
 Representations ofalgebraicgroups theirLie algebras
1 Cheralley restriction

theorem

2 Proof of HC isomorphism
3 Complements

4 In the last lecture we havestatedtheHarishChandraisomorphism
theorem for the center 2 4197ofUlog GSL toberecalledbelow
Thefirststep is toprove an analog ofHCisomorphism in an

easiersetting ConsiderthesymmetricalgebraStoy Gactsbyante
morphisms subalgebraStoy ofinvariants We'llestablish an isomorphism

Slop'sSigil whereW oSn is theWeylgroup This is known as
theChevalleyrestriction theorem
Westart with an exercise compare to the case of54 in Sect3 of
Lecto Consider theadjointaction ofGong g x gig
Exercise Show that xy stray

defines a Cinvariant non degenerate

symmetric bilinearform

Thisgives rise to a Gequivariant isomorphism g g't x e tr x hence

an algebra isomorphism Scg I Slot fCopswhereexplicitly
Flog FeFloy F x Flgxg Axeg.geG

Wehave the restriction homomorphism res Fly 553 F tofly

Example Pick k P Setfuk s tr x eFloy Then res f p k th

power
symmetricpolynomial picdiag x xu EgXi



Theaction ofSnsW on5 its reflection representationgives rise to
W A FLY by algebra automorphisms Thealgebraof invariants
FGM is FCpa p compare to See9.4 ofLec tr

Thm 34special case oftheChevalley restriction thm
res FLog 9515 restricts to Flog ECG
Proof Weneed to show

a res F g
G CALGJW

6 FBTWa res FCoy
c restcops is injective

a Exercise Pick weWand a monomialmatrixMweStn F
Mw Mig w Mij to only if Ewg Then

Mwdiag x xnMi'sdiag Ywca Xwait

Nowtake F EFlog Ofcourse F diagx x F Mwdiag x xn Mi
F diag two twin res F e Fly

Fis tr xi e FCop 6 fellows

Mj

d d

c LetFakerres AFloy It vanishes on everydiagonal andbc ofG
invariance oneverydiagonalizedmatrix Theseforma Zariskidensesubset
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Rem We can identify b wy'tusing the traceform as well Soweget
themap res Sog I 5197 5157 I Sb an algebrahomomorphism
extendedfrom g of 5 5 x ego res x w tray tr resiny
Hye It follows that onthebasis g fahi wehave reshi hi
resleavesfalse leg triedy soHye57

2 ProofofHC isomorphism
We'll deduce theHarishChandraisomorphismfromtheCheralley thm

2 1 sym Stop Vlog
Wewant to compare E Ug to Stop We'lldoso by constructing
a G linear vectorspace isomorphism Slog IU og
Consider a map of Ulog 3 3,74 Ees 661 Jacki This

map is multilinear andsymmetric theimage staysthesame ifwe
permute thearguments sogives a unique linearmapsymSog Uloyl

W31BiH KEspoo Joan Extend it to Slog bylinearity

Lemme Themap symhas thefollowingproperties
1 Sym3 3 3 3kt lowerdegreeterms
2 sym is a vector space isomorphism

3 Sym is Gequivariant
Proof exercise for 2 use 9 thePBWtheorem D

Corollary sym Slg t Ulg vectorspace isomorphism
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Andnow we can explain how Casimir CEU154 arises andalsowhyit's
Ginvariantfor char 5 2

