
 

Representations of symmetricgroups I
1 Introduction motivation
2 Centralizer algebras

1 1 Reps of finite almost simplegroups
Biggoalgiven a finitegroup G understandits representations
Reasons to care reptheory structuretheory 8

applications
Which G do we care about
An answer spy or almostsimple groups G

exactly 2 normalsubgroups 11 G t C is notabelian
Finite simplegroups have been classified

Alternatinggroups 21ns beSulsgn161 1 n 5
26 sporadicgroups
Themajority finitegroupsofLietypee.g Sing center

simplefor most ng

12 Case of symmetricgroups
240Sn of index 2 very close
Rep they of Sn is nicer can recoverrepthy of21from
that of Sn
Other reasons to care aboutrepsofSn
i Connection to Combinatorics ofpartitions ofsymmetric



polynomials

in Connection to repsof Gtm via SchurWeylduality
iii Connection to representations ofaffine Liealgebras

Mostly care about base field Cl

General things about repsoffinitegroup Gover Q
i Repin of G repin of groupalgebra CIG
in GG is semisimple GG Enda v
sum is over irreducible reps of GG up to isomorphism
So every repn of GG is completely reducible so we only
need to understand irreps
iii irreps of G conjclasses in G

For GSn conj fesses inSn alpartitions of n

gogi 1 lengths ofcycles
eg 6 1357 24 E S 3,2 1 partition of 6
Notation for conj classes I CSms w mfixedpts
forpartitions no na w hp ha napartition of a Ene
or m Mede where M me Me 4 do de are multiplicities

eg 2,21,4 2312 partinof 6

Goal establish bijection between partitions of n
Ivr Csn isomclasses of irreducible GS modules



following lieunicer Vershik

Example for Sr irreps

trig W
tsgro

refl xp xox Xo eat xptext xp 3,1

Sgn refer 12,1
Q2 2,2

Reen for repin VofSn Vosghn is same vectorspace but
theaction of eachpermutation ismultipliedby itssign

2 Centralizeralgebra
Basic idea induction S CSzC S C cSkcSkc
So beSal G ka Kt i

Want study Sn irreps by restricting to Sn

2 1 Centralizeralgebra restriction of reps
Question Given Ve Irr Gsu decompose it into of
Sm irreps man We'll need m n t butalso Msn 2

Moregeneral forfiniteHCGfinitegrips decompose Ve Irr as
into of Hirreps



CH c AG semisimple assoc algebras

Even moregeneral given BCA findimil s simple assocalg's
Ve Irr A decompose V as of B irreps

Andyet moregeneral BA findim l ssimple assoc Galgebres
t B A alg hemom Ve Irr A so also B module
Then the same question

Recall
A End v n

VEIrr A

B Endecu
UEIvrB

For Ve Irr A Ue Irr B is multiplicity space

Mya Hemp UV vectorspace
Irr B Up UK
Knew

Ui Muni V EEai q toEffitail
1

B linear
Point Nonzero spacesMy irreduciblereps of a certainalgebra

Definition Centralizeralgebra ZB A LaeAl at610161a tbeB



Eg B A Eid
thenEBIA is the centerECA

Exercise EBA CA is subalgebra

Lemma I algebra isom'm EBAl EndMya where

is overpairs Ve Irr A Ue Irr B s t My a

i e EBA is semisimple its irreps are thenonzerospaces Mya

Example AsMat E eMatCol B MatzCale Cee

tha x x diag x xoxo diagxoxo

dimMyU 2 dimMvpa MyUp My4 1 My4 Muy e

Lemmapredicts ZBA Matz E 693
Check

ZBA Kyyallg eMat Cal
commutes w A Lieges k k

g eMat E A diag x xp

L IIg labshe tea
g g

EB A Mat 6 069 lygl es Ee a fg



Proofof Lemma By a A t End V
t s tr where Ev B End V

EB A ar areEnd u I everlb treble
FEB End v QEnd V

gate
V QU0MyutEndBMtumu.uaefndlMv.u
EndMya I

Rem How to define EBA module structure on My Hemp UU

Wo referring A t End u
EE EB A GE Hom UV

Eg u ELycus
Exercise or see Rem2 S in RTT this is themodulestructure

impliedby lemme

Corollary ofLemma TFAE
a H Ve Irr A UE Irr B LimMuus 1
6 EB A is commutative

Proof ByLemma EB A EndMya is comm've

EndMuul is comm've t y u a dimMy st H UV D

Underassump'sofCor have V U decompest
UdimMuuse

on

into 0 of B submodules where U is uniquely



determined as the image ofany nonzeroedit of Hom U u


