/@/yeswl‘dmns of wﬁoﬁm'c j/’ﬂa/as £ Lie Q%JVRS) lpm‘ Xl
4 ) M’y( cheveiter Hrmutn
2) Whetss maxt?

’/)g -SL(F) (IF is dj chosed of chaw 0). A A/cu{z‘ moduts. is & g
/70/e5mfd/on M ow M- (@M w. dhm M <o _Z;z Sec 3 of Lec
15 wewe oetimed e Mwamf@ff AM = Z (A /"{A)C For ex%pé
h AlN) = */7/4 e )= **V[emﬁ e i)
Weve N =nin- :)/z ano( B o @ aﬂ/mﬂf/l/c YooTs. ﬂcjoﬂ./ of
’L%s /va /s 2o /”on #e /aﬂow»g,

Z Sanlw) w()\rf)
ﬁm: 7%1/ 9»6/{4,//«4/(, [/‘Z[/\ - el S

Z Sjn[w)e
wel

7Zc Keg /o/ea is 2 e)y)'ess ch Z[}U Ve, f/t Mudellas o/ Verma Moa/u/es,

//4/=.§;) "Ll/t MJ/j,7>

/./) le/ %ﬁ/&f/w 0/ 2 VCMm /hoM.
7ZL 74;'51[ 514’70 feve 75 754, /D%W/hg.

/90/005/1[10/7: Zf/{ 36/’ 770; -L‘/wc /s a g—/uaou %ﬁﬂv{/on
loS=McMe. < M=A()) st M, M=LON) and, for sk

/{//// "’Z[ ) w/thl/}\g/‘{<l{e Q/‘( /Jf/cfuma/
/05/{11/5 /’ao’fs)

Letos ex/a/zu;n w/? we care.
ﬂ



Lemmo: Let M be 4 h/e(jlf modudy £ WM e a submodunte. [hen
(1) Y MIN ave A/oj/l‘ modeDes
6) ¥, hoe . SES 0N =M, — M/N —0
G) ch M=ch M+ cd MY

Foof:

Let A, Dy be 2l lowerts of W) ovdeved on Sao%amy, Zhett
/77/7 %(f/ /r.’dy is Hhe /arjesz‘&ﬂ s Pl smellest). [Leds
h/r/'fa /17/ o He /ﬂuﬁyp&az;; / Zﬂ ) ¢in d//( ) Ge. Yo number of
occarences of Z[;() in & JH fttrton a/ 4. % /9’7005/1‘/0;7 Zhe
martvix [M ) /s oni- fnmju/ar/ apper - ﬁ’/ﬂ/ﬁwfﬂ/ w15 ap He a/a;a/m!)
So //”) is owertitt, Gt (o 7 dente e verse, also cni- z‘r/mjaﬂw
lfso é ﬁfloowfion z‘/e aw% reducibles that ocer in A(),)
are /[/1)5 Jn So %aé«m (3) of Lemma several Fimes, mj%‘
ch A();) = 04[[))+Zm cl;l(i)

@ Y

ch L) = ch a()) +Zﬂ céA/i (1)

J?c

//\/efﬂ a/ea/uce fn/ﬁ féeorem %’om ﬁ) / X Q %ZW ofn/w Z%/'”Js)

Foof of ﬁ’o/aosxfloﬂ Tare a wejy At modds M st
@y A NeA| M, + {03 =>/q<1 (“weights of M are bounded Fom afoe)
(r) 3 Te/l st ¥ 2e Z [ arter), HC (N) is e unigue eigen-

Vahue for Ho action of 2z on M
2]



/gzii’h: M admts a j// %&Z/M@h g Zj«)'} w./‘{eﬁ/) /%Veoua;
le mbtipliaty of L) in M s < dm /Y,

a{za/uu ﬂc /p)z}aoszf/on zzp/o%,m], He claim o j == A
M=rer [a(ly = LA)] (b M_=M)

oot of laim: Sup/aoSe M=pScM e cM =M is a fbbation ’?
nguéi:ips_ % /emma, each /‘/‘//V“ /s & Msfjéf /hoa/u,é whose h/aj/{s
are € A {7(1). S /f{///l, fas & %jlcszz Waj"/{/ Sa Jle . comes-
/on/mé[ vector V. We fowe XV = <‘/1(,\,>f7l/,-) €\ =0 ‘zyxej: /aon'zzivc oot o
3! yonsers /omomo//'aéum A('/l/;) — MM, 0, DU bt 2eZ acts on
80p) by HC () B, (), HE = He, (K) & [l in Sec 12 of
Lec 11] S e /)’
Note that  dim //:4;/ ,-_,)J,{I?O. Since /V;ék/'i; e je/'tf

Kigodm (#im,), :z%/,%‘x dm (M /M), = [() o ZOuma];EZwo/)m M,

This impties Het M hes 2 JH Ablrkin (camdt refme a fiCEration
by G-subreps indefinitely) Tt remeins %o prove thet Z% ) oceurs
= a/lm /% times : his follows Hom (2) of Lemma Y olm /@}ﬁ 7 O

