,oor‘téaﬁf fzfom flz /o[n'f a/ Jébgmjc jeo-
mmfry. for exempls, an cmportaut class of modules wertl sty biter
m this course - p}’?/'w‘f;va Modudes - jeom%md/} CoWeS/pon/ t vector

50/10//25, An Ageaf of /)’/Ma? im/oak‘fanca Ly varous /an% 0/ ﬁaﬂw‘t‘g_
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0.7) Whatss next?

Wher we S‘LZMOQ vector gpaces in Linear ﬁ/{ff/tffe L we 2most
ﬂ/h/aﬁj concentvate on ;{m'v,[e é)émeﬁ,womz/ ones. Une can ask
2bout an Mo./(?;, of fuite dmensonid foy moolules. The 15t
ju(SS /5 ﬂRJLZ o Séow@/ wore  w. %ﬁ/i[cg ﬂwemffc/ /Wa/u/es.
Fowever such modules ey howe /m‘/o/oj/cd behanor: a
Saéﬂmo/w& m a ﬁm’fe% enerated /WaM Mﬁ; ;é// % &
yg/ﬂ%og/ jeﬂeﬁez[ea/: W /0,0{{%”, Z o/ /6%/7 we /a//ﬁ Z%; /ejw/e//
modute /56#6}’12;&0/ 49 a, Sméfe elowert) with o submodile (- idead)

fARf )sn't /m. 6'75}’01-‘60( A/e’ e o/}gj ‘o quu%/f(a cam,//z%/y
on  Modules /R);lo/ ’f[a ””0(; A /z/SP/g) ’L‘/tz/f jﬂﬂaﬂl{’fj that

Zhs dloesn't hegpen.

7) NoeAherizn 155 K moddili,

77) /%A‘n /w/fmz‘/o}u g ZXM//CS-

Debnition: fet A be a commitetive ning.

£) A A-modile M s Noehermn i/ #Suo//ma{z/% of M

///zoéla/)n} /V) (s /mz[f/ﬁ jWa/t‘ea/
i) A /7R %zz//e/mh /fm} Z/ s /Vayﬁe///m a5 & moduds

over (it S&é‘) Le. We/g, jdeel. s //0171 z‘eé jwwu‘w/

EXM/D@:

0) [W/} %&Zo/ [F s NoeA heviow //»;g, /Cb{fa/s m F are {0}, [F=())
__]*/ ) A=V s NecAhenin: G ¥ jdead o5 /or/}m/'m//f
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7.2) £7a[Va/€}7{ dfa/wffr/mﬁm 07/ //aé'/f/ﬂ///m MDM.
f,Dv"/Ah/‘f)oM /L/ /5 4 /fwM
aZ @ a:cem/n hizin [AC)of  Sulmodhlly of M we mean:

collection (W), o/ submodilly of M st N < <M., ¥iv:
H sl <.
. M’-Sa} wa{ o AC (), 5 Levmmates if T evo st

/V =/, 79{/7/¢

If every AC tevmmnadtes, we sey M setisfies AC termpation

P/opas/ tion - tbor an Amdate M TFAE:

’/) M s //of'/’f/er/m.

ZJ M satishes AC termination= ¥4 C of submodsly of M
Lermmates

3) ¥ mm/é}, st X of submodily of M has 2 mexmed

&Qﬂwﬂf w.rt. (,4:/0/7 /ze /Véxl’sf /f/SZ(/V /3)’ /Vé')(/f/if/l/)
ff
(4)=@). AC M/) MM s No= (N s a sub-

/»mM (E . (/ /], ﬂé/(/@ﬂcj[//c/l/ ne/V é—c——> ﬁéﬂ?oé/f/,m,((,

N+l € /f/,mzx( )C/f/) Ths N & fn. jeno{ 50 3@ meeﬂ/w
ﬂ/é}cw //ﬂ My ). Now E]/:/me/f/ Qm meé/V%r/(
mex (€3 =2 N = S}Qm . my) €N, S0 /4[ (W) Yemnates ot N,.
(2)=(3): Fee MeX;if 1bs nt moximal wrt. <, pee M, PM,
i M, snt maximek, pce MypM, ete. We armve ot AC of

submodules hat doesn't terminote.
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(2)=>0): L N & & submodibe of M. Jod X bo e cet of
Y 75;4/{;@ jehem:ff(;/ submodiles of N § N be s moximal el-t
_Z;YI A/;/V, we are A/oﬂe_ ﬂz//erws(: tet M, .ME /V/t{ﬂjene/ﬂfom‘ Z/a/ct
Mo ENIN, St W= Spany (M., M) Then N'2N' L X" is fim
jenerwfeo( M//l% Comémpl/ofs fze_ Maximzz[ﬂé o/ N ]

&:m//iz/; : El/er} nonzers Myetheran Z has 2 maomel idbel
Poof: The set { Tcdlideads #A5 fas a max et oé/ ).

