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1 Furtherproperties of Noetherianmodules
Let A be a ring maynotbeNoetherian M be Amodule

In Sec 3 of Lec 5 we've stated

Proposition let NCMbe a submodule TFAE
1 M is Neetherian

2 Both N MINare Noetherian
Proof

1 2 M is Neetherian N isNoethin tautology
Check MIN is Noetherian by verifying AC termination let
M MIN M H MtN
Let Ni in be an ACofsubmedules in MIN No STNd

NicNit Ni Na so Ni is form an AC of submodule
ofM itmustterminate kid Nj N j7k But Ni
JTNi so Nj D Nj JTNa Nk So Nilize terminates

2 1 Have Ni is is an AC ofsubmodules in M

Then NonN is is AC in N O Ni is is AC in MIN



We know that bothterminate

kzos.t.NJ.MN NNN PCN P Na j k
Wanttocheck Nj Nic so Ni terminates
RENj T n E DNj JTNa so n'eN J n D n

M n n o n n e N But nn'eNj bc n EN Nj
n n eNj n n ENNNj NAN n n't n n eN bc
both summands are in Nc ThisshowsNjNc

2 Artinian modules rings
2 1 DefinitionofArtinianmodules
Recall Noetherian satisfiesAC condition Sec1.2 ofLec51

Definition Let M be A module A descendingchain DC
of submodules is Nilize sit N No k7o

Definition M is an Artinian Amodule if DC of
submodules terminates DC termination

Example A D afield Claim Artinian finited.mil
is clear bc dimensions decrease in DC's
let LimM lin indep vectors mieM i20

Define Nj Span Milisj a DC ofsubspaces that doesn't
terminate
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2 2 Basic properties
The first result is analogous to Proposition in Sec1.2 of

Lec 5 theproof is exercise

Propositient For Amodule M TFAE
1 M isArtinian
2 nonempty set of submotules ofMhas amind elit w.r.t.cl

Proposition2 M is Amodule NCM is an Asubmodule
TFAE 1 M is Artinian

2 Both N MIN are Artinian
Proofs repeatthose in Noethin casefrom Sec 1 exercise

3.3 Artinian rings
Definition A ring A is Artinian if it'sArtinian as Amodule

Examples 1 Any field 5 is Artinian Moregenerally let A
bean F algebra set LimpA co Then A is Artinian ring bc
A submodule is a subspace Eg we can take A F x f nonzero

fe F13 er A F xy x xyy
3 A TLn72 is Artinian bc it's afinite set so every

DC ofsubsets terminates
4 Every nonzero elit a ofArtinianring is eitherinvertibleor zero divisor Indeed let aeA then a a2 as
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a DC ofideals It terminates
ak ak beA sit a bak 1 ab at p

a is zero divisor or 1 ab so e is invertible

Remark Inparticular everyArtinian domain is a fieldSo 4
gives a lot of non examplesofArtinianringse.g.TL This is a stark
contrastwith the Noetherian condition where almostany reasonable

ringis Noetherian
Here's a furtherinterestingfact
Thm EveryArtinianring is Noetherian

Forproof see AM Prop8.1 Thm8.5 commentsnitradical F
Mallprimeideals byProp1.8 Jacobsonradical A all max ideals

24 Finite lengthmodule
Then motivates us to consider modules that are both
Noetherian ACterminin Artinian DC terminin sosatisfy
ACID terminin Theyadmit an equivalent characterization

Definition Let M be an Amodule
i Say that M is simple if 03 M are theonlytwo

submodules of M
ii Let Mbearbitrary By a filtration bysubmodules onM

we mean 0 M.CMC M C CM M finiteACof
T



submodules

iii A Jordan Holder JH filtrin is afiltron
03 M.FM M 4 Me M S.t MilMi issimple i

so a JH filtrin is tightestpossible
iv M has finite length if a JHfiltrin exists

Example 1 When A F is a field an Amodule M issimple

LimpM 1

2 Let A TL considerthe Amodule M 72147L It's
JHfiltration is Me 03 M 2711672 MeM

Proposition For an A module M TFAE
1 M is Artinian Noetherian

2 M hasfinite length
Proof 2 1 M hasfin length JH filtrin
0 M GMGM 4 MeM Weprove by

induction on i
that Mi is Artinian Noetherian
Base 1 1 M is simple Artinian Noetherian

