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1 e Recap

Recall that F is an algebraically closedfield ofchare g 34 fl
b diagx allxp the the Cartansubalgebra
For i t n p we consider the elements hisEii Ein in a basis

inB Inside5 we considersubsets Aon consisting of all weights

Xebkhhis EE fi and all dominant weights ten w Ahis o
Explicitly As EhiEllie 7230At Eliel diet tide an
We have a partial order on5 Ism M teSpangdei glicj
Explicitly en N thismeans

XsM EET sEMi t Ken Ehis Mi exercise

Lethag be the subalgebra ofstrictlyupper triangularmatrices
hisgpanyfgisiggadjened the Vermamodule
0X Ug ulg Span x tix ylxeb.gea a Vx It Is

We'veseen Proposition in Sec 3 of Lec42 that old hasthe

uniqueirreduciblequotient LA By Corollary in Sec 3 of Lec 12
Afinite dimensional irrep V of g F heh w Vs LA
Goalfortoday H XeA LimLA co

This will finishthe
classification offinite dimensional g irreps



11 Explicit constructions

Definethe fundamental weightsWief ist n t wi Egg so

that wihj Sig Every ten isuniquelywritten as É niwi w
his hi e e

Now we discuss wa Weclaim it's isomorphic toExample
A F wogaction givenby 3via vid Éya ti vk tJeg Indeed

We is a highest weight ofA F Ex inSec2 ofLee42 Moreover A E
is irreducible The weights are X E t teak A A Fei heir then
we use Ejeielei eie ein ein eje ein to see that if a subrepresentationcontains lip nein it contains all ej nejiSoA E isirreduciblewhighestweightwk So by Car in Sec 3 ofLec42 V LCwa

Proposition dim LA a H Kent
Proof First let Viv be finitedimensional g reps w highestweights
I X RVieVix a Then VOke V V xx

from x you xrektyexk
compare to Exercise 1 in Sect of Lec11 Thx to above then
can find an iteratedexproduct U of A F s w highestweight I
Take nonzero UeUy I Ulog module homomorphism ON U

Etsu Then old imy Ug u SinceLCH is theunique
irreduciblequotient of oat Ugly LA s

Remarks 1 We'llsee later that Ulgu is irreducible
2 The representation U intheproofcomesfrom arationalGrep

gfsSL f Sinceevery g
stable subspace is also Gstable one can



see that LA alsocomesfrom a rational Grepresentation Thxto
Thm 2 in Sec 9.3 ofLeeG eachrational irreps is isomorphicto

exactly one of irrepsgiving LA

Example Consider I dwide We take U Edas et Then
u e Sh 5 I a g subrepresentation It's irreducible exercise Note
that for 2 2 recoverMCL 5 54

Remark The two examples can begeneralized to arbitrary X via

SchurWeylduality See5.18 in E Namely observe that F
is a representation of Gln F xSa whereSyactsbypermuting tensor
factors Pick apetition X A In of d andformthecorresponding
SyirrepVx Section 5.2 in RT13 ThenHems Vy J is a

Gln irrep Moreover the corresponding representation of24 isLIElie
Eg S F NCE arisefrom Vgtrig Venisguy respectively

1 2 Homomorphisms between Vermamodules

Now ourgoal is toproduce a finitedimensionalquotient X of
OA heh w explicitrelations This will showdimLA o This

is much moreinvolvedthan what we did in theprevioussection
but uses several importantconstructions incl one in the title and
reveals importantstructure Ourfirststep is to establish a
homomorphism between some Vermamodules

Pick is t n t heA w 7,4770 Set m chhi tf X X mini



Preposition dimfleming OHHON P

Proof Letgo gn be all positiveroots For L E g icj we

set f Ej egg Then by 6 in Section 3 ofLec42 the
vectors 11fp.to form ebasis in old and theweightofthis
vector is X Ehick
Some notation wewritee forEi in fiforta Si forSpanglerhi.fi

it's a subalgebra ofg w347Si

Recallthat by theuniversalproperty of 0Xi CalinSec3
of Lec42 we have

Hemu loll'dDAD veal are

Exercise D X x 5 fmy hint analyzethecondition I Enip h mail

It remains to show at vee Thisfellowsfrom
Exercise theLiealgebra h isgeneratedbytheelements ej
j t n t