Z) Hilbert basis f/eamm,
2.1) Statement & /9/00/
Tt turns oat Hat there we a Gt of //oﬂ’n/c//m //ﬁJs} i fat most
rings We are tealmg with we Noelherian. The 7%;«//;7} is & ba-
sic result in his direction

Thm (Hthert, 1£90)

£ A s Noetheran, ten 5o is Al

Poot. Lol T Alx] be an el Assume its mlt #m‘a@,
jeﬂefa/’f@"/ . W construd 2 seguence of elmedts £._f,. €T as

foltbws: /f 0 is an chimont of T wih minimel pessifte ﬂéj/ee. Chee

{/[ 7€_, Qare (omzémofeo(, We &/oaje {QI\Of,..ff_l ) [%; gel s
ﬁaﬂm/m‘g G L7 /751 £, )) = &gain of minmal /wm/ﬁ aéj/eé. Let dA;
‘= 4/25 TP( 4 a; #0 be the coe#/ciem‘ of X"(" n 7{ ! 7€=4,~x‘/"+/wer a/eg.{crms.
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We needd 4w observations abort e process:
1) If jéI 1 9/999< oéo«z{ %gé(g,...yi_,) — dhermse we chovse 3
msteed of £ (¥ k)
_ZZ) 0(1<”0(;¢-, ¥k - same. 1reasSon
/> a4 _Z;:/@ a, ) Cﬂ) K20 This is an 45%04/9 hoin of /214’4/5
in A Swme Ais /%yf/m'@q, tt must Lerminate. _So &,,é/g,,.-a,")
for Some m => 4,,,,=§ ba:, beA Set
j"”iu’g:Z, 4)(%—0/;4
b T), o = X € Al & €T 4 o1 mn. So gl
> B &5 = g i
Kj;;@%{aﬂéwy a/?».fmr; = aéjj<a/mﬂ_ % 1),
elt,t-£)
C? \\A{H:g-i- ‘Z; é[ XO(M"’%% E [751,{‘ )/ Co/zf/aoé'ﬂl/o/) 0

22) /:;'m{&% entvateo d/jz/éms.

We procecj to ajmwdizd/on ﬂ/{/c /A%eﬂ‘ gaszs 7]»1_
Dedmtion:  Let B be a (commutative) /f‘ajjz/g}’a (= ring w. fxed
homomorphism rom A) Thea B 15 called ;‘5/7/1‘9;1 entiten [AS an
A-slyehn) f A4, 4eB st #beB 3 4 1 ot
6= £74.6)

/4/6}70(, gD A[,g/{k] *?5/ FHF@/Q ) /55&{7’5@%:. 50 /g
is Fin je/r’o/ 4-%«1/{;@, &2 Je | B ’—”zzr/n} /aaaaf/enf of Al,..x.]
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/;yp//gg; bt A le Moothoiun £ B b 4 Anrtely gonmited
,4%%@6;@, Tlu K 5 2 Mhen .

Foof:  lhe Hithorts Thn & by 4o see ot Alg.x T s
/%F/ZQW/MI, Zb‘é _Z_Cg be /'0/6&27 /téw/ ‘o 54/014/ /Z//J‘%)y‘;a:'o/

T =P UT)c ALk, nT o5 ok so T(F ). B Hhon
T=P(3) =(PE)..PE)) 15 Fwtely gumted a

\gnca % &ZOZS 4 Z are /Va%zzl//aﬁ //(/751 4/? /gf/% jcne /Wfﬁo/

ﬂ{ﬁ&g}’a over ans& awre Moehenan. This is one (but not Hhe 0/1%)
source of Mietherian 1ngs.

3) /Eur'éée,r p)’o/e;fé les 0/ /Voﬂ%mow MOﬂz/w/f_Y.
Let A be 2 ring (mey 1t b Moetheron) M be A-modeds.

The /aﬁowmj, result Compases e /w’zym’cy of o/ef}g, N hevian
for M £ tts subs§ guotients

/:))’o/DoSl'éID}'} : é/f ﬂ/C/I// {e 2 S’uf}ﬂoM_ TFAE
G) M s Meelhernna
(2) B N MV we MoeAheven.

h/e'f( p;’ovﬁ (£ m zﬁ/e next /eafure, 7@»’ Aow @z"s a/m/uce 2 fomf[h@.

