/%argsm totions of m{j’(/émic groups 4 theiv Lie %dmg X

1) dm L)) <= fo del,
2) /m/ofemwz‘s.

10) ,@sz_
Gcall Hat F is an ﬂgmammzﬁ cLoseol el of char 0, g 2L (F)

Is =M}Lé[x,,...,xh)/}gt..+x,,=0}; e Lortan subplyedre.
for (=4 11 we consider e elements 4 =£.-E,, ..,
n } . I/lslo/t j ¥ we consider sufsets  /12/] . 60/75/}1‘4';704[ of 2l Z/e:’iéfxf
;{ej*/<l4;>€74 ¥i, cnd all dominent h/e(//'«/zﬂ: e w J h>3a
Eytiatl,, /-1 S kel e ZEo ML S kgl heZ \2h22 4]
We hare a /mvz‘/al wder on !* J£/u<=7/1~,le_3/"mn7(h(£,--§‘lz'f/")
E);oﬁcifg ,on /| 7{0//} meens . . ,
Mpe Zhe 2 g ¥oen & 202 py (o)
Let nc I Le 4he Suo’a[g{e/gm of Sfrzytgt ypper ﬁmnjz«/(ar marices:
foi = Spang (Eglie)) - [(s>3)%
for e j* we have defmed e Verma modute
d//()-‘=Z/@)/Z/{7)5/9MF[K- <) x7, ;L/XE}: g 6}9 = HI};
Weve Seen, e'o/gam‘/w in Sec 3 of Lec 77 ot Afl) hes HYe
L gu lyresuii 64 }wf/en{) Z()). /% Corol? in Sec 3 of Lec 77
¥ fnite  dimensionad irrep V of g [ e A,ow V= L0)
ool fov toclay: A NEN, = dlm L()) <

2 6as)s

Ths wll fwsh Lo classifiction of fnite dwensioned g-irveps.
7]



71) [x/ofm‘f construtans, -
Desfime A 74}10/{/4@011‘&1 a/aj/fs AR j #j et N1, 4 = EZ‘,EJ
HUet <wt~,/;d-> =Xf]' El/&l‘} ﬂeﬂ+ 15 unigucls, written g5 z% (/]7,-4),- w.

n=<Ahre %, .
Examlo&: /Vow we 0//'36(453 Z/w,d ). M Leim 1% /Somoyo//c %
AKF”/W-g'MIO” j/yg,, {& E(V,A..,/'l/k)—'égzl. '4".,_'1;%.4_“/\%() ‘erg _Zho/cgo/)
0, s 4 4(1]/»355 w/(’jH of NE" (Lx in Sec X of Lee 12), Moreaver, N°F”
is iedudble. The weshts are A=5r.rE, & (NF)=F¢" e &t
we use E,/z‘c /f 1AM N, )= %016 Zo se hat //a 51/5/60

Je
vesentation Conz‘tuns & 1.7¢. it contrms all 5" "f_’ So N°F " is crre-

So

Le?

04(044 WAJA{J'& W‘&J/!f &.) . 50 J, /)0}’ (n Ser,gmz Zec /2 V Z/L,),C )

Faposition: dm [(J) <= # A/,

/D/’ﬂo/ birst, bt V Vi be Dnrte a/m,wsmﬂd g -reos w 4/ fest wajﬂ;
A1 fve f/‘ \{03. 7Zw voye (V (201/)} A (Hom x(y @K) =Xy @Y+ OXY,
Compare o Exerase 7 m Sec? of Lec 7/) Thx 2o 2fove , #rel,
tan i an iteeded @/»@o&&f U of N'F™s w ﬂ//j/c;f h/aj/z‘ A
ke  nonetno o/eZ/ 3l Z//j) - moclule /omomo»?a/:sm A(A)——*Z/

H{,/ ﬂm 4(1) ->>cmcf Z/( )u. Sinee Z[,U is z‘n/c w;17u
/ma(ua/& gudtient o AC), Uplu —L()) 0

Kemarics: 1) Woll see lader Lt UG s inredeci.

