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PO Recap Let I be an algebraicallyclosedfieldofcharp 2
Set of24151 We've seen inSec3 ofLecd that the elements
erhph f r e Ug are central We'vealsoclassifiedtheogirreps
where these elements act by D

eee
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Ourgoal in thispart is to explainhow thethreecentral
elements arise andalso explainwhy it's sufficientto classify
theirreps corresponding to thetriples above bythecomplement
section in Lec 9 every triple can occur

1 1 Restrictedp thpowermap
This is an additional structure ofLiealgebras ofalgebraicgroups

in characteristicp LetGcGln F bean algebraicgroup

Theorem Agogh f fMatn A isclosedunder xox We will use
thenotation x'mfor XP in this context
2 Let 9 G H be an algebraicgroup homomorphism andg TP



go b the inducedLiealgebrahomomorphismThenq KP q x
cn

Note that 2 shows that xox'm is recoveredfrom G itself
and not from an embedding GcsGln F

Exercise Check 1 for 9 34 f Sen 51Spn E

Rem This theorem isparallel to Thm in Sec 2 ofLec6 Theproof
is morallysimilar we recover X4x4 g soyfromg pg G t G
This requires the languageofgroupsofpoints over truncatedpolynomial
rings see thecomplementsectionandcompare to thecomplementto
Lec 6 A key computation is that for a curve oftheformget
T t t t t t in Glatt we havegot

P Ottp PttP for two
commuting elementsdip in any associative F algebra wehave

Ap sLPxp a

Example ferog84 E wehave elp famse heph

12 Thep centralmap g Utoy

Let g bethe lie algebra of an algebraicgroup G For xeg
can consider XPe Ulog ofdegreep XP eg c Ulog So wehave
amap x toXPXP g ou log

atestate one of itsproperties we
needageneralconstruction ever



any F Recall LectSect3 theadjointrepresentation Ad Go Gllg
Adg stag where aggeggg G G agroup automorphism T of a
group homomorphism is a lie algebra homomorphism Sec 2 ofLec 6
So Adg is a lie algebra automorphism

Any Lie algebrahomomorphismg g extends to anassociativealgebrahomomorphism Vlog Vlog
So weget the adjointactions of Gby Lie algebraautomorphisms

onog andby associativealgebra automorphisms on Ug

Now weget back to charF p 2
Theorem A x is central t xeg
2 lax AP x Hae F XEg
3 ay x ily Fayeg
4 Themap C is Gequivariant Alig x AdiglcatAgeG xeX

Example for9 34 have clever uh heh elf f
P

ProofofTheorem We'llprove 1 in detail
Claim Let Abe an associative Falgebra ForxeA we write

allx for thelinearoperatoryes xy A A Thenx'yyxp adWg

Proofof claim Let 4 R betheoperators y oxy yay x
A A Note thatLx R commute ad x Lx R So

1XP Lx RIP o LI RI Lap Rxp adXP D ofclaim



Nowweget back toproving 1 Apply Claim to A Uog
xy eg Ulg xDy ad x Py Note that all operations
intherighthandside in g NowapplyClaim to As Mat F
used to define x'P get x'By ad xPy So xDXPy
adGPy adxPy o Hyeg Hence x xp in iscentral

3 is similar in spirit butmuchharder seeLee10.33 for xyEA
Hy PXPyr is a universal independentofchoicesof A xy
Liepolynomial E expressionin brackets in xy
2 and 4 are easy and left as exercises I

13 Completion of classification
Let's explainhowthetheorem helps in classifyingthe irreducible

representations ofg Pick an irreducibleogrepresentation f Ulolmodule
V Forxeg letDuk denote thescalaroftheaction of thecentral
element ca e Ulog on V to becalledthep central

characterof V
We will alsoneed a basic tool toproduce new representations

fromexistingones Forgel define a representation VSofg asfellows
if g acts on V via a homomorphismp g gNV then g acts on V8
via p ALlg By 4 of Theorem wehave exercise

XvAdly Drg A

Wewriteof forthe set offunctionsX g I satisfying

ay Xx Ny X ax aPXGt t xyeg a e f
Thx to 2 3 of



Thm andthefactthatXu is a linearfunction onthecenter we have

dreg t g irreps V
Remark ThegroupG acts on g bygX X Adig Thxto A

itis enough to classify irreps forjustone Xrper orbit V toV
gives a bijection between irreps w pcentral characters XandXA21g

Thenextexercise describes the Gaction on 9
0 it's

essentiallytheadjoint action onog
Exercise A Showthat xy thy defines a Cinvariantnon
degenerate symmetricform ong
2 Showthat for yeof Il zxegs.t.IN rCzxfrwtxeg
where Fr L Ipoh Themap Dez is Gequivariant
XoA2g to frigZxfrig

Example X Ceed teeM lea e have to to kfa

TheseEx's are exactly representatives of all Gorbits f conjugacy
classes in g by the JNF theorem Thistogetherwith the
remarkbefore the exercise finishes the classification offinite
dimensional irreducible representations ofog

2 Representations of512 ft w char f 2
Ourtask is to classify the irreducible rational representations
he Mlil's are still there butgenerally are no longerirreducible



Example Mci Spang x x y yi is
for icp irreducible overg Sec 3 ofLece andso since

every Gsubrep is also g subrep overG
Mlp is not irreducible Spang xpyet is a submodule

eg for g L havegxp laxity s atxptcryP eSpangxpyp
Infact most of Mlil's w ixp are not completely reducible

Now weproduce more irreducibleobjects Forthis weneedthe
Frobenius twist construction

Definition Let Vbea rationalrepresentation ofGandp G GLcutbe
thecorrespondinghomomorphism TheFrobeniustwist V istherepresentation
corresponding to pofr G GLN where recall Fr EL EPA is
the Frobeniushomomorphism Ex2 inSec1.2 ofLee5

Example Span xpyP M a

Observation Fr is anabstractgroup isomorphism so V isirreducible V is

Proposition If Vis irreducible thenMcilove isirreducible fieldp.is
Proof Note that g actson V by 0 ITFr so So any gsubrepresentationof MlilOV isof theform Mciler for a subspace V cu
Note thatg M er M agr So M er is Gstable V cu

gigsG
stable Since V henceV isirreducible we are done I



Thisgives rise to thefollowing
inductive construction For Kee we

write for repeated Ktimes

Corollary Steinbergtenserproduct theorem foresterinsp i the
representation MadoxMaine exMCM is irreducible

In fact we'll see that thesemodules arepairwise non isomorphic
andexhaust all irreduciblerational representations of Style

3 Complements conceptual description of xxx
Thispartdepends onthecomplement to Lecture 6

Viapoints of A Le E consider thegroup GAi see the
complement to Lec 6 Let G Apa bethe kernel of GApa G
GpApa be the kernel of GApa GAp the latter is
identified w g

Considerthemapgagr GApa GApa
Extending the computation in Remark of Section1.1 we see
that thismap restricts to G Apa GpApa andmoreover

factors through g G Ap.nlGzlApa Cp Apa Theorem in

Section PA fellows

Via invariant vectorfields an observation is that for a
commutativealgebra A a derivation 8A A themap

TSP
A A For As F a left invariantvectorfields



themap 8 A SP turns out to coincide w IP For thisone
needs toprove that for GGln f we recovertaking thepth
power in gh f Matn A thenprove 2 of Thm