_/IKOWZ/WJ-’ Assume A jc NMoeAlornn TFAE:
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2) M is Metheran
£) M is //mz‘e@ jmeru‘ea/

Froof:
e) 36) folllows From o/f/%mz/on of Mhedherien modutes

£) Z0): we do (nduction on e number of jmflfwéofj, £, of M
o k=1 How M*SpmA (m,) & A—=>M vin atam, Since A ls Noe-
f/enan, so is M édtt (1) = () of /D/o/omf/on_

Now Suppose every A- modiky ﬁwc}’w{%( {} € eleoments 1s Moelle-
vien & M- ‘S}QMA (Mg My, ) Texe N- S}MA/m,,..mk)C/"f, Woetherian
é" induckion. Mode Thet MM is generated by ml (=1 pn) 4 Fom,
2) tn Sec 3.1 of Lec 4. But ohly M, 1N #0, 50 MV is ,y%zﬂneo(@ one it
hence Noethenan. /%L ) =(1) of /%}aoml/on, M s Mpetheran, d



BO/VUS Ii /Van-//of/fn/er/@n //{/ij /4 /OM/%X ﬂ/m/és/s,
/fésf 0/ o ny s we aéa,/ wid m LommuTaitoe &ffﬂﬁ’&
e %ﬂl/ﬂf/ﬂ—ﬂ. /4/61’1: 5, /Oh/emtg Q I/B{g{ ﬁa/zlum/ &mm/ﬁ 0/ s
pwon- Mopdherian ying ot gpears 1 /My@ M%S/I.
élyéx anelysss  sludvey /o/fwzafmﬁ (%-£.2. CoM Mfﬁﬁc
or éonpéx Aterentoal, é) 74”%/0/71. LA -BCT) donte
e set 0/ /o/;:z:ojc Sonoons on €. Thoae an b f/pz‘/j/ ¢

RS power Series /«/nyd, fe/g cawe//f,, e/eg Wﬁ/e,
/Z/ (C) hes 4 natwral g S Ouctare e acls)toon 5 mulhy.
/Og(ﬂ;f/oh 0/ %{hﬂg/omz

1[;?005/{)0;4: WL ) 15 ot Neerernn

oo Wolt podoce. an AC of wiats: T={ flore HllE)
/[Zﬁ?’ﬁh)—‘a #/ﬂlzcj&’ Kf/j'f/(/'é 7/70, [y mé\, Yo chece
S WY/A o/ Lhese we ool baly,, TZ s elis cbear At
{% Sorm an AC (when we mercase ‘/ we relex Yo conoiton
o Z%és). We (,éum f/gjf l:/ ,,C_fI-H fence 'fn//j AC aéewz‘
ttrminate 4 Al C) s #t Wa/ 1en. é&m«,&ﬂf 5, we
ned 4o stoy Het o ecw/(/; blore £12)E L (C) such
it flarTE)=0 #ezf ulde Ll i7)) s

4/75104;/ o Fmton 7/(2) = 55—7’.“7%1 %ﬂd/w /5 /5‘”/00&10

M‘LZ/ /08//00/ Y/ A08 4KS0 f(z):éﬁg‘: S0 Z=0 17 s4
’WMV 7 avo of fla) Sive ZVET s a ptrd] erery L7
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(€Z) 15 an rider 7 2ero. We st
L7/./(3):: (fz-—/)/fiz '-,2771/:—/:7/) 7]/';7{)7%/0/7 R /A /o/é/ho/’f
/fﬂ//c on e tpbre C, se fove {ﬂeﬁ)’@)#ﬂ & fﬁ?ﬁﬁk)

=0 fo K#J'. At

BOWUS JI : A/ét af Wbl cove kot z_/»é Basis -L/n/fa/m
Hbat wes mteested o Inverant oo ) A, contrel
Z{/MO/QM? /%/f/wwﬁa: 0/1/4 /\9{/ ceytury. ZMZ ()p/e 2 Gyou
/ 77
2 /lg an /n. a//m f 'Ve«ﬂ/ar ;ﬁm V § /?ﬂﬁe/ Z[VMJ'/OI’MM/OIU) ((]; v) )—7(}1/
A‘é IA/&MZZ {D zmoéfs‘l,zcno/ h/én ‘ﬁt/c Vcﬂ[oks g,lé 4: //r‘fé RY-Y 74
ovbit.

