Lecture Z: modules aver PID«s, I
’/) /D)’Ooyl 0/ He M ach 77»:
&43 [Vl Sec 93 Dyummt & /anfﬁ, ﬂ@o{af /2

BOWUS: Finde dimensiond modiles over [x y ]

1 0) S‘éafamwf

Zeﬂl 4 éc /Ojﬁ ny /(’{ c{e a%h,jw'p/ 4— ﬂfoM. ﬂarjoaj
m féis lecture is o /0)’0l/6:

Thm. 1) 4 ke, )fr/mes PP e/ 04,...,0/(_ el st
¢ 4
M = /1@ 6’96@ //(/odd")

2) K /s w”f”é ditemmed "0/1 A, Cga/’),.-., 60/‘) are z//f/fwé
dotevimney 4 % /aamaz‘aﬂfzo/z

M) Sfm/ffj} of 4 /07007/ 07/ existence .

Sinee M s %ﬂ/’fe%, jeﬂzm/fe/, Hore's a fuyﬁed/ve A-Cnear
Mep /a 49”’-97/4. Let N:=ker N Dhs /s 2 Submodle m M
TLe main /ﬂaﬂz of e /)’00/ s o prove:

/gopasiflon 1. 3 basis 64,/...5,,,/07[ /4;” c'n’éeger re fa,...nf and
{..;{éﬂkfof st M- SFMAO,/@{...{Q’).
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/74,/6;’ /)Vm/m& ‘fn/u we witl show Het:
AT =A% e EB 4/t
. and // /la, /aefe/! W/{cre ff /ozm/m}wes Ww. c¢/ =?(,0)¢§Q) {/en
AlE) = @A/(
These two z‘/cums comémc/ it /% 7/ mp§ 1) of Theorem.
W will deoluce Ie i’o/aoflflon 1 bom a S‘f&fe/%mz‘ about matrices
with coeflicients in A
Defintion: Lot nme Z, & M, M,e Moty (). We say Lot M,
M, ove equivalent (H~M)if 3 invertibte BeMed,(4) (e Met,, (A)
st. M=BMC.

Nide Hed B it ipertitle < dot Be L is mverible — Hv 2o
Some re_son as 7%;’ ﬂff/&/s
We wmitl glve cxzwy)/es of e?ai(/zz/emé metrices below. Well deduce
Pi’qoosiz‘/on 1 fom
Pro/asiz‘/on Z: ¥ MeMed,,, E(rzazita,..qféﬂ\[o} s.t,
M n/Mf:(#'ﬂ_ 0) (w. ff m e‘n‘v} (50) & all ather enthies
9 4;'0 equed ()

12) From /[3’0/005/%(0)7 2 o /%/905/'7,‘/0;7 1

/:;rsf Wwe /M‘L‘roo&(ce Some ﬂpﬂfaflon_ li/e h/)'nze a ’f\lloé O/ &Zemfr
of A% a5 a W_Jfor 7 =(u,..u,). For Me Mot (A) we hove e
g-tupte GM = (thj uJJ L, M= (Mcj))/ note thet it consits of lne-
w  ombmetions of 4,4,
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Second observe ot A% is a ;4»712‘{& jemm;teo/ , hence. Nosiherien
A-modute [ﬁmﬁwy in Sec 3 of Lec 5). 7Zuf,o,/ore, N s %mz‘f%,
gwemi‘w/_ /yf Ts(y,.v,) be a -fzoﬁ of 5@:45/,3;&#: o N

F/ﬂ%, let €= (c,.¢,) dwmote th stendad basis of A% Form
te merix M with columns U S0 that EM=F For Hhi M we fnd
ton-desentratte mednces Be Met,(4), C e Mad, (A) st M= BH'C,
where M is a5 1m Pi’b/)’ﬂ Z.

e ZEMCT e @N= T Uc.’:ﬁe,.’ hr isr & v/=0,tbse.

* Sine B is ﬂa/ﬁa/ejwe/afc L is abasis of A" " js oo a basis
* sina C s non-degerete, Span, (5°)= Span, (7) = N

ﬁ’opamzlon A /oﬂows_

1.3) Froof of P}’oposnﬁan 7
We sfa//f é( 4%4 5('741,‘/)10@ fh/o L'm/oon‘anzé Z/YCWI/O/U a/ e;u/'l/a{mf

matvices.

1) I M is oftaned @” /ﬂermmzmj_ vows & Columns Hom M Hen
M ~M_ Tndeed M= BMC for /permmfmf/on matrices B C &fxe?,
are ﬁon»a/ejeﬂemzfe

.Z) Suppose M’(éﬂ), e} fd‘)ﬂaf}’/x_ /E’/g 0/ =ff..D/2,{). /1/(_
lain thet M~ {3() Tnddeed, o/ﬂ(mgf For Some XY ed W set
R:= CZM 492() Since oot B = X§+gf-<=f<—/=7, B i muertiéte

Sim;fwfy, (atf)~(do).

