
 Representations of algebraicgroups Liealgebraspart411
1 Weylcharacter formula

2 What'snext

1 9 34 F F isalg closedofchar o A weightmodule is a g
representation M W M E M W LimMyco In Sec 3 ofLee
15 we've definedthe characterchM s Een dimMale Forexample
chock ex r e Pi s exo ee17 t e pi

where N n n 112 and p parare all positiveroots Thegoalof
thispart is toprove thefollowing

Thm forXena have chLd w WSntheWeylgripfewsquarewe

The
key idea is toexpress ch La vie thecharacters of Vermamodules

1 1 JHfiltration of a Verma module
Thefirst step here is thefollowing

Proposition Let Xen Then there is a gmodulefiltration
o MacM C C Mi O X s t Mia ME X andfor isk
MiMi Gui w Jie WX ji X i e IYi is the sum of
positiveroots

y
Let's explainwhy we care



Lemme Let M be a weight module NCMbe asubmodule Then

a NMIN are weightmodules
G t I have a SES e Ny My MyNpo
3 chM sch Nt chMIN

Proof exercise

Let Xp debe all elementsof Wi orderedinsuchawaythat
Ai Aj isj eg I isthe largest Im is thesmallest Let's
writeMijfor themultiplicity of Aj inOlli i.e thenumberof
occurrences ofLA in a JH filtrationofold By Preposition the
matrix Mig is ani triangulartappertriangular w Ason thediagonal
So Mig is invertible let nij denote the inversealso anitriangular

Also byProposition theonly irreducibles that occur in Olli
are LXj s j i So applying 3 ofLemma several times weget

chDai s chLai tEiMigchLA
I

ch Lai ch ol tilt E nijchold a

We'll deduce the theoremfrom a afewotherthings

Proofof Proposition Take a weightmoduleM St
I IIe N Mm e Mst weightsofM are boundedfromabove
I F XeN s t t Ze Z thecenter HC X is theuniqueeigen

valuefor the action of E onM
I



Claim M admits a JHfiltrationby LGul's w je WX Moreover
themultiplicity of Gu in M is s dimMy

Exercise deducethepreposition applying theclaim to I I X
M KerLoll LAI w MaFM

Proofof claim Suppose Melo CMC CM i M is a filtrationby
g subreps By Lemma each MiMi is a weightmodule whoseweights

are SI by I SoMiMi has ahighestweightsay ji w thecorrespondingvector Vi WehaveXvi gui x Vi evi so t xetpositiverootd
F nonzero homomorphism Ojai MiMi Va tri But Ze Z acts on

Ojai byHCGi By II HCGi Hc X Cer inSec1.2 of
Lee to g ieWX
Notethat dimMilMila O SincejuieW.liweget

KSEdimMilMi.lu i Ewydim1MilMi7m 12lofLemmafgwydimMp

Thisimplies that M has a Ttlfiltration cannotrefine a filtration
by g subreps indefinitely It remains toprove that Lyn occurs
dimM times thisfellowsfrom 2 ofLemma dim2Guys1 I

12 Proofof theWeyl character formula XEN
Step1 By a for weW F nwe72 w Aid s t

Yap p

th LIX EwnwCho wi fewnew ee o e Bi z



Step2 Recall WAKEN we sew Weclaim that chLA is

Winvariant Indeed in Sec P3 ofLec13 iii ofproofofPrep n
we'veseen that dim I dasdim X s t k 9 n t Andweknew
X LAI Corollary in Sect 3 ofLector alternatively oncewe

knewhimLA so we can applytheargument of iii toprove
dimLapdim A say Since sis generateW wesee that
dimLeansdim A w tmen weW Equivalently chLA isWinvariant

Step3 Step 2 invites aquestion howdonumeratordenominatorof 2
behave under the action of W Weclaim ee17 r e ri isWsop
int applying weWmultiplies it bysgnlul It's enough to

checkthis for w.sk wheretheclaim follows from

Exercise Prove thatftp y eBil is s invariant
while sale et 4

Uphis f et t e

Step4 Thedenominatorof 2 is Wsghinvariant step31 while 2
is Winvariant Step2 So the numerator fewnew is Wsgh
invariant But thismeans NwsSguwin npr sgu w

