K 5}71‘650)1(&7&0”5 of d/(/jpuf/m'c Lie [7}’07054 Lie a{}ufz’u, /mwé /4
0) Introduction.
1) Laten Suz{aZJa{m) /pafxzﬁwe{'jﬁj_
3) SL-suba éqaa/ms, w&'j/f lattie £ 4/j/¢ylz h/ez;v/{f,
3) Verme. modites oud f/w (veducibls /amf/e«ﬁ_

9) Complements.
Notatbon in Section 3 modified on 03/06

a) We. pow /roczeo/ % (//IA/P/IZZGMOA? Ye Vopresen Cation f/eo?, of
Simote AZJJ/&L’(_ grog0s £ Heir Lie a@o&/«s. TE twns out Gt 4k
case of 5[,, 4 Sé /s Qﬁfmn% }/?)’Uw‘fm‘ﬂ/e Moo(yﬂll/ (outside He
Sz‘wéz Vepresentartions of Le ”’{f"’g’“ in  chova Leristie y whore e
czse of ogf ‘s Sym/é'cawégp Casier Yoy He (/WQ/Z Case). We witl
concentrate. on He chavaderste O cose and pscuss 4 chor y.
case (area of ackie recent £ carveat prtevest ) Bme /ym'ff/?,,
lime /germ‘ff/r} we witl also descrbe jmmzﬁzd/om : (semi) simpl

Lie a{?dru/%%mj: j)’oc}uf and even mote jmmé /&C'/%Mé(’ Loe

%Mms_

The Bhrer /0)’04{(014}' we e C/vo[?_ & aololpess ]4/' LS’[.'
(D) The cézssi/?'cazf/on of Purte dmensionel (yveduibls /forcsmfﬂ/fm;‘

(T) (;ﬂ;n(dt Seduibi 57,} a/ Hurte dwensionnd /@/Mmz‘wov.
Uﬂ) [o)lppu‘fwf/pﬂ a/ p/amy'ftrs o/ %mfe_ Mmﬁzm/( [//%5,
We stet with (T) —0/625:0/ on /(/]ﬂ/cs'l[ h/e‘z}o/lz ‘L[n/eog.
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1) Losten suf wlsehra, wej% ts & roots.

O first Sf?o n SMVMO{ (7) for o’)"’{ was o aécom/wye wm@é'-}’?o'n
te He diyeck sum of h/&('j/ré spacy ~ % jmwaﬁzeo/ 6{?0{}0465 for
Lo clonent A= (35) Ths eleusat spans He subatyebie of oliwgoral
merices in 8L,

Now &t p=S4 (F), whore F is an g{/jwmzﬁ closed $elid of har 0

Detinition:  The Sla{klj&{m of all Dééjoﬂd matiices  in 3( :
fo/faoz&,,..m/ Xt rXoz0F is called 4 Cavtan szn%c;ofm. Wi denote
'L%/S Jhgdjoo/m gy j

Detniton: feh V e « fute dmensional /;p}'esm‘az’/on of 7 ansl /’Iéj x
7L wajéf oz K- ={velV| 3 mo| (- < ,§>)mv:a, 'er/f)_ We
ja? A is a u/&fjlf of V if K#[ai A h/ajh‘ vector (5 an

element of Some “.

: f) Z/ s Snr 15 a basis ;4;///. 724
V/\: {ve V/ﬂmw/ (f-‘- —<J/):,->)”'V=of,
Ht-hf: j S an abelion Llie w%%m/ Se g&f/e/fors 7 MJ j/—}’gal’cmz‘aﬁbn
padrwise commute.
) V- V.
) xept A
E,{’M/ﬂ&/} [&Z! V—’ ﬂ-—h {e -é{c 'ﬁwz‘a@/cd /7/’(5’5,;1‘;:1‘/04 0/ S{ w

'fmz‘of%/cd basis ¢,..5, WajH vectors. Their wajh‘; are dencted ?
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s Em SO '(/Z”/ﬁ/t & “/"“; &4'“ X,) A

77

Z} Koﬂjfa/e# ’LZAL 4%.01'11‘5 /«7}’-6501‘{37&/0/7, g /g" /{/': é‘? &w“uxn)g y: {7{)’)654
we have LN r1= ((k-5)45). So J=q,, and for i), we bove Chat
o(:=§_-~§' Ls & M/a'jr{f afﬂ W. ﬂd:ﬂ-_gfj'