B Froof of Fropn 2.
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Stept- To YE/‘/M”MM%%U) we. assjgn e idead L, =(y,)cA.
onside e set of ideeds 1Ly, for Y~M, where M is a given maitnx.
Smee [ s /%%Aermn/ 4 J st Iy is maximad wrt. € (Sec 1.7 ¢n
lec 5). Lot deA b st. I=().
Stp2: We claim thet d dvides e Y iz2. 0 Assume #e (onfmrd\/,
/%, /De/mﬁmé vows 2K L, we can assume (=1. Lt Be M, (A)
be st. Bis Wﬂp%eliemz,‘e 5 B (O;z{,)= (00/’), WA@VC o= f@[al/gz,)
Jet Bt be block %’ajomz/f MaTyIX qu (B,1. 7),/70/4&/{’53/76/22,‘6_
Tlen BY(~)) has eﬁ‘bg, (11) é’yuaf to o X ()R ), /ezza/mé;/
‘t a Confﬂzaliwflon. S)mi/aw%” o a/n/w/es ny- 15‘{/?2,.,/14_
Step3: Now we are (jm'rza; 4o transform Y as /agfows: we maice alh
entres (51), (29, eouad 0 we /tw/&fz/otéL / o} ('g:z/D( 4.__0 ) From
_'gm/a( 0 1
He Gt éaa/mj o an e?ui(/a/fwz‘ meix
Tln e /uw%ya% /51 ( ! "}7’1/"('“ ;7""/”() Bom 4, //(;w/t‘
0 -

maning, entres (1)) touel 0 (ondd kespny entnes (47) f/oacz/f 2)
We wmve ot an epuveleat metnx of Lo form (3(”/{1 0)

s
w. Me /bfczé,,,,/m_, (A) This allows us o 74}7/54 e /0/007/
(/01'1’)5 Maéuﬁf/on on .

v
ad
14) /-—/msémé fVDQ/ 07/ existence

At this point we hove @ brsis €).6] of A& £, £EAS
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st. M= Span (fe!.., e
Note Hat i L,L ave A-modides § N <l; are Submodules
then Blove s a naturel /Somo//’a/m ( )
&) (Lel)/Hel) = L/, @ L,

n , Gk) r h
So AT =(DAe!)/ (DA ) = B fe/Me'd D Ae! =
en-r =/ t=) =) C=/¥)

A% DA/E). T =
H remains to prove

Lemma: if { =/0,°{’.. /7("" el, Mc;;e Prri o 20e plimes s.t. Z#J' = (p; )#%— ) Y
Al = D A/(p7)

ﬁb MIU:VI éﬂjl’ﬁ@é.&/lf s a_ VerSion 0/ 'M. ﬂmf;e /eMaiha(er ‘fA{’Ol'em-'

Proposition 3: LA A be a comm've rmg. & I,,1, be deals st. LT, =4
Thon e Mep /!/I,l:li’A/I,"A/l;, arIT > (ar 1, ar],) is an A-
module /'mmr/ﬂé/sm_

Foo of Proposition: The map is A-Cinear so it’s etoush £ const-
yuct an cverse. Fek 5;615 W Kﬁézsf b4 consider a Mep

60’-' AT, ~ AT, —"7/4/1;12, (2+1, a4+ L) > ba,+6,2,+T T,

Ts welp-defmed §e 61 6,1 T T . And s inverse Zo §p:
(et [R-I'Z;IZJ‘-‘SD/[LLTI:“A*'IZ): b6, )a+I, T =a+1 T,
(_/O(f’[llﬁl;,ﬁﬁfz) = (F[{Zaﬁé,a{rf’fz): (Klaﬂé,czztfw 4a1+5/az+.z;)

[= bea,+b6,2,~3=barba,~ b +63%, = (3-2,)6,€T & smlar for ol

coordinatte = (a1, 2,+1,) 0
H



Poof of Lomma: St g,:yﬁ, gfﬁﬁj’..pg{e 5o Yot /:cj’j“ T set
_Z;: (jf)/ Iz=[jl)’ Dbserve fld j1'jl ave. £9W/me® [C_D[j“jly?@

_Z;TIZ‘—‘/[. So A) = /‘{/[jz)x/d/(jz) @ H’opo?z’flon 3. We can Hen

R/(’ju-e- ”/d't /ﬂ@ﬁf{on on C o) O(CCOMPOSP, /4/{51) O

7%)'5 /M/SZ&S 7,4@ /0}’00/ 0/ (7) o/ mm
: 7Zz (Somor/%sm (n ﬂo/aor/i‘/ow S s ﬁ/e:é 0/ /’/}ys.

