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2) Tnddusced modutes.
3) ﬁnya@z‘m of classificetion
) Femares § comp&mnz‘s.

7) Wollaz‘flon 3 K’ 54 [ﬂ;)) 7= / ffo'l)} < C 7Z€ A/cy/zz &/eca/»}w;/’lz/ol;
we dve a/ﬁ’r Ccomes fn/e azv”f/ah 07[ T 7Z/S Is /a:eo/ on ’LZA /o«%wm;,
Clomma. Note thet | 2 FX (e /ffo_, ) = £).

0

Lemma: 1) E%e/y vationed /’?/ﬁ.?&?fdm}; of F~ ¢s COM/{Wf&g /’eﬂé«a’/é,
Ho ireducibles we 1-dimensiont,
Z)Mo/ M:j(vcn L £t lie ).
Poof: Set S:={2elF"[ 3 ¢ coprime top ot 25/F -2 Sufproup
c LA Ve q %méf, dwensionat, 5'/€/faeﬂfn7élaﬂ- The lements
a/ S adf {i/ /Om'rh/ue commy fmé ﬂékzja//a,&’z%éé gﬂe/«:ﬁm. /%mm/a;; v

hay an 5~€{JM{&S); [Fint: every gperator Hom S preserves elgensprces
For any other)

Now bt V be a rationd /’\yl’cswz[tz/f/m o/ F~ Pk an S -e{feh{au';
Y Ve The. non- oé‘gom,l mel iy coefhvieats vamsh on S. But ew
/og somik. foniction on [F™ (e, Laurent /ﬂﬂ?/faﬂfﬂug ) l/aw/;//;;} on S /s
O Se y.yis an ezjen/e,szs For e entive F* Ths proves (7).

T prove (2) nite Yt 2 ntomt 7-dml Yop'h of [F~ i zmd?
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a Zaarmf pelpomnd, 52 L st fsd)= ftH) 4? such s
L4 fie2) ad

Delintion: Let V/ be a vationel /y/ﬁmfdmn of [ for ie Z,
dofne He - Wajéz‘ space V= =fvel: (Z2)v-¢VF

B Lomm, V- B

1EZ t

Lxanplec So V=MG), we hove Y = Fx"y¢ li=g..0) T oo

h/e/(jé‘f spaces are zern  So z‘é maximed, //’/j/cyzz) wj/z‘ /s /,
Zle minimed / @Ves‘f) h/eﬁh‘ s -

7) z/ V W are rationa) /’?ﬁ/’&ﬂ% tetions of 4 Hon
(Vols), = @ V.® W, A
z) For 2 /)—/aﬁemu; “fwzsf VOVl #he con;fmaf/on 740 84
are f/(a Some Ve 5/7ace) /Mc V(q //ml‘ Fr oé' (f;ap
_De/t'm"floh: let = ‘zzkﬂl/o’/ ”‘EK {0,1.../—/}, Define
/0)): =_® M) P (Fofenias bwst ¢ Emes).
% fom('(a/j in Sec2 of Zeoc 70 L) &5 imeducibte. % exeruse,
/Es {;jém‘ (resp. loest) weight (s He sum of Ho /(//Aen‘ (Fesp.
5»%515) h/egh‘s of e Factors | so s y( Ve»}a,-}),

:ﬂ /7& /a/faw;hdi '//eonm witl 50/170 4;,,‘& —t.% oésyl'%cez‘/a&



Thm: Two irreducibbe ratboonel 7/5550;%:6/»7; of SYAF) w.Ahe same
Lwest M’:I}H are LSD”M??/IC.

2) Induced medales.

We mtt se ﬂaf a/”f Dveduiibls w. Lowest Mey/f A empeds 1
MR). For Zhis we nad %o realize M) as an irduced modulh.

Pecall Dkt if Hc ( are ﬁnﬂfﬁ roups & U isa /‘?ol’efw'ﬁ?j/bh of /Z
Hew e indhuced Fepresentotion _Z;w//f&/ (s defined /J’

Fan, (Ga):={f: ¢ —>6//7//4§)=A/§J, #Ae/{cjé 45
W, fvw’f/on ju/cn {} %/J9’7’/{79)* W howe Lrobemis /eoyf’aa'z?:
Hom,, (V] Tndl,; t1) —=> Fom, (Y &) ()

Wow let Hcl be Mgo{mic groups, and U be @ rationat /y/eym'éx;t/on
of H
Detintion: Te (e ze/lfjuf/ajc) inducea /;Wam’faibon (s
Indf U= { pobynomel 7 Kaa/mj):h@)f
w. acton of J o/f//ﬂeo/ as afove.