Wehave gfiveo fj hint ej.fi so for j i whilethe
case of j i is an 34computation done in theproofof 3 of
Proposition in Sec 1.5 ofLec8 efim fmeetmf hi m i D

T



1 3 Finitedimensionalquotient of O X
Suppose XeN X I 1 7hi tiki
Let qi D Xi old be a nonzero homomorphism it'sactually
injective but we don'tneedthis Suppose TEN Set

IN ON Eiimy
independent ofthechoiceofyi Prep inSec1.2

Proposition dimEA o

Note that I X LA So wesee thatLim Lao
Later on we'll see that EA LA

We introduce somemore notation To a simple reet di E E we

assign Si e6115 sit X 7hi di Moreexplicitly
Si IEniE EyhiEi ni hit Ei Ei s n ft thing tniEetthnEn

Definition The subgroup of 61151generatedby si is called theWeyl
group of G R is denotedby W

Exercise W isjustSn acting in its reflection representation5

ProofofPrepn The outline of theproof is as follows
i We show that everyvector in IA is containedin a

finite dimensional Si subrepresentation
ii Weobservethat Ianto pesta dimTalma

T



iii Weshowthat lilacid imply an isomorphismEAL ECTsin
fMEN
iv We deduce theclaim that dimEA from ii iii

i Let I denotethe imageof neo X in EX Since Mlg viold
we see that Ugly I X So it's enoughto showthat anylies
in a finitedimensional di subrepresentation Hae Uog
Note that Ulog can beviewed as a representation ofg via ad

att a 3 a We claim that a lies in afinite dimensionaladlog
stable subspace UCUlog Notethat Fi dae Ulog si Span3.32 al
Jr Beg Ksi
Exercise Ug s isfinitedimensional and adcopstable hintfor

thelatter 31 33,332 3,43 3,31533kt 313k it317

So set Ho Ulg si Andsince f yo we see that Vo
Span fityal je m 1 is di stable andfinitedimensional

Newweproceedtoproducing a finitedimensional si stable
subspace of IA containing ay
Exercise For every g representation V the actionmap 2 Ug ok U
a v Hav is g linear

In particular 2 Mlg ex IA X is g hence si linear
So ayy 2 a Ex CL U Ve a finitedimensionaldi stable
subspace Thisfinishes i

I



ii Since Oct s X it's enough to establishtheseproperties

for 0 X insteadof IA Recall that the weight vectors fpj.io
of weight X E lgp form a basis in OA So

LimDays k Kate 171455Igp
Exercise the set in the rh s isfinite andnonzero just

iii We can assume signpi By ii AlmoEXsi is finitedimensional

By i I finitedimensional Si subreprepresentation VCIA that
contains tune IA sin Note that hiacts on Eambyguhis e
and en IA si by gu guhi dihi guhis 44hi hihi
44hi 29hi guhi l So take Tas che where
Ve veVlhu lu Ve v ellhrs lv AssumeCao w l og
Recall iii of Proposition in Sec2 ofLec J that e Ve t Ve

Fil Ve Ve Also et IA sinceAlm fieEamc E Xsin Since
dimVe dimVeco we conclude that Jim Ealydim dsip

iv Since all weight spaces in EX arefinitedimensional ii itis
enough to show that there are onlyfinitelymanyweights of IA
We'll deduce thisfrom iii Consider theelement w.ESgivenby
Wali htt i It sends allpositiveroots to negativeroots so
reverses s From iii the set of weights of X isSnstable So
ifJu is a weightthen so is won From ii M WMsX we id
WeX sMsX The set ofpi satisfying theseinequalities isfinite 5

A



3 Complements

Ourgoalhere is to see how the construction of theirreducible
representations corresponding to the fundamental weightscarriesover
to the orthogonal andsymplectic Lie algebras For3hthis is Sect 1
We use thenotationofthe complement section of Lec 12

