f?/«f&eﬁzzﬂl[/wﬁ 0/ ﬂé&f/‘w‘c jrau/os 4( Lie ﬂ,{j&t{mg f@y‘f Xl
7) K’f/’efsanfazf/ons a/ SZ” (F).
2) Lomplements.

Here [ is an avbitrar %%mjcnl(} cosed feld Set (= S/ (F),
O‘L ”
boal: 0525::7{} e inmedicibh. rationat Vepresent et ions of O

Mw 04!34/ f =0 2 75//'5 4&: z{cw ﬂ/rmz/ Qcco/h/ofz'séfzo{ i Sec. 7 o/
Lec 13 (Pemare 2). Wit wett do Z/e works  (n Char p s well &

7@;' all Semz'S//n/aﬁ //’W/y;. ﬂar %0/0)’0@0/ /Mel’h[/‘zes h// T was a/anc
7‘51/ \SZZ/F) wn Lec //

77) A/e«jéz‘ Aécofmpaﬂ'ﬁoﬂ.
We CoﬂS/'m/:k f[L 777&,\”{ fal'usl' /= Lfoé'aoq_ /é,f»)/'éf,,=7}
The %wm} jenad&?es Zhe S, ~case (Limme in Sec 1 of Lec 17)

. 7) A—Vflg vational /’ﬁ/feswz‘a/z’/o/; a/ Va aéco/;}ooscy z)ﬂ/o

‘ﬂe a(l/ez/z‘ Sum 0/ /- cé'meﬂsiam/ /Wre:w z(a/z’/om.

2) 7-dimensional retional regresentations of T ave in o(///'eoZ‘/m
wit) He eight lattice N-{ z Vel \e 25/ Span, (er05)
via AN E wacton = diag(£,.%,) DY #)= £ £
(well-detmed /¢ Ljf,f/)

50/0/%2/ - LotV be a ratimed s entadion o/ 6 H aéc’om-
71 7 7



OSES A4S V’A@] VX , w/ere et acts on V)\ Via J&/{).

Locall hat N comes with an ovoler: Asp /‘//4-) is 7, - Cnear

combimation of /pasiﬁ'vc yoolls & (2)) ézj[c:% wngd  Gwest A/&J%t‘s
o V

ﬁew’em y 7Z£ Z/’/eﬂ/aa'/ 4 rationd /’éafaen‘faz‘/ms o/ J are (n
briection with z‘«/c set o/ Nominant wajﬂs) /l 4, VR z‘at/n} —//e
5/6575 W&jﬁ‘.

We:t/ 5/(62‘04 4/)}’00/ /e/ow.

% Can ﬂ«ZSo GZ{SS)}% f/& iffe/as {} ‘l(ﬁ/a‘lf /ah/esf h/ﬁzj/ﬁ. Zd’; fx;ofain
how Lo recover them Pom hahest ones . For Zhis we will neeod Some
notatton. Kecall Lt W s He Wegl grogp, W=S, actmg

on /| @ /Darmaémoi Hhe entnes. Consider w el wy(i)=nr7-

Lemma: LAV 6o a vationald K?resmz‘d/on o C Then
(@) b= U, Y wel) el

(Z) If ;{ s a 454651[ h/e{(’j/f o/ Z f/en h/D} (5 1‘/& /54/2;1‘ h/e/jhf

Froot: W acts on T as well /Qermufd'/on of entres). for #=
:0&401 [‘é‘fh ), howe wt = //WZZ/L/WJ/ WAeI’c /L/h,ég) /5 q/gerqu‘d/on
MeErix (on/e;nmoﬁn} o w (M,=(m.] w m#0% C “wij), /prpa/

¢

0/ [&) in Sec / 0/ Zec 75) (1) Mau/r Jé’am-'

2]



. The ackion of M, on V restrts 4 K = U,

/3 prove (2), note thet w, sends Ze /o;/‘z‘u/c 10ots &g [[i/‘)
% /7»;’727543@ Voo'ts MO/ Aena; FVeVSes r/ﬂ/a amér on ﬂ . / Z J /a//aws O

71) Sketch of proof of Thm:  Tées iy severad steps:

\Sfep 1: /%1 K = [ ( :a;)f be he 5ui/7rouf of é///er-f}'/'ahjw/af Mw‘rxce:,

e "Borel 54/{7/0«/0 Y W e th /HV((y'cr/flon ) Ly 7 ?, ‘fak/}zj/ “he

%kjam/ /a«z‘. So we Can View JL; 145 & /.;o/am{a:f/on of B Lt

T, =T B F™ fe 4, caﬁ’e;vono//? homonophiim c 'f,j: >r—>'f,,l' ‘f,g”
For ﬂe/]+ aé/ﬁnc e dbald Wﬁ/ Modnly : ’

M(A):- z‘no{;’@ = fe FlcT| m}) =7, ()15), Vieb gl 5,

where the [ ation ('Sj/ym {} [(?/J(J'):/%)' See Sec 2 of Lec 1! for
5[2~case} 'I{Xw: /L/a)= \ngF&fxxy,...qy _Z;jenf/a/, we awnoﬂf aésaq{e
M) so e/y&‘a‘z‘? birt we. B howve (2 //po/ /s in e [a/u/&mm{ section)

/gzc]f 7 aém /’///{)<°° /( (ts a rational (l *K;o)’e&%fa;f/o/?.

