
Lecture 8 localization of rings modules I
1 Completion ofprooffrom last lecture
2 Localization of rings
See refsfor Lec 7 AM Intro to Sec 3

1 Completion ofprooffrom last lecture
Let A be a PID M be a finitelygeneratedAmodule We

already know that
M A A p

for some k 70 primesparpeeA do death wewant to recover
thesefromM Forthispurpose in Sec1.5ofLec 7 we definedfor
a prime peA se 74

2ps M dimakp PSMpsM
and stated the followingproposition whoseproofwill complete
theproof of Thm in Sec 3.3 ofLec 6

Proposition For Me At Apii wehave
2ps M kt il pi p diss

Proofof Proposition
Step1 explain how2ps behaves on directsums

Claim dp.sc Mil EXps Mi fin generatedA modules
i i t r



Proofof the claim Enough to consider 8 2

psM M ps M Me similarto Problem5 in HWIexercise

PSMps'M PSMpsMe
and the claimfollows the dimension ofthedirectsum of
vector spaces is the sum of dimensions ofsummands

Step2 Need to compute dps ofpossible summandsofM
A A pt A qt q p
A
A Is PSA is a module isomorphism bc A isdomain

Ip p A
psapsnAÉA p as vectorspaces

over thefield A p 2ps A 1

ii A pt M if s t psM 03 2psM1 o

if set ps pt so

psM psM psApsA as A p modules 2ps M 1by i

iii M A gt but gp are coprime so g p A
PM pat gtl aeA Cp at Ipl A p M psM p M
psMps M to

Summing the contributionsfromthesummands o or 1 together

arrive at the claimof thetheorem



2 Localization We've seen a bunchof constructions ofrings
directproducts

ringsofpolynomials
quotientrings
completions HW1

Now we discuss another construction w rings localization It
generalizes the construction of Q fromTL andamounts to

formallyinverting elements from suitable subsets in a commutative

ring

21Multiplicative subsets
We start by explainingwhatkindofsubsets weneed Here

below A is a commutative ring

Definition Asubset SCA is multiplicative if
IES
sites stes

Examples ofmultiplicative subsets
1 All invertibleelementsofA
2 All non zerodivisorsofA
3 For fe A S f no Moregenerallyfor fanficeA can
take S f fi l n me
I



4 If p is aprime ideal abep aep orbep then S Aip
is multiplicative

22 Construction of localization
Now we proceedto constructing the localization A 5

Consider A S productofsets equip it w equivalence
relation definedby def

a s 16t ne S uta usb
is indeedan equivalence relation theonlynontrivial thing is

transitivity
a is a 5 us g US a

Flushsas
UUSIS Tu's529

Laz5,1 as 5 u's a2 4 s as lunsa sa a si as53

Let A S be the set of equivalence classes Theclass of
as will bedenotedby

Addition multiplication in A S aregivenbyusualformules

1s 5291 9
2

Proposition Theseoperations are well defined theresult
depends only on not on a 5 9,52 equip A 5
w structure of a commutative ring w zero unit

Moreover
L A ALS a is a ringhomomorphism

4



Proof omitted in order not to make everybody verybored

DefinThe ringACS iscalledthe localization ofA w.at S
We view it as an A algebra via c

take use in
Remarks 1 If ees then f aeA se 5 A 5 03

Converselyif e S then 1,11 0,11 A 5 03

2 Ker aEA G f nest uase

3 Theelements a 2 generate A 5 as a ring

4 If S consistsof invertible elements then c A A 5 1 is
injective by 2 surjective by 3 hence is an isomorphism

Example exercise Let A 716TL S 12,4 Then Ker 0,3
C is surjective as C1 32 so ALS 72372

23 Casewhen 5 consists ofnon zerodivisors
Here thedescriptionof simplifies a s 16t ta sb Also
c is injective Moregenerally let 5 all non zerodivisors sothat
SC5 The simplifieddescription of showsthat theequivalence
on AxS is therestriction of the equivalenceof Ax5 hence A 5 1

naturally a subvingof A 5 of all elements w.se s



AssumeA is a domain S A 03 Theneverynonzeroelement

of A 5 is invertible so A 5 is a field called
thefractionfieldof A and denotedby Free A Forexample
for A 72 we recover Free A Q andthenforgeneral 5 not
containing a ALS is thesubvingof Q consisting of allrationalnumbers w denominator in S

Example Let Bbe a commutativering A BE S no

Clearly are non zerodivisors Sotheequivalencerelation on

Axs is f gxm xmf xg An equivalenceclass f canbe
viewedas a Laurentpolynomial x nfand ringstructuresofALS
B match so that A 5 Blx

24 Universalpropertyof localization
Let A be a commutative ring SCAbemultiplicative ring

homomorphism C A ACS Notethat ses s EA 5
is invertible w inverse's

Proposition Let g A B be a ring homomorphism s.t y s EB
is invertible se S Thenthe followingheld

1 ring
homomim

y ALS B that makes thefollowing
diagram commutative

61



A

III B

2 y isgivenby g glalglst
Sketch ofproof
Existence need to show thatformula in 2 indeedgives
a well definedring homomorphism

y iswelldefined WTS glalpes p6pctIndeed ues st uta usb g u yetly a

q u q s y 6 But y u q t y s are invertible It follows
that 9calyist p 6945 So y is welldefined

Exercise on addition multiplication offractions Check that

y is a ring
homomorphism

Notethat y makes thediagram in 1 commutative

Uniqueness y makes diagram commive y g a aeA

q g s invertible y q s

y E y y E gayest



We'lldiscussapplicationsofthisproposition to computinglocalizationsin thenext lecture

Remark One can strengthenthestatementas follows themaps

y e ringhomomorphisms y ALS B Yet
yI

ge ringhomomorphisms q A B q s eB isinvertible ses

are mutually inverseTheproof is an exercise

T


