
Lecture 0 Localizationof rings modules II
1 Localization of rings contid
2 Localization of modules

Refs AM Sec 3 upto Localproperties

1 Localization of rings contid
1 1 Localizations A 5 for S f no

These are usually denotedby Alf Thefollowinglemmagives
an alternative description

Lemma Wehave ring isomorphism A f A f 1
Proof
Wewrite I for xf il Weproducehomomorphisms between Alf
Alx I usinguniversalproperties showtheyaremutuallyinverse
Let q be the composition A A A I Theny f

f I is invertible w inverse I By universalpropertyoflocalizationsSec2.4ofLec8 homomorphism y A f A x I
st y g a it sends to y ft I
On theotherhand consider the homomorphism

A A f F x FF
It sends xf 1 to If 1 so hence uniquelyfactors through

4 A1 3 17 1 A f F x I F f
Now weshow that y and y are mutually inverseBy Rem 3



in Sec2.1 ofLec8 Alf is generated as a ring bytheelements
16c In F while A x I isgeneratedbytheelements

a I x I Bythe construction thehomomorphisms y 24 are

mutually inverse on the generators e.g q f I q 1 11
so theyare mutually inverse

Example Let A y z yz f z yz ByLemma
Alf 1 A xf 1 xy z yzXz 1 y x.yz y.kz 1 yz t 1
y YzXt 1 y Xt 1 xyz y Xt 1 x z x2 1 z E C É

Exercise Let f feeA 5 f f nose Then wehave a

ring isomorphism A S A f fi hintuniversalproperty

1.21Localizations A 5 for S Alp
Theremainingmultiplicative subset mentioned in Sec2.1ofLec8
1 S Alp wherep is aprimeidealThiscase is veryimportant in
the theoryandhas itsown notation we writeAp A Alp
cf Problem 6 ofHW2 We'll continue to discussthiscase later in
the course

2 Localization ofmodules
2 1 Definition
LetAbe a commutativering SCAbe amultiplicativesub

get
Let Mbe an Amodule Definethe localization M 5 a



the set ofequivalenceclasses Mx S w definedby
m s n t ues utm usn

Equiv class of m s will bedenotedby

Proposition MLS has a natural ACS modulestrive wadditionof
fractions ALS M 5 MLS givenby asf

Proof for the sameprice as theringstructure onALS

Remark Localizingthe regularmodule A wegettheregular
moduleALS

2 2 Basicproperties of M 5
The ring homomorphism C A A 5 gives an Amodule

structure on M 5 a at Themap M M 5

m is Amodule homomorphism g A ALS is aspecial
case

Thenext result isanalogous to Proposition in Sec2.4ofLec8
Proposition

1 Ker m meM uess.t.am o Inparticular I is
injective iff um o me S acts by non zero divisors on M

2 imCngenerates M S as A S module So M 5 1 103

4
0 Ker n M 1 MEM UES w um o

3



3 Universalproperty of in let Nbe A S moduleand
Jetlomp M N Then JeHommes MCSNImaking the
following diagramcommutative µ

mlus.I.IN
Wehave3 Ms s 5m

4 Themaps 3 as y you aremutuallyinverse
HompMN Homes i MLS N

Sketchofproof
1 exercise lot remark 2 in Sec2.1 ofLec8

2 Spanges imhm s so coincides w MCS The

remaining claims in 2 follow

3 This is similar to the universalityproperty for localizations
ofrings details are an exercise

4 Weneed to show Jun 3 yell p Theformerfellows
fromthe commutativediegram in 3 The letter follows bc for
3 4ohm both 3 y make thediagram in 3 commutative

3 States that thispropertydetermines a homomorphism MLS

IN uniquely
4



We apply 3 toproduce from an A linearmapy M Me
an A S linearmap y S M S M S Take x ̅ miy
M MCS and set y

S p explicitly
YLS Ms 451 meMy.seS

Important exercise Check that
a idm 5 idmis g
6 For y M Me42M Ms have yey.IS plsboy 5
c For y y M Me have y y 5 p 5 y 5

Rem A lot of results in this section landbelowin thisentire
topic will be revisitedwhen we discusscategorytheory in the2nd

part ofthe class Forexample a 26 will essentially imply that
localization is a functor c that it is an additivefunctor and
3 of Proposition means that certainfunctors are adjoint

23 Submodules in M 5
Let Mbe an Amodule NCM A submodule Notethat for
m he N S te S we have m s n.tl in N x S m s n t

in MS So N 5 can be viewed as a subset in M 5

in fact it's an A S submodule exercise
Recallthat the localization of theregular A module A is

the regular A 5
1 module ACS So for an ideal ICA get an

gideal I 5 CACS



Exercise 1 Show that for submedules NoN.CM we have

N N 5 N 5 N 5 hint commondenemir and

similarly for intersections AlsoN.CN N S N 5

It turnsoutthat every ACS submoduleofMCS1 isofthe
form N 5 Namely for an ACS submodule N'CM 5

consider LIN CM this is an A submodule as thekernelofthe
A linearmap obtainedas composition of a prejinMCS M S N

Proposition Themaps N LIN N H N 5 are

mutually inverse bijections between

ACS submedules N CM S T
Asubmedules NCM yorses.mn Iffg

Proof Step1 Showthat N satisfies t
Sme in N Calsm E N 4m EN calm

Calm E N me CIN
So we have twomaps betweenthetwosetsneedtoshow that

they are mutually inverse

Step2 IN 5 3 N for A submodule N satisfying t
IN 5 1 meM calm EN 51 1 forsome neN.se S

ues usm un uneNuses t me N N
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Step3 Cm N S N C IN 5 FEN
isinvertible EN N

Corollary Suppose M is a Noetherian Amodule Then M 5
is a Noetherian ALS module In particular if A is a

Noetherian ring then so is A 5

Proof

LetNCMbe a submodule so that N Spang m Mk ThenNES
Spanacsg MI Mf exercise ByProposition everyA 51 sub
module ofMLS is oftheform NCS hencefinitelygenerated

Exercise2 Prove a similar claimforArtinianmodules hint the
bijections in Proposition respect inclusions