2) 77& /’goﬂsmfaimn U i Yf[c /0}'007/ Comes /?’om & vationad (Llﬁif,

"_f’z ‘SZ); (F) Since 6%5/0»1 f]— stedty Sa{S/ue (s also (st one can
2



Jee Yot L)) also comes fom a vationd [:1490/6507(,‘&1‘/0/1. Tk %
Thm Z in Sec 73 of Lec 6, eacd ntiomd /}’V?oj /s /}0Mo¢//c %

fX&V'{? One o/ /7747g5 jlvm} Z(l )

Exanple: lonsder A=desods. We taxe U(F)°% us 2 Ther
= S 0[[ F ) A gfjué/?/cswz‘dmn _Z-‘LZS //Vtodla{ﬂ_ [ ) /Vafc
Yot o od=2 recovr Mi)= S“(F)

Eemarc: The 2o Cxamples con fe generaks zeo 2 ma/zfrw} A - f/m

Sedur- MJ( a@dﬂ.} Sec 518 in [E] /émo? observe thot (P)

s 4 representation of  (L(F)xS) whve S Sy acts ? /DOMu’éIrIé Zensor

74%’015 ﬁce a /mrf/f/am ;l ( i ;l o/ 0/ wzo( 74;'/14 ‘f/{ (’0}4/{5/0/70//115,_
5 //Vgn V Section S.2 in [PT7] 7ZU4 /%M /V [ﬂ_) ) s a
J[ -/}’}’? ///areoyer 7,46. carrespom//n /?/e;mz‘zw‘/on 0/ AY [ i) Z ( ZA 5
£y SUEV&ENE) amse fom Y, Y, zson  rpectuct,

1.2) /%momayylums betwen Verme modiles.

Mow our jﬂd is o /m&& a %/i/c Amensionat /wzf/am‘ [ (, “ of
A(/\) [/Ié/L) W f,r/é‘cif relations. 7715 mtl Sa/ow %m ////)<°‘? 7]:‘5
is much move jnvolved z%w whit we dod o z‘/e previous section
but uses severad, Z:M/Oarzlen‘f construtions, inl. ofe m He 2 andl
revead's c'm/oarfwff structure, v frst 52470 s 4o establsh a
éamamp hism bertween Some Verme modiles

Rex i=1.,n1, Jel w <]hvr20. St m=<}hrt1, )= A-ma,.

3]



/DV‘O/UOSi-),[Ioh © dm o

"te) (200]) 2000 =1

Roof: Lot ﬁf,v be all /aomznfe yoolts. For of = & -5 ( C'<J'), we
st f=Eeq . Tho, by (4] in Section 3 of Loc 72, the
vectors /¢/=7 7/{?:"2); Aiém 2 basis in A(N) anod £ Mﬂyh‘ of Fhis
vector (s - 2 B,

Some ﬁo%[a:f:f;: we write & for /:_‘;,-ﬁ, 7,/ for 7,{., S o \_S}MF (. 4,7{),

s a subabsedre of g w Sl <> S,

becell Yt by He wnivesel pryperty of SOR) (@)in Sec 3
07{ Zec 72) wWe /M/c

Homygy (60))), 200) = {vea(h), [Av=0F
: 80, = ") lht: anetyee the conditon 1-5 .. 1= me;),

Tt remains 4o Show ﬁ;{ h’l/k—"d 7%5 /ﬂow: Hom
erece: Ay Lie a!ff«/&/a hois ng/a;éeo/ a} Al eloments 5./
J =7, N1

- We have 5-7{-)’”[/%=0 75/(] (ot : [EJ.,/;]w 74/0(/'#) whty e
case of (/’sz’ /s an SI- com/bafzuéion done én He /oroa/ of 3)of
P/zyas;’f/o/q in Sec 1.5 of LecE): ed"=Le+mf" (b - (m-) 0
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7.3) Finrte. dmensional. guoteat of A0
Sc(//awe }é/lf /({l/' ;\—(<ﬂ,/,-7+7)oz,-_
Z&‘f 70 A(/l/) —>A()\) be a ronzen /omom07o//m 2, ao'ém//%
/}yfa‘m: but we odpnt neeol z%y] Su//wsc deN?
ANE Am/z ng.
ém{ﬁow@f of G chuice a/;p ﬂgo tn Sec 1.2,

[Popasition: — dm Z0)) <=

Note ‘L%Uf Z/J)’_;’Z// So whk See ’L[n/a/’f a/m L)<
Later on welll see that Z(1)=/(1)

We introduce some more ntetion To a 5‘//79& W o= §-E, e
stj;; S 6[[[;) S; I=]- <] /704 More apﬁm.‘?

