/edfwffz 9: Socalization of //njsz’\moa/u/es,lf
7) Socalizetion of /’z’fczjs, contod
2) ZOCQ/ZZ-ZWﬁOn a/ ooty

Eefs: LAMI] Sec 3 (up to "/ga//aro/zerf/fs")

7) Zocafc'zaféﬁon o/ /z'izjs/ Cohz"/
7.1) Zocrz/&'ga;élons ALs"] for S- [/"//47/0}

ﬁeSc are 6{5144,5%, o/lnoffo( /J’ /4[/ —’l 7]& /OZZOWZMS /emmcz jli/es
an altenative a/esm'/af/on.

Zemma: Wc Aaw, //nj /JO}'MV/UAISVM /4[/7 ZA[XJ/A(/"/)
Proof:
We wite T for (xf-1). Wi /070044[1 %momo;oﬁ/fms betweon Alf”]
& AKI/T asmy amversel properties & Show f/ea are /ﬂufqu%, (nverse.
Lot ¢ A com/ws/z‘/bh A Al — A[x]/T. 729,,?,([)2
BT o5 imvertible w. inverse x +1. /Qg anersad pyo/Oey‘L‘g, of thcall-
sations (Sec 24 of Lec 8) 3] Jomomopphsm " AP ] — A/T
st cf’/ga-)= la), it sends ;}L % o) =x+T.
On e other /am/, consider 7 %momar/p 15h
Alx] — A[F1, Fix) = F(F)
_Z% SenaG X/*f ‘fo ’7317?“7=0 ﬂ/em;e am';w% 7@0{0/5 f//OLgA
o MSf) — ALFT, FE)+L = )
fow we show féq]f %/Ma/ 7”//”(; /mﬂfamjﬁ (IVersE. %{ /&m 3)

]



in Sec 21 of Lecd Al£7) is jenera;ffo/ (25 @ rm;) /? He eloments
FLF O p ) whte ALOAT ir gorerctey by b clomorts
a+T K x+1, % e L’onsf}’uc/f/an, He /omomo704ums 9”/457’ " e
ML{ZLLIQ»Z%/ (nverse on f[c jenerufoys /6’-00,- 50/[/1)=7H-I&$ﬂ/'6"r1)
f)pz) So ’é/{c? ~re /m(/fuaﬂa, (nverse O

Exemple: Lot A= 5{7,53/{5%) g 4= z2r(ye). /% LemMe,
A[/-'} 2/45‘]/6(/‘/) ’-‘-’(C&;J,%J/(j?, X2 —7) =[y/= X-gz —é{- (xz-1) = @z}xi—)) =
(g, y2, o) = (g xe-0)]=Clyg 21y, xe-1) = Cl 3 fbean) = CRILE 1= CLE]

[t L AN L SAL" L In20]. Tho i hase <
g z"somar/a//w ALS™ D= ALE. £ Ohts umverse! /o/o/ymgf ).

1.2) localizations A[S™] for 55/1\/5

Th /’emainmot mwéfz}o&'cvén/e Subset mentioned m Sec 21 of Lec 8
n Si=A] }5, where /5 ls & /r/m ideed This case is very [}M/o/zlanz‘ /n
e %Aeor} and Jes its own notation: we wnite Afﬁ-'= /1[/4\/5)"],
cf Roblew 6 of Hw2 el continue 4o discuss Bis case later o
e course.

2) ZOCA’/Zzewflen 0/ /%M,
2.1) ané(bn
Let A be a commdative ring. & S<ch be a mtliplicetive suf-

jSvf. LAt M be an B-mdid. Dfpue £he localization /S| as
2



b st of efz/zm&/m classes M x S/~ w ~ a/&%hu/ {?
() Ons)~ (1) % 3 we S| utm=usn
gguu/_ (less of (ms) wntl be Q/Cnp’feo/{} éﬂ‘

Ioz'z}oos;f/on: SIS frs a matured ALS"]-modide strme (w. aloliton of
a4 M. _ Ay

f)’/@ofa'ons) £ AS Ix M5 — M[S™'] gven é S £ S
)Om,f_. for th sou f}’/’cz 2s Ye 121 stucture o A[S7]. 0O

EPJV)O\/K-' ZoC@Z/%ln} ‘L% /eju/fcuf /MOM /4, we jm[ fln }’e}o/ér
module A[S7'].

2.2) Basic properties of M[LS']
7ZL /’Mg /omaﬂm/’///fm (A ~?/4[5'] glves @ A -moolile
stucture on MLS™T: ﬂf{zf %‘ﬂ A g M&?/‘//[S'JI
m H;”—’/ is A-modud, 40;140»40/;0/;;//4 ([=(4 A—=A[ST] &5 o WQZ
case).
The next result is ama]ojous to Foposition in Sec 29 of Lec &,
/%Pasif/an:
1) ker (M=[me/14/ﬂ ueS st am=0§. L/a/z‘faja// ( Is
//\'//'eoZ‘/Vc /}4[ UM =0 => m=0 [S acts § Hon - zero p/lwsors on /V).

2) im¢, jem;mz‘es MLS T as ALS -module. So. ML S'1={05 <>

5 0,50 = kero =M<>[1)] ¥ weM FueS w am-=o.



3) Universal /rzyfﬂ} 0/ i~ Lt N be ALS™]-moddile ano/
SEHom (M) Th E.’j’e% (MLSTT W) ekt A
/o//w{n} 0//ﬂj rewm [omwafa;c[/z/ci

Mars
M3
% |
ALST —-=>H
We hove j'(’s’ﬂ)= :Z‘S(m).