/%u’f: For yationd V) / 7} n/o/a/s
Js /w’ao/ JAS Jz‘a,,/am/ mll be j/Ven 7 fom/o lements section

Mow  we o}a/m’n b 1o Construdd V as an induced /’f’//ffenz‘a‘/oﬂ.
losidee 4o subgrogy B=[ (72T S, b F le is 1-dmen
Sional @rfswfaff/on wihere /0 fo,) acts é £ fl
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H’O/asiz‘/oﬂ: /W/AFZ%/;E}.
Pmof: 7Z¢ /y/f n/ww/ S/n/c /3 //E[F[C]//(j:")j)’fﬂf{?)}

51[7 1 bt cloim Yt o £ 5d}5§ .
F32)9)746), ¥ e St,, uelF )
73[25) is 4 /uﬁﬂmml o Ko Indeed since
1)< (e Fet
every /Dgnomd in ¢ 8 satishes (2)

/mmfsog, assume / setities (2). (onsider A gpeh Subse \SZL/ZF)X
(d#0) in S (F). Tl Labter is an irrecducibte VU/V? 50 e
testndtion mep FLSLOF)] — FLSC(F),] is /;}ylemf/v& e
Muﬁfpﬂovf/on /m’a j/VcS rise “ an 63’ama77415M ( )

[(5)3 =1 (£2)5 == 5,0F),

This idertities [[54[#“)01] with [Fla o] cud (2) becomes
"4./)0/9043%0/012[ of u! So HYe elements fe FIS,(F),T satist e (z)
are in F[C,a/ﬂl _[/_/ extends 4o S, oen i must be 4/%//0/”/‘«/
i A, oMhermse it fas aﬁoﬂ. on [ 5")}-54 (F)\S¢(F),.

Sty 2 e e (§8)(E8)= (5 E0) S0 a potipnomnt
in el tes m Indg Fy < s in Spang (ch U, dY),
The clrim Zhat SZ& acts as needed is aw . A}
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3) /mf/fdmn of classitication.
774— /oﬂﬂh/m;, /}’0/05/‘5/0/1 Zm/ﬂﬂts ﬁm in Sec A

/;apasn%ﬁ: 4}1& iveduitbts. vational /ﬁareswz‘m‘/m V of SZZ/F)
with lowest wa(‘}l T /Somomézc “ /().

Boof-  Cr K«’? Loim is Hhott
(%) ¥ rationd /\?/{Senléﬂfmﬁ M with M =0 ¥ < A we have
/1’/ < > //omgf/t'/ M()).

Ledos e¥plain how Zhs implies whct we want Led M be a
vaiona sepresertation of SL(F) 1% its sockh., dencted soc M, we mean
e maomad S’em/:/m/uﬁ S /@Veswz‘u‘/oﬂ (4 erists e e sum of
‘o .Se/ﬁ/'s/;@aé SQ{/’?S /s .Semisz'm/néi ) Nite Hat e
image o any /omoma///a/zs;n Fom ary inep o M 15 i the sochh.

ﬁ [,k) /%/444. [V /'4//()) //omq [Zﬂ) M) #0. Ths means
[(,() l/cz//c divect  Summands 1 soc M) T V#ZO), ) Hen

VBL() <> soc M(A) < M) =V @L())., < M.,
Sonce  dm /{//J) =1 wnd dom V dom Zﬂ) 0 f//}jwe: a
CoﬂZL/ZMZ/O{/Oh

So we need 4o prve ) é FroBenius /ea/b/m'?, £ ﬁa/m'{/an
in Sec X we have., for sy vationdd ﬁ;ﬂremz‘wtmn 4
Homp (VML) = Homg (Y [, )
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70— /pm/c (%) we weeo z//(c /o%h//ﬂ; Lrim:

). Led M be a vational /’f//esmfaf/on o/ 4 wm/ me/f/t_
T hen /g;’)/m m, + im Mu) whee m,,, is d/p?//o/mtz/ mag