I)

S; Z,,g( Zﬁg( ~ (01, )(3 - 4,) = REnr ) EFNEAE,

Detmrtion: 775 Su{jmlyo a/ [Z[;’x) jmaa:c‘ea/é S s collod e /l/yf
j/m/y o/ ( X lxa/cmﬂfco/ ?, h/

W ois Jkrf S, ﬂoilmé in s /’o/ﬂwflm /?Va’mz(wf/at/) j*

ﬁ"om[7 0/ lal‘ap’n . ﬂa outline a/ z% /oa/ /s 4s /a%w s:
‘) A/e Séow 2‘/«2‘ ﬂl/e? Vectoy (n Z[,( ) 3 Cﬂlﬂzcunco/ i a
nrte dmensional = -Sao’/ff/eswz‘vf/w.

__7 i) We ofseve ik ZZ(/),,M =)/qs,l )4 a4m ZN/J)(;«J
5



n/

i) W show 2ot (i) & (6) [‘m/){} a /Sﬂlﬂoy//jiw Z[/lzqi"lfj)s[ﬂ
¥ mell
) We deduce the laim tat o L)< fom @8 iic)

) Let U doacte He image of Beald) in L(1) Swa Uly)y-a0)
we see Phat Z/@) Y- Z()). So, its emc;j/ % Show thet ay, Ges
in @ Fmite omensionad & - sub /y/cscnfd/on, Y ac UL o).

Note that Z/@) Cen be vieweo as a /7}'6:0;2/«75/0” 07/ ﬂ Vi ad:
2(F)a=[¥,a]. We claim that o Ces m o fwte dmensionid. ad (o) -
steble subpece, U e Uls). Note Aot divolae Z/k/7)‘<,-=5,mn (55,5 |

F-2€9), Ksé).
- Ulg)ey i Fnite dmensionet and adlap)-stabte. (bt for

Z%C Mﬂf [5, 5,_?,;] = [f,f, ]fzji"'j [f, i jfg}'k"'-'—flfk-) [}-/EKJ)

50,5&!7( Z/D-'=Z/{ty)5,'. Ao sinee 7{2’/\=0, we see thet - -
SP%({JQ}/J@..., n-1) is S -5tabl (and fnite dimensionat)
Now we /fj/aduo/ % //aaéa'né, 2 fimte dineasionsd & - stablte
Sal)}mce a/ Z()() C&ﬂ‘fze//rmj RY;.
. for cvery g-/—?d/cSehZ[f/f/Ph /4 Lo acton mep d: ﬁ@)@VﬁV,

aovay, /s gp-lnear

waz‘/c«,éf/ L: Z/@)@Z(/U —9[7/() (s g- Lf/ena S, - Onear,
So av,=d(28T, Y d (UR]), a fnite dmensionad &.- sttt

5&55/9&@. This /mi;ées (¢).
6]



(£) Since A) -—»Z(A) its etrocg{ * estakbisk z‘/e:c///az‘/:;
Sr 5() /ﬂsfeaa/ of 7N, Fecakl Lot 4o WJH vectors /77; 5
JZ 1
o WJA'é - 2:5/% Lo 2 basis in A(;{) So
/mA(J)—#[[/C K)EZ/J/, Zﬁlél
: f/e Sa?f n z(/e /’/s Is /}ﬂ/fe ﬁu,o/ //aﬂéﬂro<—>/f</\)

at) //l/e en ASSume 3/4 76/4 % [ﬂ) Z[/U $Z[/{) S s /mft /mensmwj
dq (), 3 / nite dmensioned & su!r,?ary/efmz‘a;ﬂoh /< Z.(/() Ghat
mﬂﬁun; L(/U@Z(/k)/f /Vofe f/aif 4 4.075 oh é/l) ﬂ/,)
and on é[i) </o- //704 />—/v/>—</;/,><o4,4,~7=

