
Lecture 7 modules ever PID's I
1 Proofof the main Thm
Ref V Sec0.3Dummit Foote Chapter12

BONUS Finitedimensionalmodules over xy

101 Statement
Let A be PID Let M be afingen'd A module Ourgoal
in this lecture is toprove

Thm 1 KEKe primesper.peEA damide the st

M A A pti

2 K is uniquelydeterminedby M p pete are uniquely
determined up topermutation

11 Strategy of theproofofexistence
Since M is finitelygenerated there's a surjective A linear

map ST A M Let N kerst this is a submodule in M
Themain part of theproof is toprove

Proposition 1 basis ei enof A integer re a n and
treat 03 sit N Spangffel frei



Afterprovingthis we will showthat
A N A A fi
and if f p pieceA wherepr.pe areprimer w i j pi pj then

A f A p
These two claims combinedwithPrep1 imply I of Theorem
We will deduce Proposition 1 from a statementaboutmatrices

with coefficients in A
Definition Let n.me74 M M EMatnm A Wesay thatM
M are equivalent M M if invertibleBeMet A CEMatmA

s.t.ME BMC

Note that B is invertible Let BeA is invertible forthe
same reason as forfields
We will giveexamples ofequivalentmatricesbelow We'lldeduce

Proposition from
Proposition 2 MEMathim me af frEA 03 s.t

M M ofgg w.fi inentry i i all otherentries

equal e

12 FromProposition 2 to Proposition1
First we introduce some notation Wewrite a tupleofelements
of A as a vector a up Um ForMeMetmok A wehavethe
R tuple IM mijuiljo.CM mid notethat it consistsof line

you
combinations of 4 ua Un



Secondobserve that A is a finitelygenerated henceNeetherian

Amodule Corollary in Sec 3 ofLec5 Therefore N is finitely
generatedLet 0m be a tupleofgeneratorsof N
Finally let é e en denotethe standardbasisof A Form

thematrixM withcolumns u so that éM ForthisM wefind
nondegeneratematrices BeMat A CEMatm A s.t M BMC
where M is as in Prepin2
Set é eg en éB o Um C Notethat
IBM C I é'M vi fieffor isr vise else
sinceB is non degenerate é is abasisofA E isalso a basis
since C is non degerate Span 8 Span E N

Proposition 1 fellows

13 Proofof Proposition 2
We start by highlighting two importantexamples of equivalent

matrices

1 If M is obtainedbypermuting rows columnsfromMthen

M M Indeed M BMC forpermutation matrices BC they
are non degenerate

2 Suppose M 8 a 2 1matrix Let α GCD a6 We
claim that M 8 Indeed d xatyb for some xy eA We set
B 1612 2 SinceLetB ybg 1 B is invertible

Similarly ab Ke
Proofof Propin 2
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Steps To YeMatnm A y j we assignthe ideal Iy yo CA
Considerthe set of ideals I for Y M where M is agivenmatrix
Since A is Neetherian Y s t Iy ismaximal w.it Sec 1.2 in
Lec5 LetLEAbeset Iy d
Step We claim that α dividesy is2 n Assumethecontrary
Bypermuting rows 2 Qi we can assume 1 2 Let BeMet A
be set B is nondegenerate B f where d GCD dyz
Set B to be blockdiagonalmatrix diag B 1 1 nondegenerate
Then BY Y has entry 1,1 equal to d d d leading
to a contradiction Similarly α dividesyo j 2 im
StepsNow we are goingto transform Y as follows we make all1
entries i 1 is0 equal0 wemultiply Yby from

the left leading to an equivalentmatrix
Then we multiplyby fromtheright

making entries Pj equal 0 andkeepingentries i 1 equal e
We arrive at an equivalentmatrix of the form

w M EMath i m A This allows us to finish theproofby
doinginduction on n

14 Finishingproofof existence
At thispoint we have a basis ep en of A to freA 03

4



St N Span fei frei
Note that if 4 L are A modules N cL are submedules

then there is a natural isomorphism exercise

2,0221 NON L N L2Nz

So A N Aff 1 Afe AeiAfie Ae
A fi

It remains toprove
Lemma if ftp pedeeA wherepm.peareprimes s.t.itj pil pj then

A f A p

Themain ingredient is a versionoftheChineseremainder theorem

Proposition 3 LetAbe a comm'vering I I beidealsset I Iz A
Then themap A I I A I A12 at1,124 a I e Iz is an A
module isomorphism
Proofof Proposition Themap is A linear so it'senough toconstructan inverse Pick 6 E I w 6 62 1 consider a map

