
 Lecture Pl 66 Frobeniuskernel
Depending on Lectures 6.5 8.5 and a bit on 10.33

Thegoal ofthis note is to elaborate on the Frobeniushomomorphism
Fr G G on theconnection between representations of G
its lie algebraof in characteristicp In short

Fr has kernel the nonreducedgroupsub
scheme G CG

w a singlepoint
As a Hopfalgebra Dist G F G is Ug the

p central reduction seethe complement to Lec 9
This iswhy the representation ofog arisingfrom a

rational Grepresentation factors throughVoy
We will elaborate on these claimsbelow

1 Frobenius twist
Wewant to understandthe Frobenius morphism more conceptually

Definition For a vectorspace Vover F define a newvector
space V that is identified w V as an abeliangroup but
the action of F is twistedby Fri

Exercise howdoes this relate to theconstruction of Frobenius twist
forrational representations in Sec 2 of Lec o

A



Note that V inherits algebraic structures from V e.g
an associative F algebrastructure on Vremains an associative
F algebrastructure on V
Here's the reason to makethis definition let Abe a

commutative F algebra Then a tap is an F algebra notjust
a ring homomorphism A A

Exercise if At FDept for anFpalgebra I then A'sA

Nowsuppose that X is an affine variety By X we meanthe

variety corresponding to FIX If X F isgivenby some

polynomial equations then X I isgivenby thesame equations
so in F X wouldbegivenbyequations whose coefficients are
twisted by 242

Note that the homomorphism A A a tsargives rise to a

morphism of varieties X X denotedby Fr Forexample
if we identify 5 w A see thepreviousexercise then
Fr A 5 isjust xo xn to xp xp

Exercise if G is an algebraicgroup then so is G
Fr G T G is agrouphomomorphism

If GcGln F is definedby polynomial equations w coefficients



in Ep then G I G and Fr is the homomorphism constructed
in Sec 1.2 ofLee5

2 Frobeniuskernel
An algebraicgroupG is a variety so F 63has nonilpotent

elements Then Fitf of P 5 G 5 a is injective So Fr is
dominant hence it's agroup

homem'm surjective In thissituation
we aresupposed to have G I G ker Fr
While Fr is a bijective homememorphism ofabstractgroups

its Iter fibers are nontrivial Weillbeinterestedin
KerFr Fr o Let Me 5CG bethemaximal ideal Thenthe
algebra offunctions on Fr o as a scheme is

F Fi'd FG F G f Heh Here is an important

Exercise ECG fPItem is a Hopfideal meaning there is a

unique Hopfalgebra structure on F Fr Mst theprojection
5 G F Fr or is a Hopfalgebra homomorphism

So Fr o is a kindof agroup moreprecisely it's a group
scheme take theconceptual definition in Remark in Sec 7.1
and replace varieties with finitetype schemes

We write G Ker fr Note that the inclusion G CGgives
rise to 5 G Dist Ga as Dist Gl This is an inclusionof



Hopfalgebras
Considertheexamplesfrom Sec2.2 ofLec 6.5

Example 1 G Ga theadditivegroup Then F G 5 x xp
W Ok Xan tox ThisHopfalgebra is actually isomorphic
to its dual Dist G

Example2 G Gm themultiplicativegroup Then ECG
FEx x 1 P The algebra Dist G has basisSo8 Sp where

Si for S S And 818.1 S p ite in Dist G hence
Dist G F S SBS as an algebra with0187 801 908

3 Dist G vs Utoy
Recall Section 1 ofLec8.5 that we have an algebrahome
morphism Vlog Dist G in fact a homomorphismofHopf
algebras The elements ofog annihilatefunctions of theform f
hence f GAP so the image of 21g is Dist G

Lemma For an eg the distributionsgivenby P23cmcoincide

Sketchofproof The distributiongivenby a monomial gig.EUlog w

F Jae g can be shown to be f 45 if if al where wewrite
5 fortheelementof Veit G corresponding to Sieg Now itremains

ate
notice that 57 54 f f fe F a see the discussion in



the complement section of Leche D

So Uog Dist Ga factors through U g 41g t.JPgeoy

Thm U lg Dist G is an isomorphism ofHopfalgebras
Notethat this theorem can be viewedas an analog of Thm in
Sect of Lee 8.5

Sketch ofproof As a variety C issmoothLet'ssaydimG n We
canpick a so called etale coordinate chart x xn at t
X X E F G s t for F x x G F we have that T F is
an isomorphism We can lift thepartialsfrom F to aneighborhood
of 1 in G denote the resulting localvectorfieldson Gby 2 2nBy
the construction their values at PeGform a basis in TGDenote
themby 3 3n Then one shows that

i F xp xn xp xp F G
ii F 2 2n 2,1 24 Dist G
iii 2 itEifijaj wFijo so

Theclaim that Ug t Dist G followsfromhere the
elements 3 w Osd Insp t form abasis in Vg andthe
image of3,4 in Dist Ca hastheform2,42nd t l d t
lowerdegreeterms I

Example Let G GmGL F Let geogof 5 bethe



element corresponding to 1 Then34 U log FE 3Pg
Thisalgebra is isomorphic to Dist a by Example 2 inSec2
and indeed the homomorphism U g Is Dist G sends to 8

4 Rational representations of G w trivial g action
This section addresses the comment after Problem4 inHW2
Let Vbe a rational representation of G We can restrict it to

a rational representation ofG BySection 3 ofLec 8S a
rational representation of G is the same thing as an ECG
comodule which is the same thing as a Dist G module

Further we can view V as a Dist G module By theconstructionof the latter the Vlog action on V is obtainedfromthe
Dist G action via the homomorphism Vlog Dist a from
Sect ofLee 8S exercise So thisactionfactors through
Ug s U g I Dist G In otherwordspassingfrom
a representation of an algebraicgroup to the representation of
its Lie algebras is equivalent to restriction to Go
Inparticular g acts trivially on Ves G actstrivially
V is obtained as thepullback of a rationalrepresentationof G I G G i.e Varises as a Frobenius twist

I