/%’7 z/m-- Syhr =L So ZW)ely, Llllye where

{véV /IV gv}{ V [Vé{//AV—’ZV} 4551/;1,5 Z&a wfaj
/@anl( (éic) of /09005,,{/0” n S’ec,go/ Zecﬂ Hhort 6 [/ ~ 61
£y =, Abo 200, < Z0),, £°20),c Z(1);,. S
a/ml/ a/mV <o e conogxoé Bt ohm L//” = dim Z//[

) Sime ol h/e(ij/z’ Spaces in /| ﬂ ) are %m'{e Mmﬂs;‘ﬂmf, (i), it
f‘noujé 4o Show ot Yheve are amg %ﬂl'fté« mary Waj/fs a/ Z ( ).
We il feduce Dhs Hom (i) (onsider Yo loment i€ _S; glven é,

W ():=nrt-. Tt sends ol /aom’n/e tots Lo negedive /o5, so
reverses <. From /t'z'[)) Ao set a/ Ma‘(’f'{f; of 27/( ) s S, stabb. So
d pos oa weiht, ton 50 i5 Wi pr Frow (i) py b i< h = fw%id ]
héA M S A Tl set of Vil ;Mzrﬁz}% Hese wefqa,&'z‘zey /5 75»7/1‘6 O

e

7|



3) /m/ﬂﬁ’mzzs.

Lur Jozz/f here is 4o see how e construction of Ho ivedusble
K;ofeswl‘ajbom Coircs/om/m;, %o the  Hnolomented Waj/z‘; Carnes over
% 4 a//z%joml and .Sjltf(eo’tl/c Lre @é’«%’u for L, 2his is Sec 1.1

W wse e hotetion of He amya/%mwzz section of Lec H

3.7) %}vf/ﬁ/ewﬁc crse: f//s Ccase /IS /az/['ff J//;f/'/tv % -64 case p/
S[;, The Sfoon danental wejlf; are € ,5+E,., S+ §, [(m=4/2).
Let V be th {Mfozﬁ'/CQ/Z Vopresentetion of S/,, i) A/cjézlf £..§,-E,.
-&,. 7L /{/j/en‘ We{l‘jézf of NV s Ert &, Wit} some (multiCnear
ﬂ/jfy&o\) wWoke One. (an prove ot NV = L )8l lw, )e. 69[/4),_,’2[,#)-
3.2) ﬂﬂ%jana/ case: Ths case esteblishes now foatuwes. Their origm

/s Yot whth S (c) 5;0,, (C) we S/It}o? comected, s Yo
5@7[ C) is not: Y Fumdomestel voup 7s AT So one shoutd
6,90601‘ Hat Hee ae creduiilt /V)’ejwfdlom of S0, (C) ot
do st come Som vationd @rtfwfdlam of SO, (@) This is indeed
e crse ~ (half) J/z'nor K?)’fSenZzA)é/OﬂS‘ 7;/7 have o oo with modiles
wer o litford a{jaffms_

Detinition: LAV be 2 %;fc %mmsfwm/ vector space over [F w. an
d/ﬂo;amj 749}'»1 £ § "{ZL %/fzro/ ibgw’m K/ﬂ//ﬁ)(r M{I/)}
e means e /Mo‘éenz‘
T/V)//ae?)v+v@u-5ﬁf,v)/@yel/)
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o LA Y.V, be 24 arf/ocjame[ b2515 of Y Then Y eloments
Vi Vi VW {<l,<.<ly form a basis of Z//yﬁ) _ZI;/MZZ/GWZRIS
dhm CZ[Z'B)%Z.’/

- The Spen of e basis olements of He fom G
Wen K Is & Suéa,{jm{/g denoted oéz 55+/V).

Ledos pow ﬁx/&jn a/ comnetion betbveen Sof V) & CZ+[(/).

o In the notaton of 7 //w/ba: //o/wﬂ'f/oﬂ , 5}”’”_— ( VY Y %)

A +/V) s a Lie 5“5&6(/{}’& /'Jomar///c 4y Soll) Nfoveaver it
jwer@f-es %1'[1/).

