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1 Notation G54151 T tef G Theweightdecomposition
we are after comes theaction of T This is based on thefollowing
lemma Notethat T I 5 via tef et

Lemma 1 Every rational representation of F iscompletely reducible

the irreducibles are f dimensional

2 and aregivenby t t t lie
Proof Set S Eze5 F ecoprimetop s t z 1 asubgroup

Exercise Let Vbe a finitedimensional S representationTheelements
of S actbypairwise commuting diagonalizableoperators Moreover V
has an S eigenbasis hint everyoperatorfrom Spreserveseigenspaces
foranyother

Now let Ube a rationalrepresentationof F Pick an S eigenbasis
v ve Thenondiagonalmatrix coefficients vanish on S But every
polynomialfunction on 5 i e Laurentpolynomial vanishing on S is
0 So y heis an eigenbasisfor theentire It Thisproves o

1
Toprove 2 note that a rational Pdim l repn of F isexactly



a Laurentpolynomial say I s t fist fistfit Anysuch is
t t t lie A

Definition Let Ube a rational representation of G For ie
define the i weightspace Vi ve V t.f.lvstir

By Lemma V EaVi

Example for V M n we have Unze Fx igi i e nl Theother
weight spaces are zero So themaximal highest weight is n
theminimal lowest weight is n

Exercise 1 if VWare rational representations ofG then
VOW isga Vj Wig

2 For the Frobenius twist V of V bytheconstruction V AV
arethesame vectorspace have Vi Up hint Fr tof 1 to fp

Definition Let X Eenipi niecet p is Define
X TgM ni Frobeniustwist itimes

By Corollary in Sec2 of Lec te LA is irreducible Byexercise
its highest resp lowest weight is thesum ofthehighest resp
lowest weights of thefactors so is X resp X

Thefollowing theorem will completetheclassification



Thm Twoirreducible rationalrepresentations of 545 wthesame
lowestweight are isomorphic

2 Inducedmodules
We will see thatevery irreducible w lowestweight I embedsto
MX Forthis we need to realize MA as an inducedmodule

Recallthat if HcG are finitegroups U is a representation ofH
then the inducedrepresentation India is definedby

Fun Gu f G ou Iflhg htg the Hgo9
W Gactiongivenby Igf g flgg WehaveFrobenius reciprocity

Homa V IndEU I Hom Yu a

Now let Hch be algric groupsandUbe arty representation

ofH
Definition The algebraic inducedrepresentation is

India pya f Gulf hg hfigs
w action of Gdefinedas above

Fact For rational V a holds

Theproof isstandard will begiven in Complements section

Now weexplainhow to construct V as an inducedrepresentation
Consider the subgroup B tot Sh let F be its PLimen

gsional representation
where tef acts by t



Preposition MIX Ind'sEx

Proof Theright handside is Fe5Calf to 1g E'figs

Step4 Weclaim that for f satisfying
f 8g fig tg esh Ue F K

ft L is a polynomial in Cad Indeedsince
Hill L a c Gud

everypolynomial in Ckdsatisfies 2
Conversely assume fsatisfies z ConsidertheopensubsetShield

Lte in S4 f The latter is an irreducible variety so the
restriction map F SELF F 541512 is injective The

multiplicationmap gives rise to an isomorphism exercise

1 1 1 21 SLIM

This identifies F SL F with FLac d and 2 becomes

independentof u So theelements f e F SL fly satisfying 2
are in F cd If f extends to Sh then itmustbe apolynomial
in d otherwise it has apole on E8 She A 1541512

Step 2 We have 19 L Titta So apolynomial
in c d lies in IndEE it's in Spangle c d d
Theclaim that She acts as needed is an exercise 5

A



3 Completion ofclassification
The followingproposition implies Thm in Sect

Preposition Any irreducible rational representation Vof5415
with lowest weight I is isomorphicto LA

Proof Our keyclaim is that
G A rational representation M with Myo Hy c d wehave
MI HemalMMAN

Let's explainhow thisimplieswhat we want Let Mbe a
rational representation ofShelf By itssocle denotedseeM we mean

themaximal semisimplesubrepresentation it exists blethe sum of
two semisimplesubreps is semisimple exercise Note that the
image of any homomorphism fromanyirrep to M is in thesocle

By t Hema VMAN Hema LA MAN 0 This means
LA V are direct summands in SocMA If V42Al then

Velu seeMA MA V LIN G MIX
Since dimMA pl and dimUydimLA pe thisgives a
contradiction

So weneed to prove 17 By Frobenius reciprocity Proposition
in Sec 2 we have foranyrationalrepresentation V

Hom VMAN Hem V Fx
St



Toprove it we needthefollowingclaim

Let M be a rational representation ofG and meMe
Then m Mit ÉManilal whereMimi is apolynomialmap
I Mitzi of degree i

Proofof Wehave m Mj a forMj 5 Mj is a
polynomialmap

Observe that
to tie et

Apply bothsides to m Note that If m t km tof mjlulstimj.lu
So g t mj u Emj tie Todeduce A fromhere is an
exercise

Completion ofproofof x Set My.ie Mi This is a Tsub
representationIt's stable under 1 1 by 6 7 Since TE 8413

generate B M is Bstable ByCal onMacMan tofileBacts
by t Inparticular if MmeApis d we have MIM mfs
EE My where M isthemultiplicity space So
M Hemp MMarx Ex HempM Fy HemalMMAN

Thisfinishes theproofofH andof theproposition a

Exercise SecMIX LX Inparticular MA is not

completelyreducible for top

I



4 Remarks complements

41 Remarks

1 Set WA MA Its universalproperty is
Homa WA M Hemp ExM

Note that for Tek the universalproperty of the Vermamodule
017 lover Q is Sec PS ofLec8

Hom
g old M Hem AyM whereCly isthe Pdimensional

representation of 6where a of actsby Ta
Thetwouniversalproperties areparallel
Another common feature themoduleWX has the unique

irreducible quotient thepreviousexercise thesame istrueforOct
In fact bothWA 2017 are examplesof standardobjects

in highestweight categories

2 Forthesefamiliar w Algebraicgeometry
Themodules MX WA arequitegeometric innature wehave

MIX HelpOld noticethat CB B while WA H 15,06727
ThepairingMIX WA F is Help anti p 0ft a Hpieta
Serveduality

3 Wehave consideredvarious algebraic aspects oftherepresentation
theory of 34 Sh There's one we haven't consideredthemost
recent one representations of34 in categories This couldbe
addressed in a futurebonuslecture



42 Complements

Thegoal ofthis section is toprove Fact fromSec2
thealgebraic induction satisfies Frobenius reciprocity

Hem IV IndEU t them IVat
Themap is as follows let y eHom V Indf u so that

you is an Hequivariant map G U and

lying yallgig
Wesend y to dyethem uu definedby dycu yay
Exercise dy v is Hequivariant

Now take deHom Yu Weneed to define yeHome VIndia
In particular Yalu is amap G U Set yalu g Lgu
This is apolynomialmap It is Hequivariant 4 hg Lhg
a is Hequivariant hagu h Yalu g So ya is indeeda

linearmap V IndiU Now wecheck it is Gequivariant
Yagu g 2cggu Yangg
Finally weneed to check that atoy Kypay are inverse

to each other This is left as an exercise

It


