
 Representations ofalgebraicgroups Liealgebraspart11111
1 Representations of Stalk
2 Complements

Here I is an arbitrary algebraically closedfield Set G SL f
Goal classifythe irreducible rational representationsof G

WhencharFso thishas beenalready accomplished in Sect of
Lec43 Remark2 What we'lldohere works in charp as well
for all semisimplegroups Ourapproachgeneralizes what was done

for 52215 in Lec 11

11 Weight decomposition

We consider the max e torus T diag t tilt til
Thefollowinggeneralizes the SL case Lemme in Sect ofLec94

Exercise 1 Every rational representation of T decomposes into
thedirect sum of 1 dimensional representations
2 1 dimensional rational representations of T are in bijection
with the weight lattice A E tiedXie72 Spanglerten
via tents I waction t diag It tn exit ti tin
well definedble t ti t

forellary Let V
be a rationalreprentation of G It decom



poses as V EenVy where tet actson V via Att

Recall that A comeswith an order Ism if y t is 74 linear
combination ofpositivereefs gg icj u highest and lowestweights
of V

Theorem The irreducible rational representations of G are in
bijection with the set ofdominant weights N via takingthe
highest weight Cl
We'll sketch aproofbelow

We can also classify the irreps by theirlowestweights Let'sexplain
how to recover themfromhighestones For this we will needsome
notation Recall that W is the Weylgroup W S acting
on A by permuting the entries Consider WEW we lit htt i

Lemma Let Vbe a rational representation of G Then
a V I Un t weW XeN
2 If I is a highest weight of Vthenwet isthe lowestweight

Proof Wacts on T as well permutation ofentries For t

diagIt tn have wit MutMi whereMweG is apermutation
matrix corresponding to w Mw Mig w Mig to i wijlproof
of a in Sect ofLec45 a followsfrom
I



Exercise The action ofMw on V restrictsto Us Vwy

Toprove 2 note that w sends thepositive reets Ei g icj
tonegative roots and hence reverses theorder on N 2 fellows D

P2 Sketchofproofof Thin It's in severalsteps
Steph Let B to bethesubgroup ofupper triangularmatrices
the Borelsubgroup Wehave theprojection BET bytaking the
diagonalpart So we can viewEwaas arepresentation ofB Let
Iwa tweet B F bethe corresponding homomorphism fitg roti tinFor Ten define thedualWeylmodule
MA IndfEw fe F all fby stwalbfig tbeBgea

where the Gaction isgivenbyIgf g flgg SeeSec 2 ofLee11for
SGcase there MA SponWx y y't Ingeneral we cannotdescribe
MIX so explicitly butwe still have aproof is inthecomplementsection

Fact 1 dimMIX o it's a rational Grepresentation

Theuniversalproperty ofMld is
Homa VMAN Hemp VAwa a

Step2 Let U be arational representationofG PickMen Define
Vpig Vy Define Usgsimilarly Forexample for GSh we have



Upi E Uman Similarly topage 6 of Lecture 11 notes we
have the following

Fact 2 VsmVsp are Bstablemoreover Vip Vip I Am Umwhere

Un is the multiplicity space

Theproof is similar to the S4 case see the complement section

Step3 Weclaim that dimMamta just LemmainSec 1.1

Mwd dimMA dimMAway P ForSh thisfollowedfrom
the computation ofMA

Fact3 dimHom Fx MY Say

This will also beprovedinthe complementsection
Now let I be a highestweight of MA ThenMalay is a B

submodule isomorphic to Fx May multiplicityspace So

Hemp ExMAN HempExMaxi Max
From Fact 3 we deducethat X X seManto psi LimMayo

Step4 Now we can establishtheexistence of an irrep whighestweight
7 Consider the JHfiltration a M.CMc CM MX Wehave