Del: Monzers A/u('jéz‘s of g, Lt §5 are colled Vools. The /on‘{m
yoots are those w c'i/', equ Vaﬁ‘:ﬂf/;/, E; Is uppes fhujw(ar, rol Hhe
S/m/aé nwots are 5-%,, (1., 0t Nite Yotk the Ltter %m a basis of

j* Wmfc ﬂ/{}o {/a;f a/a? /MS/‘z‘/w: Wt (s A 7/20-{/)1&2/ £0m/ina2‘/on d/
J‘/Iv}O& YO0,

: The Weg/z‘ sprees in /M k[rh are /—%mws;imd, 7 h/a{/'o%.r are
07[ ‘LG/c /g}’m é:/":,.+ &k : é;<4; <..< &'k, ﬂm/ {/e carlfa/-nmaéy h/e(/jéf vectors

Ahe Q/"EL‘Z/’_,_ Afe’k'

2) SL-suba lebras, waj/f lattia & 4;}4/:;1‘ h/az;;/{:_
Nistation: for a positive 100t A = &6 (<)) we wnte €, for £,
75 ﬂv E}i % é( /Z)V E“-EJJ for a S/m/vﬁ ot of:= & -8, e

write Q?{ 4; Jor 5,4.,7{;_, 0/,(1..

&ua’d MSVVUL‘IM«' € H@,/H{;, 4 Hé q/w/m:s a Z/'a aé%/& embed.
a/z'n; cé’{ — (=£Z; ) Mow we cen use The @&Smﬂfzoﬂ Z‘/eo/;{ 07/ cs’{

(lec 8 & 9) o sz‘w{} Zhat o/ﬁ
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Lemma: 1) ‘Vxej, veK we have xv=<}xoy
2 If ) isau&j/f of V] Hen
<2/4[7e7/,'6/é. (1)
3) {ZKC I{\M, 7’{ VACV,\-.,( #/oyzzz/z/e Woots o,
Boof: 1) Ths encouch < thece Hhis for Cuery X in & basis of 4 Bth
1) for )(=4L- & 2) follor Foom 2) of /Q’a/)an'f/oh on Section 7 of Lec S

3): Xe, v=¢,Xv+[xe lv= <t x7 V. 0
We /Voaeo/ 2o //j/cstz Ms{'j/z[ f//eog, tompare 1o Sec 1.4 in Lec &

j&/m;fion: 7ZL set o/ ;léj* Sdmf]’m} /7) is colled z‘/e Maj/f
lathice . We mtl dewte £ 6 N
« fo J,/qéf* we wvite 91.4/1 Z///-) is e 7/20“5146«/
Combination of simple Voots,
- A //jéesf h/cﬁ/f of V is a k/aj/z‘ moximal w.nt
Lhis ovder
« We Sy AeN is dominant of <l hivzo # i< ni The
st of  dominait A/a'jé‘fs s denoted @l / 4

M; note 1%(1‘ &/{7, ﬂé/[ can ﬂe ﬂm-am‘fw/;) Wrzz(fcn Aas ¢=i, /'ll- &;
w L€ 71/1,45 condytion f/d‘ Aé/L means Lhen )(47/)17/...7/ A,

Lver, V has at least ome Aighest weiht. It ) is a
7 4 J J



{/jleﬂz h/e,‘/’jéf a;ya( 1/6%; ﬁ/m Lf(l/so ‘ly/oo:/'z[///e yosts o.
5/5//12, (ci) ﬂ/ ﬁp/wsfﬁon n Sec 2 of Loe I //vr f;-,/m,/- ) we Ao digee

ZO/’DZ&U}: [I/erg, /g/cs'f h/&ﬁﬁ i a %mzc dmensioned ﬂ-/’?}’esehz‘vf/% (s

a/ominq/zz‘.

