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Notation in Section 3 modifiedon 03106

e Wenowproceed to understanding the representation theoryof
simplealgebraicgroups theirLiealgebras It turns out thatthe
case of Stn 34 isalready representative enough outsidethe
study representations ofLie algebras in characteristicp wherethe
case of3h is significantly easier than thegeneralcase Wewill
concentrate on the characteristic O case anddiscussthecharp
case area ofactiverecent currentinterest timepermitting
Timepermitting we will alsodescribegeneralizations semi simple
Lie algebrasalgebraicgroupsandevenmoregeneralKacMoody Lie
algebras
The threeproblems we aregoing to addressfor34
1 The classification offinite dimensional irreducible representations
1 Complete reducibility offinitedimensional representations
It Computation of characters of finitedimensionalirreps
Westart with I basedon highestweight theory

T



1 Cartonsubalgebra weights roots

Ourfirst step in solving I for34 was to decompose an84repn
into thedirectsum of weight spaces thegeneralizedeigenspacesfor
the element h 8 Thiselementspans the subalgebraofdiagonal
matrices in 312
Now let 9 34 ft where F is an algebraically closedfieldofchar l

Definition Thesubalgebra of all diagonalmatrices in34
diag x Xn xptattoo iscalleda Cartansubalgebra Wedenote

this subalgebra byB

Definition Let Ube afinitedimensional representation ofg andAef
Theweightspace K veVl F m ol g 4 g ve tget We
say I is a weight of V if V 03 A weight vector is an
element ofsome Vx

Exercise 1 if 3 n is abasisforb Then
Us veV1Fm ol fi a no

Hint B is an abelianLiealgebra so operators inanyGrepresentation
pairwise commute

2 V Eg Vy

Example A Let V I bethetautologicalrepresentation of34 w

tautological
basis g en weightvectors Theirweights are denotedby



En em so that E diag n Xu taxi

2 Consider theadjoint representationog For Adiag x xn KY yipe34
wehave XY a xjlyij SoDgo andfor i j wehave that
a g g is a weight ofg w gas FEij

Def Nonzero weights of g i e E g are calledroots Thepositive
roots are these w icj equivalently Ej isuppertriangular andthe
simplereefs are E E i t n l Notethat the latter form a basisof

5 Notealso that everypositivereet is a Thelinearcombination of
simple reets

Exercise Theweightspaces in A f are 1dimensional theweights are

oftheform Eit E i if in andthecorresponding weightvectors
are life it heir

2 34subalgebrasweightlatticeahighestweights
Notation for apositivereet a g g icj we writeexforEij
f forEj and ha for Eii Ej For a simpleveet ti g g we

write G fish for exitshai

Crucial observation e tea feta heh defines a lie algebraembed
Ling84 g f34 Nowwe can use the representation theoryof84

Iec
8 20 to study that ofg



Lemma 1 AxeG well we have xu Xx v
2 If I is a weightofV then

Ihi e TL ti a

3 CakeVan takeVy tpositivereetsd

Proof 1 It's enough to checkthisforevery x in a basis of5 Both
1 for x hi 2 fellow from i of Proposition in Section 2ofLece

3 tearseatv xears ItL M V D

Weproceedto highestweight theory compare tosee1.4 inLec8

Definition The set of Zeb'tsatisfying o iscalledtheweight
lattice We will denote itby A

For Ipie5 we write Is u if y X is a Tglinear
combination of simplereets

A highest weight of V is a weightmaximal wv t
thisorder

We
sayTEA is dominant if Ihi set in n t The

set of dominant weights isdenotedby A

Wenotethat every ten can be nonuniquely writtenas E tie
w XieTL the conditionthat heA meansthen XpXp Xn

peruse Every Vhas at least one highest weight If X is a



highestweight and velly thenearso tpositivereets 2

Using ii of Preposition inSec2 ofLec e Herehi.fi wededuce

Corollary Everyhighestweight in a finitedimensionalg representation is
dominant

Example In the examplesfromSectthehighestweights are
I I g w the corresponding weight vector e

g X E en i i e Enn
A f I t ten i i i

eggheh hee

Ourgoal in this and the next lecture is toprove thefollowing
result generalizing the lie algebrapartofThm inSec1.1ofLec8

Thm Every finitedimensionalirreducible representation has a
unique highestweight and aunique uptoproportionality highest
weight vector Takingthe highest weightdefines a bijection
between the isomorphism classes of irreducibles a dominantweights