MiMi to for some unique i and I is thehighestweightof

this
module SoMiMi is the requiredirrep

4



Step5 Now we showthe uniqueness Let L be an irreducible
representationofG w highestweight I landso lowestweight Wat Asin

the case of St wehave
Lw I Hemp LIL way Ewa g Hompl Ewa

sthemall MA
an iso infact comparetoSolin toPro65HW2

So I mustembedintoMIX If wehave twononisomorphic L L
then repeating theargumentforSha page 5 ofLec117 weget
LOL GMA But then LaoLi MIN SinceLyLittle but
MIX F Step3 we arrive at a contradiction s

Define theWeylmodule WA MtwatNote that
Hom WIX V I Hom A V proof exercise usethat win Using
this Fact 3 weget

dimHemaWellMGu Sam 2

compare to Prob5.3 inHW2

Corollary ofproof
1 MA hestheunique irreducible subrepresentation A lil isalso

the uniqueirreduciblequotientof WA C2
2 Let L be an irreducible rationalrepresentation of G Then

I Xen s t HempExL 0 This X is thehighestweightof L
Moreover LimHempExL P

Proof exercise

St



13 Characters of irreducibles
Lemma if char F e then WIN LN MIX
Proof Recall Sect3 ofLee18 that everyfinite dimensionalgrepresentationis completely reducible On theotherhand

HomaWAMGM Than2 in Sect3 ofLect Homg WA MGul
From 2 it fellows that WA MYulhave Samcommon irreducible

g moduledirectsummands

Exercise show that LA isirreducible overoganddeduce that
W1 AMIN are irreducible s

To a rational Crepresentation V weassign its characterbythe
formula ch V E dimUy e compare to See 3 ofLee45

Lemmaimpliesthat chMA ch A chWA isgivenbytheWeyl
character formula Thm in Sec 3 ofLec45

Fact Overany I wehave chMA chWA isgivenbytheWeyl
characterformula

Theequality chMAschwa is an easy combinatorialobservationThat chMA isgivenby the Weylcharacterformula
fellows from itsgeometric interpretation Namely thehomogeneous

aspace
GIB is theflag variety Fl of flagsofsubspaces



5 a Ve VC Vn F w dim Vii It'sprojective Then MIX is
thespaceofglobalsections I Ife041 of acertain linebundleOct
on Fe ThisalreadyimpliesdimMIX o Moreover thehighercohomology

HilfeOltl e for i e this is a special case oftheBorelWeil
Bott thm in char0 Kempfvanishing thin in charp Fromthe cohome

logyvanishingone can
deducethatthe character is independent of

characteristic References are inthecomplementsection

Nowwe proceed to theirreducible representations incharp What we
dobelowgeneralizes Section 2 in Lectureto Recall that we have
thealgebraicgrouphomomorphism Fr G G xj thxi
For a representation VofG we can define its Frobeniustwist V
if p G Cllr isthe homomorphism corresponding to V thenthe
homomorphism for V is p Fr G G V

Exercise LIX s Cph

Wehave a complete analog oftheSteinberg tensorproducttheorem

Corollary in Sec 2 ofLeche Define the set ofrestricteddominant

weights A X hit tuneAt ti dikp t it h i Wecanthen
p adically decompose an arbitrary element of A as follows

Exercise A hen I k YonkeN IwTito s t IsEdpili
A



Thm Steinberg tensorproduct For any TEN AX I asabove we

have X I LA LA Q LAID kfoldFrobeniustwist
Moreover Lai is irreducible over g

Wedon't prove this Once we knowthat X is irreducible over

g t t eni theproofworksjust as in the SGcase Sec2of
Lecto left as exercise The irreducibility therefellows from
the explicitconstruction of La Xele t p is L X MA

The latter equality is no longertrue forgeneral n and no
explicit construction of X is knownTheproofofthe irreducibility
ingeneral isharder the references are in the complement section
Thetheorem allows us to reducethecomputation of chLA

tothe case XeN The answer isknownforpan and is amajor
openproblem in thesubject whenp is not so large

where a lot
ofprogresshasbeen achieved in the last 5years or so Moredetails
are in the complement section

2 Complements the separate note

A