12) Boof of Ha /l/?f Hovetes %mw/pv (\e A+)
5‘590 1: BJ /’/), /w wel/ o neZ w t=1 st
“Grp-p 7
chlN)= 2 n, chdwh)=(= hwew(hf))/[epﬁﬁ-@'ﬁi))_ (z)
3] WEW weW Jer



511902 Eecal( W 7/[/[]/ wehew% We claim %a;f C/AZ[/U (s
W-invariant. Indesd, in Sec 7.3 of Lec 13 ( i) a//orop/ of fropn)
weve sen thet  dim Zﬂ)ﬂ:a/;m ZN[/();K/‘ ¥ k=101 And we tnow
Zv(/(ﬁl(l), Qraffajy_ in Sec 1.3 of Lectq (aﬂﬂmwﬁvo@, once we
Enow dm (L) <eo, we can 6/24/9@ A cujwuaﬂ‘ of Gi) 4o prove
/ml[i) = dym Z//() ) Sinee S,’s feﬂ”ulc /1/ we see Ehat

dom Z(,l a/;m Z/J) 74’/«46/1 we W Eﬁamm&nzzﬁ ch L0) is W-invarieat

Sfff 3. 52.‘90 2 invites a /C{CSZZ/M Jow db numertor /. o ﬂommu‘w' of z)
behave wnder Hhe action a/ /l/) We claim ef’/7{1 5’5) [s /4/5;114-

/nva//anf ?ﬂ//ﬂj, weh//mo&‘/g&c; it éd‘t Sj"/w) _ZZS fﬂa(]é Zo
(//ect 1‘1}5 7{;» W’S h//erc f/ﬂ Mum MOWS /}’om

- Pove Hhat /70(/1 e 'BJ) is S ml/M/an'lt W//é S ('f et )
[ ho=1]= 8P “op ST

5‘(—90 S The derominaitor a/ (z ) is W- Sqn- inveneat (. S{ff 3) wht (z)
(s W-invowant [ 51‘? 2). So numeraty, 2 4, i sgn-

wel/

énVanan‘f Bt “hs meens /A, 5jl’1(w)/7 [/f 7)= Sjn(w]

5{5’05 _Z'Z femauns fo 5/00‘/ €P/7/7 e ﬁ’) Z‘Sjn[w)f F /[V 1541;

?p% z) % A=0 j&ffln} 7 an 'L[A- 4. SWEW/SM‘. comment: This
Somude  boits down 4o Lo fatorization of He Vondermonde odeter

/mﬂw'é CO}MfR/e “L‘o '.’f'(e Co/tf/y&mwzl Sey‘tlloh 0/ /ec /.5 ) a
71



2) Whats next”
ﬂ//ﬁ caon Ask /ow ‘fa COM/M/ZZt &4 Z[/U z}[ /7 Is //02-( ﬂé/tﬂ'mzn?f .Z;1

£his case .S'f? 2 foils (f A is pt dominest , Take e cnlgue domi-
ﬂtw’f‘/f{EA//I Ao dm ZOl) =1 # i /[/{//?=[/'l</,j=0).
We sl knaw that if Z,,... A, e @l elemsuts o W)
wntten i f/e %c»’easinj” aem/er es ¢n Sec 1.1, z‘/eo
ch AN = b L)+ > ; ch LK)
@ j=
ch (k)= ch A();)*J%ﬂf‘/ V%A(]J) W, [ﬂ{/-]=[m{/-)."
So our Zase s %o cw;,oufc Zhe Numbers /‘71/ (or '”5/ ~note Yhat /17/ 7/0)
A co}y’wfard answer was  stated é, Lachden anod /aﬁfgz én 1979
(2.t kaé/o/anﬂlum{/}, ,KL: ca/y'e(/{ure ) and _S‘/ﬂrl‘? Bheneatter /}Wm/
zho/?omo/enfg p} Seitinson £ Bevnstein and g}y{/nsei&’ Kashiwere (1951)
[usm} one. more. peper é 6549/@-[4(;{{)} Hom 71950).

71?55 pa,aers /’ﬁl/a’é(‘flom'z‘fo/ 'éé 5115’6%‘ 0/ A%o/e;enz‘u‘/on z//eogy_
in (ot least) ?wo Weys:

1) The form of Be answer: e charecter Fmudas nown bere He K
w}y'fafurc were baseo! puredy, on o clessical emmerative combinetoncs
~Compare. 1o Hhe A/?/ hevadler frmda o He case of \S,’,—///gw
(Sections 53, 612 of [ET11). In contnst, He fpmda Sor My s
(or /79"5) uses how objects — Fazhdan-Luszty y. nomieds , elements
4 g e



”/ 740 [x] (ho/ﬂxeo/ 09 /M‘rs 4we W 77? we Mﬁ a/(y//mo/ /’fcar;/’vté,
asing o WHecke 4,%&5’// (W) aud mo enumevative a/esaffgz‘/o;; s
kKhown , tn jM{/ﬂ/ — R}M/ Aone (s f)yaeafea/ % exist. 7]< numbers /I(,/ /7(,]'
e Haw Atnined as vabues of Hhese /og,m/m/s at 1

Tle /hf/oorz‘anca of £V /ﬂ?ﬂaﬂ//dg (and related  strutuves ) goes
/a// 1{\"70/70/ Zg{c /?/zsm “aAtion f/ew} 0/ 56/»/[5/}14/04 Lie &éz&éfas — essexts-
d? &/e?, tnown  nontriviel  chareides Foomade iwolves Some vession
of ~these /oa%fwiﬂm/:. A in the cases where Lhe chancter foymedes
ave nd Jhown, we /c}ae % nlite Hhe daniters 4o KL /a?»wmmjf
(or their relatives).