_ﬂﬁgn/f)on: /4 %{ﬂﬁé/m / V —C /5 //IVR//MZZ (/ / /s Constent
» orbifs: 7/(/jl/)=7[7(v) #jeq vel/

£ yevase: v, VZéV be tn e sams arbrt < /(g)r //lg ) # NWesi-
ant Sunction £ (we say: G- nvarrents S(/zme/fc Cortit5)

%ﬁrfmm[c{j) ol iariant znﬂ‘/am are Cﬂ/?ﬂ&l”/ﬁ aut 07/
oo, Howeves, we can /7«, 4 contnod /wjm/f{/d Henoons
Those are ﬂmf/om ot are wrtben as /Uaé)?o/q/a,g (n caovdinctes
ﬂ/ Vin 4 bzsis /z/ we c/mjc 2 besis , thon coovolnates D/Mjp Via
Va /jnfar ’L[/’ﬂn j/zr/hﬁflo;z , S0 /'7/ 2 74/}7%[/0/7 /S A /Oag/m#f/&z

/n one fwlg 1%/: tr a nomk v ever /ar/r), 7Z_ Calyebin
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@/ /Oog/wmlwz %ﬂﬂ‘/@m‘ wll bo denitedd g L]l VJ/ 7 o V=y,
o a choice of bars sty CLVI witd Cly,. 5]
B, al VI® we dbwte e sulek of ([ mvwnsnt fontins m C[V]

Lroverse: Tos a .ﬂ{/)’//éL o/ i)

EXMfé% Zd V’ d:’/” (’: S,,—/ fé. ,ymmﬂfr/cjmu/o, 40{/? on (/§_
/bem»z‘»? coordnates. Tl CLVIC copsisis /rm'w; o 5;ch

/Oo’énwﬂ/‘b&.

E;(am/;éfs led V-C" & (- C°(- C\o§ wnt metbipborm)
Lt § at o Vé mcwgnj/ Lo coordlnete. E (5 %)=
By, )k dwe fhyn)e CLI Sy 40) Sk 1)

—# {éd:j ,fj’/gé C. 72}; /s a»?/om(g. L/Zeq //fcohfﬁwz‘.

As &am/gﬁ 2 Shows /aé};omd vessents /;/7 744{ z{,:?om/a;r.‘c
ordits ﬁz’zwew’/ o euswer ouw or/j/m,/ fz«yfﬁm, s s wortd

Zo sfuaZ} /Dog_ﬁolwa,z mveriasts.,

l%em jum exercise: h/[w { /8 %m 'LZ-C/ “. /Uogﬁﬁ/ﬁ//ﬂxz Josiants
SHU S‘?&’Iﬁ]fﬂ (Covbrts

N 7/90.% we waat T anozexrfam/ wzwjjgr g,vzeV, we bave

/ﬂ;)f ) ’%/é CL1% Hos e//mya/z%p%:ce “hs Hr cpnwators
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Lof e C-alyehra CLLIY So a natwel peston 15 wlbler
J /
s 4,5:&6/4, /s /3//%&? jwm‘fo/.

//: QM /afalfco( —///: 74/» /’/“eoéﬁfll/c ﬂ»{fr/g/k(c y/W/I 5
"/{t a//aém‘é ENow 14/(, ‘L/ﬁlfm i/zzf Zzﬂ/lf /5 /wéi/f ﬂ//J‘ /ﬂ/’oﬂ/ ures.,
/C;n/z[e‘/a}m/; wve redactive ﬂ/{}’&{/mc il o ave f/,,[C)}
4L Jrogo o 2l nom /fjwmie matriey, SY (C), mtrces
of deHrmment 1 O (T), okf@omj et iy, and Some
oo [75; Lhoge //7;4};7,1‘6 voups one needy 2o assumy ot
Lcir sctions are Sersonably’-im Some prews senst). Loty
edemabicions 744(»(1 aw/a@ , WA/@ ‘o %&g}’z{ 0/ Lves)enty
are mt %m‘yg jaw;u{«:o/ /caan%ezxexm/aé bo Hithet s 154
/Omf@m) for non- reductwe Gloups.

Basis £heovom is an essentiad maredient i Hlbertos
/)’oa// o/ 741/243 ]Wﬂf/olz Lo more aeteile on Fhs see
[E] 1618 15 o 13 Cortans Some more O/QC/lC/}’OuIM/ o
Dowarient %Aeog_
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