Exercise Showthat under 5Log I stop FG tr x goesto

h'tate whichundersym 5cg Vlog goesto 12h'thate C

2 2 Completion ofpreet

For fest S.IEjjjYjhgjY.eij
form bases in both acopsig

res F eSCG resp res F EUB
forthe sum of all monomials in F resp F that only containh's
Let c Slg Ulog bethe isomorphism that isthe idwrit thebases
unlikesym c isnt Cequivariant Under the nat l identn U5 I 5157

res F res F t

In Sec 1.2 ofLee14 we've introduced a shiftedWactionon

5 w Is watpl p andtheshiftmap t 5 5 testy
whichgives t 5153 I 5153 LtF 7 FAtp

We've seen See1.2ofLee14 that res Uog 3615 restricts
to analgebrahomomorphismHC Ug Z F53

wi Weneed

to showthat 4HE is an isomorphismprovingThm inSec1.2 ofLeck

Proof Wehave sym Stoy I Ug at 5153 wit Fly j
It's enough to showthat



x F stores sym F Stoy IS g
W of vectorspaces

We'llprove 1 7bycomparingthismap to res which is an isomorphism
Note that GpreservesStoy H2 SlopeAStoy By Sect
res Stop 5151W resSton sign res stop SUN td
So will followfrom

CA t d FeStoy Leg to ressym F res Fl d

By 1 in Lemma in Sec 2.1 sym F F e2t termsofdegree d
resosym F reso c F Edt a res F t ldt And t preservestop
Legterm fellows I

3 Characters

Notation consider thegroupring ICA oftheweightlatticeA We
write etfortheelementofTech corresponding to ten TheWeylgroup
WSn acts on5 preserving A f EX Ellie71 andhence en
I A we ew
Wealso considerthecompletedversion 7211133consistingofall infinite

linearcombinations of exheh

Definition Let M be a representationofg w MEenMywdimMaco
Below we will call sucha representation a weightmodule

The formal characterof M ChM EndimMale e TCN

5



Example The Vermamodule014 has weightbasis IIfp o wweights

X Ekjj3j SochOct sEyee
Ekins e II pteBitepit e'g p eBit

Ourgoal is to compute chLA for Xen This will conclude our
study offinitedimensional irreducible representations of84Recall
Sec 1.2 ofLec 14 p 122positivereets phi si ti sopen

Thm Weylcharacterformula Let deN Then

matte
Examples 1 lo isthe trivial representation andwerecover
ch triv ee ft
2 Let n 2 Then n M n chMn dimMini ofor
is n n 2 n and l else enten't te n CIII Since p is
identifiedwith ph t thisagreeswith the theorem

Exercise For g representations MM as inthedefinitionaboveand
a finitedimensionalg representation V wehave

ch MOM chM tch M ch Ven ch V chm

A



3 Complements

3 1 Connection to characters forgroup representations
Let Vbe a rational representation of GShu F We can

consider its usual characterXulg tryg ThenXue5 93 We
explainhow to recover Xufrom ch V notethat Visalsog reprin
First of all let Tca be thesubgroupofdiagonalmatrices

From XeN we canproduce an algebraicgroup homomorphism et
T 5 for X X t then w XieTL and t diagIt tn we set

edit ti tt this is welldefined thehis aredefinedupto a
common summand and t.tz.tn 1 Then ch V Ault exercise
Now take gel We can uniquelywrite it as g gsgu wheregs is

a diagonalizable elementandgu is unipotent all eigenvalues are equal
to 1 One can show that t Fe F639we have Fig Fgs And

everygs is conjugate to an element in T So we can recoverXufromAult

3 2 Schurpolynomial
In fact chLA wXeN isessentiallytheSchurpolynomial

Sy see e.g Section 6.1 in RTM fordefinitionThemeaningsofX
inSytchLA are somewhat different though so we will tweak
chLA a bit

Namely we can fix I In andextendtheaction of8hto
9h by making Teghactingby Xpthn Then we can view chLA
es an elementof thegroupalgebraofTC whichisthering of

plan
rentpolynomials TLEx xi Forjust letswrite x forthe



corresponding monomial X Xt Then we can write

a É
where now we take p n 1 n 3 1,0 In thedenominator we have

the Vandermonde determinant Let xi i j n Andin thenumerator
we have Let x s i ja n So if I is a partition we recoverthe
determinantat definition of theSchurpolynomial

Exercise By looking at chA A chSk In recoverthefollowing

equalities

saysek theKth symmetricpolynomial
SansMic the completesymmetricpolynomial