4) Tl meps T B3 & W ol are mmfa% tverse
/%MA [M)N):)HOMA[S-,J (ML )

§1<e‘foA 0/ /0/007[3
1) [c/ remarc Z) in Sec 2.1 o/ Lec g).

2) SFMAES"J ¢, = é%‘;ﬂ So comeides w. MLS ™). TL.
/t/Wainm; laims  (n 2) /aﬂ./ow.

3) 7])'5 s Y/miﬁv % ‘5[1 c{m'l/dm/&'{} /ngoen[& 7€r bocalizations
of rmés, dedails are an

4) M: /t@eo/ % 54014/ SQCMj' &((IUGCM>/=?U. 7]5 74»'/#4(3}' 7%»1/5
fom e commutative A/szam in 3). Tl letter follows b for
Si=@eg, both j'/K?u make the 0[/410(7}’0114 m 3) Commutative £
3) states Yot hs p}’zym‘; Aetermmes a 4am0mo¢4um MLS]

— N umfow@. 0

7]



% 3) o )’aﬂdm, hom an A-Clnear map - /f'/*e/w
MA[SJJ 2 Map [SJ/'/[S’J——>/4[5] 7;2& N:—My)
/{/f—}/’/[fjgm/s,yz{;/)[g/] ?) 827050/1[%

§U[§ "J(%)- ﬂﬁ“  mel, seS.

: %ect 'L‘/af
@) i LS T=id e,
() Far G MM MM, e (o SIS e 7]
c) R ;ﬂ;ﬂ M oM, Aam [501*;//)[5"]= ?u[S”J#-}u/[S"J.

Fem: A bt of restls in 4his section (end below i Hhis entire
fo,o)c) Mﬂ{ be /'CVISV‘EUZ W/w hre 04564{55 C’zz;fe(got'} ’fn/eor m 1‘4 1670/
loa.n‘ of >4 class. for CXGmp(L a)88) mtl esswflaﬂ% /7% thot
“boealization is a /unuéor ¢) hot it is an zolditive fanctor” and
3) of /Oroposif/om meens z‘n/af cevtain Aumctors ave ’ézpé'a/mf.b

2.3) Submodides in M[S™']

ZVl[ /7 gc an ﬂf/ﬂa/w&/ /{/C/V 4—;z/{)ho/u/é. /{/oz(e ‘f/af 75”/
mnel steS we have (ms) ~t) o N xS < (ms)~(nt)
in MxS, So N[S™] con be vieweo as a subset m M[S”]
/n 74 s an ALS7']- submodity (. ).

)&CQZZ ‘L%{/‘é ’f/z. ﬁcalr ga/(flon 0/ 7,[4 / k/w’ A- /770/ M[L A /5
bo regulac ALST-modidy ALS™). So, for an oy, Ted, get an

jdecld T[S"1cALS™].
7]



: SAow f‘wﬁ 7%}’ Su/lﬂaﬂ/u/éj /f/w/VzC/U/ we Am/c
(/f{ +4,)[S] '—/f/f[S-'J-f N ST Gpwt: common Aéwm/r); ansd
S/M//@/@ Sor ntersections. Also N, <l, %/V/[S e, [S7].

Tt tumms ont that every ALS™ ] -submoclite of MIST it of Ye
form f)[S57] /Vamefj) Jor  an ALST-submodits N e /1’/[5"]/
consider 1/1”/4/’)6 M s is an A- submodil as Ho rerne! of 4o
A-Cineer map obtained as Composition of ¢, & plojn MLS T—M[s YN,

/%/as/zéan.- The maps W't CG/N') & NP NS™T are
Mty tverse  byjections  bebween:
L ALS ™ -submodds W' MLSTIF &

2 A-submodull /VC/W/iM el for s€S,meM =>/”6/V,}
condition (f)

pf’na/: 51%0 4 Show Lhet (') sehishes (1)
sme L'(n') & ((sm)e £ = > g(m}é/V/(@ ¢lm )
1s . me VN <= ne i)
So we heve +wo maps between He two sets, neod to shor Lhat

f/'? are /»que,% (nveyse

Sﬁ"f,zr é,.;’//f/[s NN Sor ¥ A-submoduts 1/ Sa;fzyzémo{ (T):
[A;’///[S’i):[me/bf/éﬂfm)é/l/[S"]<© ;77=5ﬂ by some nell s€ S
< J weS| usm=wn & [imelMuse S £(1)] me/f/f = A

A



Stp2: (Z0 VST (SIS [E e
[ 15 mvertible <@_§”—€/I/’f= ! 0

[0/@5/ : 54///055 M is a /%t/f/wm 4—/%04/;/&. o MS™]
s A ﬂf)ﬁ%ﬂ/fxm 4[5'.7 -module . In Fﬂ}'éd{(ﬂf; c'/ A a
Moot hevrnn 113, ow 5025 AL ST

Froof:

Lt NeM be o submooide so thar M= Spay (m, me). Thow WIS
= S/JanA [s7] _,;4‘1,-.., %) ( ). /Of:olﬂomz/On) 61/87, ALS™]-5ub-
moduke of MS7] is of +y Lorm /V[S’"]/ Aence %ﬂ){f? jenﬂmiffo/,

: Bove & simi Lar [/ajm 74»' K/Vflmu maMa [/mz‘-'fla
6\1'/?%!0/75 n 9’0/905)'{/0/') /’CS/je&f /no&mns).