4 A I A I A I 12 aptI eat 1 a beastbra 1 I
It's well defined bc 6,12 b I CI12 Andit's inverse toq
y'oy at 1,1 q atI at 1 16 6 a I I at1,12
goy a I at I y 6,9 bet I Ial bra 6at I 6,9 6at I
629 6az ap Gt 6,92 16 6 9 a an6 EI similarforhard

geordinate apt I act I
5



ProofofLemma Set g i p gi p pie sothat fgig Thenset
I g 7 I gel

Observe thatgo.geare coprime GCDg g P

I I A So A f Allg Allg by Proposition3 We canthen

argueby induction one to decompose Allge

This finishes theproofof 1 of Thm
Exercise The isomorphism in Proposition 3 is thatofrings

15 Proofof uniqueness
We'll prove 2 byproducing invariants ofM read R p pie
fromthese invariants

Fix a prime ideal p CA se To ConsiderpˢM p M an A
submoduleofM a special case of taking products of idealand
submodule Sec2.2 inLec4
Wehave psMCpsMn quotientp'MpsM The ideal p
annihilates the quotient so it can be viewed as A plmodule
Sec2.3 of Lec4 Notethat p ismaximal ideal sameproof
as forA 7 see Sec2.2 in Lec2 so Δ p is a fieldAlso PSM
is fingenid over A p'MpsM is finitelygeneratedoverACpl
So

2psM dimplippsMps'M so

Proposition For Me A A pii wehave
2ps M kt il pi p diss
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We'llprovethis in thenextlecture

Once we know the numbers on the right 2 of Them isproved
the number of occurrences of A ps is 2ps M 2ps M
and K 2ps M for all s s t Ssd i

Example A F x F is dg closedfield M finiteLimit F
k o p x 7 TEF X is theoperatorgivenbyx

PSM Im X X1 2ps M rk X XI rk X X1
FromProposition we deduce thatmatrices XAEMath A are

conjugate rk X XI rk X XI DEFsethe
bc conjugate matrices isomorphic F x modules

A



BONUS Finite dimensional modules over xy
Fix ne 74 Ourquestion classify xy

modules that have

Limen In the language of Linearalgebra classifypairsof
commuting matrices XY up to simultaneousconjugation
For a large enough there'sno reasonable solution However

various geometric objects related to theproblem are ofgreat
importance and we all discuss thembelow
Set XY Mat C

2 X7 YX Consider the

subset Cage C C of all pairsfor whichthere is a
cyclic vector ve meaning that v is ageneratorof the
corresponding xy

module Thegroup Gln C acts

on C by simultaneous conjugation g XY gXg gYg

Exercise Cage is stable under theaction al the
stabilizers for the resulting Gln G action are trivial

Premium exercise the set of Gln C orbits in Cayce is
identifiedwith the set of codim n ideals in xy

It turns out thatthis set oforbits equivalently thesetof
ideals has a structure of an algebraic variety Thisvariety
is called the Hilbert scheme of npoints in C and is
denoted by Hilton G It is extremelynice veryimportant

forexample it is
smooth meaning it has no singularities



One can split Hillon C2 into the disjoint union ofaffine
spaces meaning Theaffinespaces are labelledbythe
partitions of n ideals in xy spannedby monomials

for eachpartition we can compute the dimension thus
achieving some kindof classification ofpoints
One of the reasons why Hillon C2 is important is that it

appearsin various developments throughoutMathematics Algebraic

geometry not surprising Representation theory MathPhysics
and even Algebraic Combinatorics knottheory
The structure of theorbitspacefortheaction of Gln C
on C is FAR more complicatedyet the resultinggeometric

object is still important

I