3 Vermamodulesandtheir irreduciblequotients
Westart byproving the uniquenesspart of thetheorem the
existencepart will beproved later As in the case of84 we ill

greedthe
Vermamodules a universalmodulegeneratedby a



vector V satisfying Xv Xx y ed so tpositivereets 2

Notation Letp par IN Gt be thepositivereefs in someorder
Theelements fp hiep form abasis in g So thePBWtheorem
tells us that theelements

form a basis in Ucg
j tr highego

ThefollowinggeneralizesDefinition in Sec PS ofLec8
Definition Let Zeb The Vermamodule OA is Vlog Ix where

Iv Ug x 7x eatxe5d ispositivereet
SetVx MIX
Similarly to Proposition in Sec 1.5 ofLec8 and itsproof wehave
the following claims exercise
Cal Homug1017 V

I veV1xv cha gu o t g representation V
6The elements1.1fpi o form a basis in 0 X Moreover we

x IIfig I X Eikjpj x ox Axe
e Inparticular

OA noun w ONEEY

Id ForanyVlog
submodule Mcold wehaveMs Ma Ma Mnoun

When n 2 one can completely describe all submodulesofold In

general
this is impossible However we havethefollowing



Preposition A left OA has a uniquemaximal r.t s submode
uniqueirreduciblequotient to bedenotedby X

ProofFirstof all weclaimthat a Ulgsubmodule M is40171 My
lo fellowsfromold e followsfromWillyFuKOA Ugly

Newjust note that if Micod are submodules indexedby
certain set I so that Mi 1213EMI If MY e Viet then

EgM E Mits e Thisfinishes theproof s

Thefollowingshouldbecompared toSee1.6 inLec8

Corollary Let Vbe an irreducible finitedimensional representationof

g
Then VILA for a uniqueTEN Moreover dimVet

Proof Vhas a highestweight Exercise inSec2 So V Llil for some
X Xel dominantweight byCorollary inSec2 Notethatbytheconstructionof LA wehavedimLA ydimON 1 Alsoby c above wehave

Lily a pestThisimpliestheuniquenessofthehighestweight A

Conclusion Wehaveembeddedthe set Ivrylog offinitedimensional
irreducible g reps into theset A ofdominantweights Whatremains
is toprove thattheimage is A foreachdominantweight there is a
finitedimensional irrep w thathighestweight for tent dimLX a

gite
bedone inLec43



4 Complements
Thegoal of thispart is to carry overthe content ofthis
lecture to the classical Liealgebras SenEspn We'lldotheformer
in some detailand leave the latter as an exercise
Recall that g son f can be viewed as the lie algebra of

all operators skew symmetric w rt an orthogonal f nondegenerate
symmetric form Wetaketheformon F w matrix f So
son f consists ofmatrices skewsymmetric w ht themain anti

É advantageofthis choice is that now wehavemanydiagonal
matrices inBenForn am they are oftheform diagxp Xmxm Xi whilefor
n 2m t they are oftheform diag x Xm0 xm X Let5denote
thesubalgebra of suchmatrices Let eiettbethefunctionsending
thediagonalmatrix above toXi is9 m Theelementser Emform a

basis in5 Thereefs fthemonteroweights ing are as follows
Case n 2m They are tf g w Isiajsm Thecorrespondingweightspaces

in og are fdimensional w basisvectors

Eij Eno j na i for L E g i j it

Ei no j Ej no i for 2 Etf icj I
Enn i j Ent j i for 2 E g icj

Fase
n 2mn The roots are Igt g w Asijsmandalsotee w Isism



Wesaythat a reet ispositive if it's E g w icj for n 2m or

E Ej icj and E fornamed equivalentlythe correspondingreet
vector is an uppertriangularmatrix Thisuniquelyspecifiesthesimple
roots a minimal collectionofpositivereets s t everypositive reet
is their Tg linear combination Thesimplereets are as follows

n 2m 4 9 22 55 2mFEmi Emdm Em tEm
N 2MtP dpE Ez dmEm EmdntEm

Nowpick apositivereet 2 We can normalizethevectors g of
weight 2 andta ofweight 2 so that eats andhe g to satisfy
the34relations Cha e 25 ha f 212 Leata ha Thevectorha is
determineduniquely For thesimpleroots di thevectorshi are asfellows
n 2m hisdiagleggystg

o t t o iam hill 0,19 o9,0e

n 2min hi similar if iam has e 02,02,0 o
Withthis the representation theoretic stuff in Sections t 3goes

through we havethefinitedimensional irreduciblerepresentationsclassified

by dominant weights andsofartheconclusionofSection 3is reached

Exercise workout the3pm n iseven case

I