(=1 Ktal

Fﬁ/fkﬂi (a/ a%jre& cﬁ),

Boot of (xx): We have /077)114: 2,:;:(//‘(41) Sor #;: J-"—%/ﬁ- s a
/Dwg/m/ml mep. Hserve 4hot ] 4 ~
S )= (0 )
/7//704 b S10les o m Note Chet / f ;o)m-—f'km, /(,{fa-f)ltj-ﬂx)=f');(y/-{a}
So JZ f‘“ﬂ{/- (v) = JZ #; (£4). To geduce (%) FHom here I5 an

[o’mlo/f/f/oﬂ 0/ //00/ 0/ 6?) Se# /{/Z ¢ =C@/’//[. 77/‘! s & T-sub, Kepresen-
Yotoon, [s stakbly wndo [{g;()} ? (3;;7. Sonee 7 & [/g;{)}
Gentrate B, M, is B-stabt,. 5’0@ (k%), on Moy /M, , (;‘Zfi,)ég acts
? 128 Zt-ofa/f/ca/w; i /ZfO ‘19//45~;l/ we fave /V/M;,_l —:*B
ﬂ-;@ M. where /’//_A is the /hu/%t)o&'df} spac. Se
M2~ Homy (M) My, Ey ) r Homg (1 1) = Home (4 40))
Ths finishes /ﬂma/ of &) and of e /oro/yméan I,

©oSoe MON) L0 _Z;o/paré/w/cu; M) 7s nAt 60/70@{6-
§ reduci6t. v A2p
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4) emares & Comptements,
41) Femares:
/) Sett W/JFN//U.* s Wimrml/ofa/oerz;xt /5
fomy (WY 1) = Homg (E, 4)
Mte Hhat Hr e Z b wntversal /ro/&m} o e Verm modudl
A) lwer €) (s (Sec 1.5 of Lec §)
fiom, (BN M) = Hom, (€, 1), whee €, 15 e 1-dmensionet
representation aof b where [f.i)eby acts {; Ta.
The #wo aniversal //a/uffes are /aml&f.
Anthe common foature: 2o modil W(D) hes 2o tnigue
Lrre ducible /qoaf/mz‘ [the previous Exerise), e same Js ue for A())
In fat, 6] W) & A()) we exemples of “stended oGjects”
ch ’//(/j/erf h/egéf C/eifféyanes_//

Z*) For 'f%ose émiwf’z&r W, Jégoﬁrﬁc jeomwf/y:

The modules M) L W(]) ae guite jeo/uaz‘r/c i1 mure: we have
M)z H(P O0N) ~notiee 2ot CJ=P'~ whte W(\)=H'(E OC-1-2))
The peiring MO)<W(\) — [F és HUP'OU)=H (P ocA-2) = H TP o)
- Serre 044&5112[

3) We have considored various 4/;,}0(}‘4}6 m;aeﬂ‘: of {/c »7;eyméez‘/m
Yeon, of SL & Sl Thevers ane we havent considdeed, Yo most
recent one, —representations oA U o ['a;fgor/{:. This could be
adilressed in a future bonus lecture.
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42 &/”//f_ﬂmﬂfs.
[ he jazzl of f/u section s to prove Fact Bom Sec Z:
‘e dj@gmx‘c chu/am‘/on setospes  Frobenins //ec;b/ﬂa‘é :
//ﬂm( v ﬂo/yfﬁ) > //am# (Y )
The Mep is RS follows : Gt gpé/%mé, A Ilfo(jé{) 5o Yot
W) 5 an H-z/m'wwmz‘ May 0 — U aud
[w(ev)](52) =[w(v)] (55
We send ?V fjucz;}u éj/%m};g a)jga/oﬂ”eo/ 4} 0{7” (v) :[ﬁu(v)]['I),
: a/?, v) i H‘ffm'wa//am‘.

Wow Fae p(e/%m#/({c/)_ We need 2o olefine ﬂ,é//omc /ZIn{ﬁ/)
,Z;v/ow/f('w[”} % lv) 5oa g ; — U St [}ux/v)]€7>-'=o(étf‘/l
Ths is a /Dogﬁmﬂal /m}o £ s /éée/ambﬁr/m*é -'[%[v)][éj):o([{jy)
=[d ss %/—efm'wwmz‘]= Adévﬁ A[%(v)]{j). 5o ﬁ( (5 /'/70/&0/ Z
Oneor Mo 4 ﬁIno(/fﬂ/Z Mow we chece i is (zefw'yﬂr/mf:

) (qv)e ]=d(35v)= va)[ 9]

& %ﬂ% ) WCZJW 5;0 M{c{ Lhat o 1> 0 X v ok, ase (nvesse
to each othw This is G as an



