








































































Representations ofalgebraicgroups theirLie algebras X
1 Harish ChandraHc isomorphism for the centerof Ulg
2 Proofstarted

3 Complements

a e Intro
F alg closedchar 0 field9 34 F Z center of Ucg

Goal Describe the algebra Z andunderstand its action on old
anditsuniqueirredquotient X Xe5 7 Apply thisdescription toprove
that every finite dimensional g representation is completely reducible

1 1 Homomorphism Z U5
Todescribe Z we construct an algebra homomorphism Z 615

Later we'll see it's injectiveanddescribethe image hencedescribing Z
This homomorphism will also beused to describehow Z acts onold

Recall for L E g i j apositiveroot wewritefo Eji e Eij For
it in P hi EinEinit Ns Gt B pm all positiveroots

PBWThm Ughas basis 17ftp.jIthit17empt a

g
henceB acts on Ulog by ad adx a x a xeb.eeUg

Exercise n is a weightvectorofweightÉ Im t.glpj hint Axe5
g
be Uog have x ab Exa bea x63











































































Now we define a map z e th Z 94151 Bydefinition HG is
thesum of all monomials in theexpansion of Z in 1 thatonlyhavehis

Example for C Eh'thafeez Ulsh Hc h'th

Note that all monomials in theexpansion of E HE must have
1g 0 Mj e for somej j x t so Axe E hasweight l therefore

everymonomial in z musthave weight e So theUlf satisfies
z HftEg ep 2

Notethat I is an abelian Liealgebra 41575157 5153 So
we can view HC as apolynomial on

Proposition A H Ee Z hey z acts on D 1 241 byHG X
2 z toHG is an algebra homomorphism

Proof A Have 0 X Vlog v R z commutes w Vlog Soit's enough toshow

ZugHCAlvy But eve ofpositiveroots2 so121 Zu HCAlvy
Theclaimfor LA fellows6k OH X
2 z toHG is F linearby constructionBy 1 HC X theXHyI Tt XE5 Z tt Z So HG thethe scalarbywhich z z D

actsonO X

12 HarishChandra isomorphism

Preposition inSect1 Sec 1.2 ofLec43have an importantconsequence
I











































































For ist n l define sit X KI hi 1 Li so that si is anaffine
map 5 5 sit Xi in thenotation of Lec93

Proposition Tze Z lefthave HC X Hfcs 7

Proof Case 1 Ihi eThe BySec1.2ofLec13 I nontere Ulollinear
homomorphism 0 six 0 X scalarsofactionsof ZEUg on

0 six OH coincide By Prep 1 HC X ticals X
Case 2 general The lens he5 1 7hi cThe is a countableunion

of hyperplanes he5 1 7hi m for me 7 Anypolynomial
vanishingonsuchlocus is identically l Apply this to thepolynomial
X oHC H HGlsX finishthepreet 5

Example For84 5 0 w h 1my se w 2 2 pet six I 2
Since the h'th weget theA Xxx HeelX 2

In fact I to sit extends to an actionoftheWeylgroupWESn
on5 Set p Ej E g Ig I i get so that phis t
Sip p 2 Then silttp p tip capdi p d Khiladi six

Definition Theshiftedaction ofWen It isgivenby wa swap p

Consider thesubalgebra 551 fe 51531fewx fat theftwew of
invariantpolynomials Sincetheelements sigenerateWPrepositionabove
37











































































implies the F53 t z EZ Thefollowing will beprovednexttime

Thm HarishChandra z e tCz Z I f53

Corollary ForApref TFAE
a TeW.ge
z HGA HGGu FEEZ

Proof a z is a directconsequence ofthetheorem e a becomes

if f x fqui f f e F 5 it then XEW.su This is exercise hintfinda
polynomial f that is 1onWal O on Wgnandaverage wv t Waction
f toFwEwfw

13 Application completereducibility

Thm Everyfinite dimensional representation ofg is completely reducible

Proof Let 1pen Then Xppep are strictlydecreasingso xew.pe
TapeWGap for the usualaction tap isobtainedfromjumpby
permutation implies X p So thx to Corollary in Sec1.3 if
I A Ze Z acting on LA Lyn bydifferentscalars
Once we know we canprove the complete reducibility offinite

dimensional g representations similarly to the34case There are no
new ideasjust technicalities thepreet is in thecomplementsection 5

Thefollowingestablishes some claimsmade inLec43
T





































































Corollary 1 Every nonzero finitedimensionalquotientof a Vermamodule
is irreducible Inparticular X IL X seeSec4.3ofLee13
2 Let XeN U a finitedimensionalg representation well sit
hue edu o Hpositiveroota Then Ug a cu isirreducible

Proof AnyquotientM ofold hastheuniqueirreduciblequotient Lal So
M is completelyreducible M is irreducible ApplyingTheoremget 1
Toprove z notethat DA s Ulolu compare toproofof

Proposition in SectP ofLec43 So o 2 I

Rem We don'tneedthe fullpowerof HC isomorphism toprove
the complete reducibility there are moreelementaryproofse.g
See 6.0 inCK or Sec 6S in BJ We will essentiallyuse
the theorem whenwe compute the character of LA XeN

14 Algebra fgym
Consider the affine isomorphism t 5 It Xo Ttp sothat I wit
wold So I gives rise to an isomorphism t 5153 I fly
Let's describe the target Embed5 45 as reten DefinepreFGAW
by Pla xn EeXi fer k a p so

Lemma 5155 is thealgebraofpolynomials inpainpn
Proof exercise notethat we are essentially dealing w thealgebraof

asymmetric polynomial



Exercise Z U341 isgeneratedby C

2 Proofstarted
2A Z vs Utoy
To establish theHC isomorphism we'll need an alternative

description of Z Let Gbe aconnectedalgebraicgroup w Liealgebra

g RecallSee1.2 ofLeche that Gacts onVlog byalgebraauto
morphisms the subalgebra Ulg culg ofinvariants
Lemme Z Ulp

Proof Z aeulogyadx e e Axeg Wewrite Fforthetrivial
representation of g or of G Then

2
91

Hem E Ug 79
Hema quip By

Thm 2 in Sect3ofLee t

y
a

Ug
9
open a

3 Complements

Here are somedetails forprovingTheorem in Sec 1.4
Decomposition into infinitesimalblocks Let Ube a grepresentationnot necessarilyfinitedimensional Let X Z 5be an

algebra homomorphism Set



V veV1AzeZ I m e set Z NN O

This is a Ug submodule in V If V isfinite dimensionalthen
V QV Moreover Z actsby 67 on every irreducible constituent

of V It follows that Nt HC X forsome Tent whenever
t 03 Moreover by theobservation in theproofofthetheorem

in Sec 1.4 in this case X is theuniqueirreducible constituent
of V
So assume V V V isfilteredby X w XG HG X

Then LA O V T Vthepreet repeats that in Sect3ofLeed
Details are left as an exercise