I¢ follps Hhet /’trfn‘(/f/ng, an (rveduible /?Vejenlza/’f/oh 7‘{/0114
KZ+[ V) t So(V) we j“’/{ an irvegluii 64 /’?}’aeﬂfa‘/m TE Zuwns
ottt L) i psomomphe & o metis alyphre of sie 2
i/ 0 s ao/oé tnd 2o U divet Sum o/ Do mailrix Mj{/ff/qf of
size 27 iden 0 is even

First Suppose dom V= 2m 15 tven and consiter X (V). Fer =
/ajrzwj/m .Fwo/f/ace ZCV, le. a Su!?mce 07/ dom m 5.2 e
restyicton of B 4 £ is zero 7Zw 2 cww/y&mf %o L il is
identobed w L? vie vell B Bl(w+): L > F So we can 0/6[0/”/01{
Vas /07

3]



Z\’/’L{ s constmd a V) 'lhom structure an 4he exterier jo/m
/{L=@Am Here an clomeat Lel <l acts on N by &l muttipli-
(’M,‘/on [ U An clomeut o €l” sends Hhe monomak E1614 N1, Zo
Z(/) <l N N NG L

' ﬂccc that f//} extends o lgw’cjmfat/o/; o/ ) in /L.
/%Veom/} £his Vyresmfﬁhon /s irreducbt.

éi?a//n} Zhe o///zwz;io'u/ e see Yot ULV) <5 End (N1)
N loios /Jfaac/ o OT(V) sttt For V of even dimension s
2, aljz/{ra. of dnansion 277 We can a/ecm}aafe Nl as N2/ MZ,
whore NL i 2l sum of even exterior powers £ /! ‘WZ /s dotmed!
Sxmifaxﬁ. Che ea:fé sees ot Hlese b J'L//.yptzce_r are COV)-stabl
So He /somo»;m/um L) == Lnd (AL) restridts +o
L) <> End (1°¥2) @ End (N°%7)
A///y{, Sor dmension rezsons, Is an 1;omo¢4/m_ Qur condosion iv Lhet
N7, N, e amduabl COT(V) ~mokiulles, henee  1vedlucibts
S0 (V)-modilles (for dim V even)
o anderstend A/ej/ff we heedd o anddorstond Yh elewents
of XHV) (ar/{;/ona/rg, -+ Joml matriey in S, . Let e, 8, be
L z‘cu/z‘afojlca,@ basis For <0, (= matrices  skew- Jmﬂwz‘/lc w.rt
Ze main ants- o/z‘ajoml ) Tlew the oé'o;joml MaArix E £, A
(n=am) [or/a/nono/: % 3 [

ﬂ+1: ’7fl 16)

e) acts on 7€/L

PCK éﬁ—%"’[‘; S ) % /f /l+1| ’7fll § ’2
7



So 7 fas 4/@‘;}1-5 ”1/§+ ~€ ). And e, eNl has wfjH
“Flnrs s, S A ol ;./g,j/f; of A’“”Z LN"“L ane
_Z[g‘+ +E) W, &7 [g+ + & ?;) =0, . The comespon g c’g%""/ﬂ’y: are
Lhe s lf. gpinor Feprestn “ations.
JA fendle He cose whea n is oo(o/ NzZmt1, we maie 14( f%wm}
Observation. Lot I/ be an an%ojoxml vector spac of dimension Imil.
Fee a vedor Vve ﬂ/u)-*‘ Lt l/f/ 77«.;”7) V —
KZ’L[I/)/ U T extends 4o an d/j va, /omwaho/y//w ALl) —
LF(V), et s an isomapphsm (e, its not ferd to ser Lhet So(7)
is in the imase) S0 L0H(0) hes e hine WA /y/cfm‘e/f/oh
Che. s Compute bt s h/ajq/‘zfs For Lo(V7) are j’[iii'git-.i‘i,).
So 4 /{/j/ﬁﬂ‘ Waj/z‘ b @,= :ZZ (s+.+5,). We g Yo spinor /-?OYfSCn'fa/floh.
TL Pvo imeducibt. /ykmz‘d/f/aw of ,, wnd Lo oreducid
/?f/esmfa;ézoh of S0, come not Hom /’w;a/cfwzza/‘f/om o/ 50) but
of rts simpt, comeofeo( Z-#ot coves, Ze _gmh j/oa/a,
Tl rst of imeduible Ky/esmfaf/om whose //ja/cnz ekt

J
(s 74140/%%%41 /wk w. k<sm-1 /r N=dm K &<h fgr ﬂ—z/ﬁr/) ase f’m}_

—f/o:c ore /[E( )