1.5) Boof of aniguentss

Wetl plove 2) 07f Thm @ /arooéxcmﬁ/ tnvariants of M £ reed k&
40,0{' ), (/JQ) Hom Hase Ovariedts

Fi « prime ideed y)C4 & se /2, (onsiclr f‘/‘# go)J/% w A-
wimadiks of M ( special  case of {akiné /}'OOAAVfS‘ of ideed and
Su A/MM) Sec 2.2 im Lec 4)

Wﬁ Awl/e /DSH/{" CIDSM’L, 7&/0’5/@/;7,‘ /5/1’7//;"/’7. 71 /'/faj Co)
annimlotes the 74«01‘/@42‘, so it can be vewed as A/éj)-ﬂmM
(Sec 2.3 of Lec 4). Mote £hot [f) 15 masimed joleed (Sama/roo/
as for A=, see Sec 2.2 in Lec 7) so A/Q:) is 2 held Abse /05/14

5 Fm jwf/ over /4=>P3/£///5"’/I4 Is 74’7"{0@ 094”‘5"“130/ over ’4/97)/

So

O/PISM): =a//mA/4D)/DSM405*’M< °o,

4
/90/90511‘/0/7: For M2 A 69{69@9 A/Y, ;’/f), we hove
0,/0,5 (M) =k + ﬁ-‘[c‘/(/;fﬂ(/a) £d>s§



We'tl prove His i th nod lecture.

bhee we enow £l mmbers o 4 /y/z‘, 2) of Thm is //Weo/ :
746 ﬁaméf// 0/ aceyrences ﬂ/ 4/405) (s 0//0,5—/ [M) —\%5 ////)
anof K=a//25//f4) for all s st s2o: ¥

&Mf&-’ /4=ﬂ'_[;(] [ZF /S 45, oféfco/%@/o/)/ /"//m{c a/m’//ﬂf

[E k=0), /D=X“/7 (ef), X nt %ﬂﬂ/ﬁkj/mw (/7)(.
pM = In (X-01)° = oy (1)< (1-1 ) =re (-21)"

From PI’A/ﬂoSfﬁah we dedluce that weitricy /{}/,/g é///«/‘é () are

njugate &> re(K-A1)=rc (X-21)° # JeE se 7

/o//c cof/'o(/jwfe JM/Z‘}’/'M <= 63“0/7107//: F /:(] "/ﬂoo@&;)



BONUS: Fute dhmensionk. moduty over @[)gjl

Fix ne 7/70. Dr /ufrz‘/om oésmﬁ dlx j] -modikly U fawe
dmg=n Tn th lngusge of imeer abyobon: clossy puivs of
mmmu'fmj, metricy /{// 4 Al/ﬂ Yo SimulAaneous co(ﬂ/'cymf/on ).

/;;' /] éﬁ/ja ng/ , ZZ/:: s o reesonakty 50«412‘/0/7- /%wel/e{
Various jepmwfm 09&0’55 yelited 45 4 /rm%m we of j/wé
Onportance, oo we 0 discuss Hom below:

Set (=1 e Mt (€)% X7-3X5 Lonsicler <L
Subset [ c ([ 0/ 2l peirs for whd, f/we 65 2

et /
7054 vector ve O meamn +hat v ss 4j0cu/e7fw of
com:S/wm{;;—L f/;;J]’/ﬂo . 72//0‘4/ (4 (T) ats
on C § simudtaneoys (a/y'cfaflw ‘7 (X Y)=é/t’7", j/L"f)
Lxevcise: (;7 ¢ 15 stakbl wler 4. action £ all tl.

stab)lizers fv Y, /%fw%»g_ G (C) ~acton ave thind.

Fomium eeorcise: £l set of (7 (C)-0r6/¢s on f?jd (s
(‘0/&4%1/33/ WI'LZ/ 'f/e J‘M‘ a/ Coa//m VZ4 /0/&241 m f[/\jjj

T tins aut et ths et of vbits puvatontly, 4. 1t o
jdect) hos a stwtwe of an 4{}% Vaic m&?ﬁ. THis VMM‘J/
s ca,ZZeA/ 4. Hhewt schon a/ ﬂ/go/mf; m L auy 5
Henoteo! é Mh (C°). T 5 extremel, me £ Vey /Wazxﬁaqz‘.
/LE}, 0’&//}7/)5) it s ”j}ﬂoﬂ(/ g /Waw/;g_ V.4 4/&; Ao f//?/ow/a//%w.
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O can ot HA
1Ay, [fz NTe !
poces (mecany ) CY) e 4 st aen of <ff
8 - “74//’/‘6 ey gre (bellex
/awfz‘/z‘/ohs of w5 eds m Oy ¢ o}_ 4,
g S each partitn J ?MIWO/ ? ponomals)
F yw we can compute He
achrevin  Some kol g/ A Sf/%(m‘//” / ”LZ/W”M = b
/ﬂe 0[/ ézb recspns w. #g{ g 02 /0/ "
ét ’,,[f)/s//tfa//fa“f et
Bpecrs In V& us Aénly 45 houeh A y vt
4 ments thholg ot Madhemedtses: Mook
‘-7(0 J/ //MLZ Surpylsin ) IP g e
prisis ), Keptesen Loty Lheor, Net] 1
M;/ZL 'en ﬂ(}a{}’ajc (omé/m]éoﬂcs f( ,57;{/7){/ ///)(]J’U,
eory (!
c 51//’:;;2re of e ot e o A it of (4, (@)
24 /5 more Comploaated
, 9 ok s oy /},/M > ij , J«%‘ 4 /?_’ﬂvé‘/% Jeoxmﬂf//c