Evanpte: In tlo examptly fom Sect, B hokest weihts are
- F 7. 1= & w —f[a cheS/aOﬂa/m; h/e(z'fh‘ Vector &
g Aegg —mmm S il

. /IKZF” ]: §~;l-___+f‘K —_— = s T T T T ~€>\=¢/’C¢4--4flc-

% jan/f in 1%5 and Z(ﬂ/c noxt Lecture (s o /}’01/5 Zhe /:»ZZOM{;,
result, jeﬂem,&‘a'ng e Lie a,‘%%/a /m’/f of Thm in Sec 1.7 of Lec 8.
ﬁm: £ l/e;y 747;2‘6 a@wﬂolm,f z}’/’folua'o/ﬁ /yrfsenfa;(f/on Jas o
anigue 474«.51,‘ A/ef('/o/f ( end 2 wnlfe , 4p 4 /}/7004‘/0/74,&‘2;1) /’//4.:;1(
chéf z/eﬂ‘ar). 7Z/cin5, “he égn/csf Wajﬁ defines & {,/'-M/oh
/y‘fh/ea 'f'{a /50};707941% cAes §es a/ é'l’/’ﬁa/ud/fcs X aéxmham‘ Meﬁéfg_

3) Verma modites oud Heir imeducifl, /aWL‘/ 5.

We start é{ /}WM} Lhe cnipue pess /aa/z‘ of the theorem (e
existence /M mtl  be /)’al/aa/ late). As in e case 0/ CSDZZ, we 'l
ﬂuo/ ‘f[e %mya\ MOMS -2 am'vcrfwf /MM JWK/‘L‘M/ ﬁ V-3
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vector A Swfzrﬁmj Xvy = < A,x?vl\, e Vo, ¥ /py/f/»/e J0o%s .

Notation: [et - (Ve "C2) fe /o:;'{n/a wets ¢ some oroler
The ctements 72 v &, Soom & Basis in g So the PBI theorem
blls w Hhet fho lements

Sorm a4 besis in Z/(g)

T /a%wm; jewwza Defimton in Sec 1.5 of Lec &
./.D&f&’m'flon: Lef :{5}* The Verma modubs, A(L) iy Z/@)/_Z;, where
L= Ulg){ - <der, e, [ el o is positive root ¥
Set v:= 10T,
Simifarﬁ £o /Ora/oos/z‘/ah in Sec 15 of Lec S (ww/ (ts /ama/ ) we. haue
e /oZZawmj clains (0 ):
() Hom /A())/ V) N {ue l// xv-<ﬂ.,,<>) %l/:o}) %‘ﬂ-@o/aenz‘a,z‘/an /

Ulap) -
(é) Tle  elonants /772%)1 %rm a basis cn A()). //areal/ez; We

J¥ E k. Y
X‘/'{?é/}v%: <2_J‘§5f/"’(7”11 ¥ xe ).
(c) _Z;lﬂarl(mulay)
800 L 80, w s, =Fy,
/qejf/%)

@) For any Ulg)-subnodsle M <a(h), it hove M= OH,, H:= M1 50),

Who 13 one con comptiedy descnte all submodiutes of (1) T
jemmzl 'L%': ‘5 c'mlaassz‘fﬁ. /%u/cl/a, we /Mc fZL 7%&.//14;.
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/Qfa/yosnzzoh ¥ )e j ) has a é/ﬂliat maximel (w.rt <) Submode. (&
inigue (rreduci bl guotient, £o b densted 5 L(4)).

/D;foo/: fbirst of ol we leim Hat a Z@)-Sut{mm/w& Mis g4(]) & /"/A=
(o5 <= follows trom A0), #{eF; =" folllows From A0, =By £a0))= Uls ),
Now st wte Gt o N ‘Cdd ) ase fuo’me moémo/ b
tertac, set 1 50 bt ML @/4 e /‘/ {of ¥iel o
(> M), - S M- foF This /mm/es e /1’007/ O

(el el

7]& /oﬂow/? 5400/&/ {e come/cn/ fo Sec 7 8 in Zec S

[01/05&/3,: Z\%( V be an 6""’60/uafé /7;41‘55 a&m;ima/ /\;0/656177//&2(/47/7 0/
7 Thn V2/00) £ a wnigut Zé/lf. Moreaver, dim K*‘Z

1%0/: V Jes 2 ﬂ/(/;/csz‘ We«l'jh‘/ Lrerase in Sec 2. So Y/ =LA) fov some
A ; 254 (Hominant Wjﬂ) 09 foroflmg in Sec 2. Note Dot fé the constuc-
Gon of LC), we hove dim Za)f A A(i)ff Ao g (c) above, we have