Step5 It remains to show e17o e Bil EwsgnewleweForthis
apply 2 to X egetting t on the ehis side comment this
formula boilsdown to the factorization of theVandermondedeterminantcompare to the complementsection of Lec 15 s
A



2 What'snext
One can ask how to compute ch X if X is notdominant In

this case Step 2 fails if I is notdominant taketheuniquedominantgueWl thendimLINE1 dimLAY 7443 0
We still know that if I he are all elements of W I

written in the decreasing order as in Sec 1.1 then
ch olki chLai InMigchLAI
ch Xi chOlli tEynijch017 w nij mis

So our task is to compute thenumbersNijformij notethatmipe
A conjectural answer was stated by KathLanandLustig in Pete
a.k.a KathdanLustigKL conjecture andshortly thereafterproved
independently byBeilinson Bernstein andBrylinskiaKashiwara 1980

usingone morepaperby KathLanLustigfrom19807

Thesepapers revolutionizedthesubjectofRepresentationtheory
in at least twoways

1 Theformofthe answer the characterformulas knownbeforetheKL
conjecture were basedpurelyon theclassicalenumerative combinatorics

compare to theWeylcharacterformula or thecase ofSnirreps
Sections 5.3 6.1.2 of RTM In contrast theformulaforMaj's

Fornij's uses
newobjects KathLanLustigpolynomials elements



of 72,63 indexedbypairs a we W They areonlydefinedrecursively

using the Heckealgebra HuW and no enumerative description is
known ingeneral andnone is expectedto exist ThenumbersMignij
are thenobtained as values of thesepolynomials at It
The importance of KLpolynomials andrelatedstructures goes

far beyondthe representation theory ofsemisimple liealgebras

essentiallyeveryknown nontrivial
characterformula involvessomeversion

of thesepolynomials And inthecases where thecharacterformulas
are notknown wehopeto relate the characters to KLpolynomials
or their relatives
Somewhat oversimplifyingone cansay thatKLpolynomials in

characterformulas reflect the nontrivial categorical structure

2 Methods ofproof theproblem ofcomputing chLA ispurely
algebraic representation theoretic Nevertheless theapproach in the
aforementionedpapers is geometric TheKathLanLustig 1979paper
wasn't thefirstpaper on Geometric representationtheory bornaround
midFois to study the representations offinitegroupsofLietype
fromDeligne's work on Weil's conjectures but is a less obviousapplicationand is one ofthe cornerstones in thefield Starting 1980s
Geometric representation theory became the centralbranchof the

subject
Therelevantgeometry is that of socalledSchubertsubvarieties

ginflag
varieties These are veryclassicalobjectsthatdateback



to the19thcentury enumerativegeometry see Fulton's Young
Tableaux for this classicalstory We'll discusssomemore
about the Schubert varieties and therole theyplay intheproof
of theKL conjecture in theendof theclass

Here's what we aregoing to discussnext To finishourdiscussion
of representation theory ofalgebraicgroupsandtheir lie algebras we
discuss two topics

presentation of24 F bygeneratorsandrelations This will
lead us to KacMoodyalgebras Thefinitedimensional KaeMoody
algebras are exactly the semi simple lie algebras Butthere are
also interesting infinitedimensionalKacMoodyalgebrasmorenotably
theaffine ones

The representationtheory ofStn f 84157forchar f p o

Iplanto discuss someknown results we know a lot if pre and
mention openproblems p not so huge

Thenthis class will have a changeofguard Whilethe
Liealgebra3415 charFso and it's representations in category
D aregoing to be featured veryprominently insomesense it
won't be themainplayer TheHecke algebra category will be
A preliminaryplan forthispart is as follows

The mostelementary appearance of Hecke algebras in
Representation theory is in thestudy ofrepresentationsoffinite



groups ofLie type such asGlnFg This iswhat we startwith
Then we cover thegenericHeckealgebra 7hW its KLbasis

The rest will have todowiththeobjectcalledtheHeckecategory
oneofthemostimportant categories in Geometric representation theory
with several different but related incarnations We'lldiscuss

Seergel's approach to thiscategory thepreetoftheKLconjecture
based on studying theSeergel bimodules 1990 themost

elementaryincarnation of theHecke category whichplayeda veryimportant
role in Representation theory in the last decade inparticular

A