3 1 Symplectic case this case isquitesimilar to the case of
3h Thefundamental weights are 9 EtE Et tem m n 2

Let Ubethetautological representation of3pm withweights em s
em The highestweightof A V is t.iq Withsome multilinear

algebra work one canprovethat A V Wic wk70 Wiccan

3 2 Orthogonal case this caseestablishes newfeatures Theirorigin
is that while Sh e Sp E are simplyconnectedthegroup
Sen E is not thefundamentalgroup is 71127L So one should

expect that there are irreducible representations ofZen e that
do not come from rationalrepresentations ofSen e This is indeed
the case halt spinor representations Theyhave to dowithmodules
over the Cliffordalgebras

Definition Let V be a finitedimensionalvectorspaceover E w an
orthogonal form B By the Cliffordalgebra Cl VB EACH
one means thequotient

TN u vivo u BluullaVEV
I



Exercise Let un unbe an orthogonalbasisof VThentheelements
ViVii Vi w I if in form a basis of U VB In particular
dim Cl VB 2

Thespan of the basiselements of theform Vi View
even k is a subalgebradenotedby Cl v

Let's newexplain of connection between so v RUN

Exercise In the notation ofthepreviousproposition Spangvivjy.li
c Ut v is a lie subalgebra isomorphic to do v Moreover it
generates At v

It follows that restricting an irreducible representationfrom
Clt V to sect we get an irreducible representation It turns
out that Clt v is isomorphic tothematrixalgebraofsize21
if n is oddand to thedirectsum of two matrix algebrasof
size 21 when n is even

First suppose dimV hen is even and consider Cl V Pick a
lagrangian subspace Lc V i e e subspace ofLim m sit the

restriction of B to L is zero Then a complement to L in V is
identified w L via veV to Blu L 95 So we can decompose

Vas LOE

I



Let's construct a Cl V module structure on theexterioralgebra
AE him Here an element le L V acts on ALbythemultiplicationby l An element Lett sendsthemonomial e le ne te

Ey fi 2 l l hi lid lk

Exercise Checkthatthis extends to a representation ofACV inAL
Moreoverthis representation isirreducible

Comparing thedimensions we see that UN I End AL
Now let'sproceed to Clt V still for Vofeven dimension It's

an algebra of dimension 22h We can decompose AL as NeveLendl
where Nevel is the sum ofevenexteriorpowers AddL is defined

similarly One easily sees that these two subspaces are Cetulstable
So the isomorphism Cllr End hi restricts to

Clt r End neatyetEndNevenL
which for dimension reasons is an isomorphism Ourconclusion isthat
addL NevenL are irreducible Clt V modules hence irreducible

30 v modules forLimVeven
To understandtheweights we needto understandtheelements

of Clt u corresponding to diagonal matrices in3am Let e eambe

the tautological basis for 20am fmatrices skew symmetric w rt
themain antidiagonal Then thediagonalmatrix Eii Eno i na i
Cn 2m corresponds to eien i engine exercise

Pick E Span g em Then I Cecena en ie acts on tell by12
I



So Phasweight 12 ft Em And ei heikeNL has weight
12kt Em t i ten So the highest weights of A L NevenL are

ftteal Wm2 t Em Em Wm ThecorrespondingSemirreps are
thehalfspinor representations
Tohandle the case when n isodd named we make thefollowing

observation Let I be an orthogonalvectorspace ofdimension 2mn
Pick a vector V et w v ve 12 Let V vet Themap V
T u ever extends to an algebrahomememorphism Ulu

Clt T that is an isomorphism leg it's nothard to see that dolt
is in the image So Ut t hasthe uniqueirreducible representation
Onecan compute that itsweight for self are12644 em

So the highest weight is wiglettent
The two irreducible representations ofsownandtheirreducible
representation ofSean come not from representations of Se but
of its 2fold cover theSpingroup
The rest of irreducible representations whose highestweight

is fundamental w w K m t for non Ksm for nam ti areeasy
those are Aken

A