/() 2«« # 105 = u<lh This implies Zhe anigueness of Yo ////cn‘ Wajéf. |

Lonclusion: We hoave embedded Zle set I"};[a/ /g) of %n/fc Aimensipned
(vveduci 64, - Feps winto ‘ﬁc set A 0/ domineit Wcz hs. Whet remains
is o prove Lot the image is /l, / y cach a{ammwz‘ weizht Hoe s a
Dute dimensioned (p. . Zhet /yn/erf Wagﬁf<=>7ér Aed,, dm L(])<
~%s e olone cn Lec 73,

3—]



9) /om/ofemmfs.
The Cﬂad 0/ ‘L%'s /Oaff (s 2o ca/?, over z‘/e content of '/4/;5

boctwe ta He Lessicold Lie wfja//es, &, £ ce’/g,,, Well do Ue forme
in some detail and Loave Be letber a5 an exeruse.

Fecall Hot 9= S0, (F) can be viewed as He Lie a/jr/{m 0/
/4 0/70@)(‘0;'5 Skew- Jymmdm w T an arf/ojamvf (= non- a/ je/vfmz‘a
fymmafr/c) fgrm /l/c fere —dt 74/414 on Al‘ W, matrix ( 9.1 ) 50
&0, (F) consists of metnees spew- s j}mﬂ(na wrt +the main anti-
éazrfomf

7Zc M/mwz‘dje of LZH/IS o/a/'ce is Yad now we fave /%w&«; ﬂéizjwmj
mailrices in 89, For n=am, z‘/? we of e Fom oéajﬁr KoK K) while For
N=am1, "6{? are of the Sorm o&ao?_[x X, 0 =Koy =%, ). /{/Z(j/emz‘c
e suKa{ij of suh matnces. Lot £ € j be e Fanctron _VeanoL
b dingored madrx ahore %o ¥, i<pm The clowerts .. &, Form

basis in j* [he rodts /='LG/c nonters h/a"ja/zls in g) we as /4//0;1/_(:
« (ase n=2m. 77‘? are rg-abg. w 4sz'i/'ém. e L’o%;oom’irr;, A/c(«';/{ prc
in o e F-dmensimed w. basis vectoss —

L Eper s T 28 (7)) ( )

4 /7
Eimerg ~Ejmr For L505 (ig)) ( ’1>
g By A A8t (). (4,:{/ >

’(QSC.' N=dm+1 . 77& Voots are i'g-i'ﬁ- w. 45/75m and also € w 15iim,
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We s«xd., Yot 2 root is /0051{/1/6 if its §f§- % Zf/' /747 N=2m ) or
gti. [ [<(/’ ) and £ (fov M:Mr/)/efz«[m&«{%/ £, CO//t;}oana/MJ, Voot
vedor [s en Lper z‘n}wjuﬁa/ matyix. Ths amfw/?, 5/@‘74” He I/Jt?aé
toots  ~ @ minimlk collecton of positive rodts st ey /mm‘u/e Voot
io Heir 7/20‘5)7{” combination. The J'/W Joots are as /m%h/;:
N=Z2M: dr 3-8, =875, ) o Gy "G 7 Gy Em.
N=2mrt: oG8, oy A2, o G G
//ow /Dz'czc 2 /aosiz‘/w: root L We can nomalize 4 Vectors < / 0/
Wajh‘ o) and £ (of wgﬁh‘ L) S0 Yhat €,7, and /{(:@,fjjjdlb;_
£l 8L~ reletons: [, e 1=2¢, [k, £1=-2f., [e, 1=, The vector {, is
detemined am'7ud;,, For Lhe Stupte Yoots 4, He vectors k. are a5 folllows
n=am: b= dizg (0.0 4-10.0-11.0), (<t hy=(0.,0,11-1-10..0)
(th stot

A=2mi: 4,- — Stmilar, A c<m 4,,,=[a,._0,2,q—z,q,.a),
MZZ/ s '{[z /V)’eswz‘zz;é/on 'f/foib’flc stu /7[ i Sectons 7-3 gees
‘Lln//oz(/jl  we have Hho Dnite dmansioned irveduibtl /fa/csmz‘a;é/om clssitred

é dominant h/a:"jh‘; (end S0 far Ao conbusion of Sectoon 36 reached)

: wore out Hhe 039/5,, (1 s even) case.