Step i in i Mi is Artin Noethin so is MilMi
bc it's simple by Prop in Sect Mi is Noetherian by
Prop 2 in Sec 2.1 Mi is Artinian
Usethisfor i k M M is Artinian Noethin So 2 1

1 2 M is Artinian Noetherian Want toproduce a JH
filtrin By induction M 0
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Suppose we've constrid M.CM NeedMin
Note MMi is Artinian therefore nonempty set of
submedules has a min elit AssumeMi M Consider

the set of all nonzers submodules of MMi It's so

has a minil element N This Nmustbesimple Now
takeMi to be thepreimage of N under M MMg
So Mi M N simple

We'vegot is an AC M.FM4M 4 it mustterminate
6c M isNoethin By constrin it can only terminate at
Mi M So we'vegot a JHfiltration

Exercise We can classify simplemodules asfollows amap
In Alm defines a bijection between the set ofmaximalideals
in A andthe set ofsimple Amodules up to isomorphism

37 PID's theirmodules
A highlight of the study offinitelygeneratedabeliangroups is

their classification we can completelydescribe allpossiblefingen'd
abeliangroups Recall that an abeliangroup is the same thingas
a TLmodule One can ask for whichrings one canfullyclassify all
finitelygeneratedmodules Turnsout that thisrarelyhappens
Here's a class ofrings forwhichthe classification ispossible
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3 1 Definition examples

Definition A ringA is aprincipal idealdomain PID if it's a
domain ideal isprincipal generatedby one element

Examples TL F F isfield are PID's Euclidian
domain candividew remainder is PID's e.g i F 1 7
is e PID by Problem 1 in HWI
Nonexamples IL F5 TL x F xy are not PID

2,1 55 2 7 Ey notprincipal

3.21Properties of PID's
Let A be a PID Take a an A ideal a anleA
LEAI la and 21 defineduniquely up to invertiblefactor
2 divides a an b c a an e d
if 2 divides c an ddivides d EiXia forsomeXp he A

Becauseofthese 2 is calledthe GCD of g an

Classical applicationofGCD PID UFD

Remark PID Noetherian

3 3 Classification ofmodules
Let A be PID Let M be a finitelygenerated A module

A



Thm 1 KeKe primesper.peEA damide the st

M A A p

2 K is uniquely determinedby M p pete are uniquely
determined up topermutation

Example For A TL Thm classifin offingenidabeliangrips

34 Case ofA F F isalg closed
Assume LimpM so k e F is alg closed

primes in F are X X XEF upto invertiblefactor
e

MainThm Xie F die74 s t Me F x x X

Reminder Lec3 Sec2 2

Amodule over F x F vectorspace an operator X
For a fixed F vectorspaceM operatorsXp I'm M Mgive
isomorphic F x module structures XnX'm are conjugate

4 M M is a homomorphism between the 2module structures

iff yeXp trip so y is an isomorphism yAmy'sX'm So the
MainThmallows to classify linearoperators up to conjugation

Choose an F basis in F x x 71 x Xi t.jo di 1A



x X x x Xi x
x 7 Xi x tilt ifjade e
xicx.int ifjodi t

So acts as a Jordanblock

gap pin

MainThm inthis case is
JordanNormalForm thm

Let X be a linear operator on a fin dim F vectorspace
M where F is alg closed Then in some basis X isrepresentedby
a Jordanmatrix diag JaAl Jelle
Canrecover thepairs 4,1 dete from X will discuss

in Lec 7
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