Some what am’sz}yﬁ‘é/njﬁ one Cen Sey Yot K /Dgﬂw/ﬂfs &
chovacter fymiles reflect He nontrvnd ca‘fjor/ca[ structure.

,Z) Method s of /pma/: He /aila//em S (Mfoz{mdq, ch L0) is /&/h’é
ﬂ/{fogmjc //?reswz‘ﬂ.z‘m- Hleoretic. Movertheless He %mm(/ o A,
ziovepentioned phpers is jeo/nzifnc. The ,&J/m —445225} 71979 poper
wasnd e %r;z‘ paper on Leometric Vepresen Zatoon 'L‘/car;, (born avound
mid ADrs o St uoéL 214 /Vresm{d/ons 0/ 75»7/1‘& jma/as of Lie 'fj/)a
Hom ﬁoﬂjm s wore on Wels m:/ed‘ures) but is & tess Dbvious” agpts-
tion aud s ore of e corner stones (1 4 75&/0/. 5142/1% 7980,
Leomertnic /s;oreswz‘d/on 1460/’01 become Be contrl fronch of e
Sz/j'a/'f :
Tle rebovent jeomd? is Yhet of 5o colled Sihubert subvanetes
__,/z‘h /ﬁé verities). These ane very classicol aé’eﬂfv Yot dete Sack
6



4 o 194 CMZ‘w’J/ emumenntive jfomd(iy, (see foldons ///Val-llfj,_
Tabteoux...” for Hhis lessical Jz‘og). Well discuss some more
ﬁ/gou'f ‘LZ/C Shubet vantties and Zlo rote 15»4; /ofe} in Lo /}’oo/
0/ ff{a L Colg/cafw’f in e endd of A péss,

Herers whit we ave golng % %Ja/ss wext. To nish o discussion
of /\’ffejdﬂszllon -/ﬂ/eoy of %%/Mc grodgps and their Lie d{%ogyu We
discuss Lo ‘L‘o/o/cs.

. //eSenz‘alllon of &L (F) § jaafa:forf and weletions. Ths wtl
lead as o /(ec-/”/oaf§ ﬁé{/fm& Th Fnite dimensionel /@c—/%oa{?
Mjpémg ae em&z’? e (semi) 5/»704 Lo “’{7"’4’“ Bt 'ﬂw: ave.
also  (yterestin # inpnite dmensioned Fac —/%oa? ajja{)’z: more potals g,
He affme ones.

: 77& /’tp/\eseqfd;f/on Zzn/fo/y, 0/ SZ,, [ & ), Sﬁ: (. F 7 74* Aow - /b >0.
7 /JL/an ta discuss Some gnown fesilits (we cnow 2 (ot z’/ /o>70) and
mrention gpen /aroszems ( P #t 5o /uja)_

Then ths closs mtl have 2 ”O/th a/jqaro/./' Wht
Lie alsebra S (F) (char [F=0) anef it's ﬁfnsem‘u‘/om [ z’a:{fjw}
D) we g to b frdired vessy //om'/m z‘{}, (n some Sense , It
Won? be e main /ofayer The Hecre a,{?dm /cd?ot} mth be.
A p)’&é‘m}ha? /{en Fov This /w[ is as Follows:
o TA st &émmﬁw} W{a/ma a/ Hecke d,%a{/u i

feSMZZdzl/on 1[/1/&0/ /5 (h 'élc )"lzu 0/ /e remfa}flons o///)m:fc
- Z } b o #p



Foups of Lie Ype (suih o5 G, (). Ths is what we stat with
Then we cover the generic Hecee %M’m () & 1ts KL brsis.

- The yest mtl hove %o do witf Ho ay{eaf colled Ho Hecke cufyw}"
~om of Yo most [m/ponfmvf Cﬂ]ft:j’oi’/ﬂ in (Eometnc /y/e:wz‘d/on 'fn/fo;}
wmith sowoed ditfereat -6 releted— (nearnations. Well disauss
Soerjoé'; y/ymw/ 4 s az;ffjofg, ye’a /m/ of to K/ my@fw&
bsedd on :ﬁo{ji'nj, A 506/(705 (6:) mocdlules (1990) ; Hhe most elemen.
ﬁ? incapnetion of He Hecre cdzfo/}, whh /g/fyep/ ¢ tery é;’l}aorlz&wf
%

n @a}fesmz‘azflon ‘430}}) in He last oecack iy /aﬂ‘/‘mfu