The. aniversal //’o/peﬂ} of N //[) s
Hom (Y, M) =>Homy (V ) ()

s§£{’70 A: Let V be avatioml /’7/&071(«%/0/1 0/ J ﬁct /ueﬂ . .@\"/%ﬂe.

:3_, VZ/,:@ 14 Detime (/>/, 5/”7/(2/5}, For c’,m/;}pé/ for f=5[z,h/e have



3 nzo /1"

vV =BV S/mi/u%/ Zo page § of Lecture 11 notes, we
4%{/5 ‘L[n/f /O'ZZOWMJ-'

fact 2 V,,/q, V% we B-stakty, mrewe Z/,/V% = Z, @Y, when.

% /s e /m&ﬁ/'o&u? space.
7]«. /oroa/ ’s S'Mrﬂ/@r % ‘L(/I{f 54- Case, See 1‘/: co/ryafi:/ﬂwf section,

Step 3: We claim thett dm Mll), 0 = po<h (e [Lomme. in Sec 17]
/'17,w0}\)£ a//m /L/[/U/\’—' /o//m /1'/[/’)%})27. /C;JV _gé 'L[//s Mw&o/]g’ﬂm
e Coxrpaz‘mf/'oh of M)

Fact 3: dm Homg ( ., Mip))= 51/1.

77/5 with a/so ﬂa /o}bVao/ 7 'ﬁ/c cam/ofemwf prz‘)’w_
fow 28 1 be o hghest waight of MO). Tho D)y it 8-
Stbmodute /'Sa/uo;y/zc % JL’\-,@I/"/[J ),\’[ /limﬁ[p&af} sp°c. So
Homg (8, HO\) <= Hom, (B, M(D),,) = M),
bom Fact 3, we deduce bt A=) (o /‘I(J/)q%os//si) £ dim M),=1

\5’{79 q: /%w we can estellsh e exstune o an c'"’?o. w. /yﬂ/e;{ A/ezj'»h‘
1 lonsider e T fbbution (o3 Hctc cM=Mi)). We fave
(MM )y 20 for some (anigus) ¢ anol A 15 e /j/en/ a/e{j'»/f of

24/5 /4700/40&_ S /(/'//%., i e /e 4//'}’50/ vep.
¢ 7 7
4]



\S‘fff 5: /%u/ we 54014/ f/e Mfyu&izcss. ijf Z be an ()’/4046{'/4 /?ore-
sntation of  w. /7”/“{ h/eﬁ'm/lé A (and so lowest h/egﬁ‘ ~h{1). As in
'ch [Q;;e 0/ S[z we 4&(4/;

(Lg) = Homg (2/2; 1, By) > Homg (B, = Hom (L, (D)

an 159, ¢n 7‘?2&2{, compare £o Soly To $ub 5 A2

50 é /hw'g &u{ea/ inta /f/[i ) ]77 e Aawe Zwo lﬂ/?f/falhof///c [) ///
hen /?/Jeof/;g He asgument for SL, [/waje S of Lec 11), we et
LBL' s M), Bt Hhen L@l < M), Smee £, L] #1of 4ut

//(/{) /\’—'f‘— 4 5{? 3 )/ we arnye ot a contradicton 0
Detne e A/yz modide WO): = MEGA)T Mote et
/%n%ﬂ«/(/(), l/) —"'-9/%)»18 Mi, V) Q/oof* - use that h/ozzﬁ_ //5/;4;_
His & Fact 3 we gt

dm Hom. (W, M) = S, (2)

~compare. o Pob 5.3 in HW2.

Lon /ZWJ (of /9)’007/ ):

’/)/{'/()D /es {,{,_ am}wu. Z}’reaécio/é Su o//ﬁo}'e,renfué/on, Z[J ), L0 ) is abso
He am/'ou oreducibty /alfnz/a,f of W)

2) LA L be an (rreduci 6. vational /yraenz‘won of . Then
3! N, st Homg (B, 2) k0. Ths A is the hyhest weisht of L.
/%V-éOVC/) 54/14 /%MB /ﬂi[) =71

ﬁ’ooJZ :

5|



13) %ﬂmo{exfs a/ Zr/’ea/ac/{(fes
Lemme: if cher F=0, Zea W(\) = L(V) = M())
ﬁao/—‘ Fect (Sec 13 of Lec19) ot we? Imte dmensioned g4p-
Vesentation /s cam/nfa‘o§ veducible. Oy e cther fand,
Homg, (W) ) =L Thm 2y See 73 of Lec 7] =Fomy (WI) M)
from (2) 8 Followss thed A///()gf/"/ﬁ) Jhave JA/, Common Crveduci b,
g modile. olired summands

o Show et () is imducill over o and dedluce Lot
WU)&’/{((M ave (neduiiéle. a

o a  pational [—r;d/csenfafmn V' we assign s Savater § ‘e
%rm:p(& A V=D 0/”’7[4 ‘8'\, compere % Sec 3 of Lec 75.

AEN

Lemma implles bat o M)=ch L) =ch W()) Is qven ? # A/?Z
Character formide (Thm in Sec 3 of Lec15)

/_ZOf ﬂl/(%’ W7 Z/T‘: he /Ma 04/1’///“’6[ W/A) /}j/l/gné {4 A{fy/
Character ;émra/a_

7Zc 674(&,&"{} %M[l)‘&é L\/(J\) /s an ers, combinatorad ofser-
vetion. Thet M) s j/yzn {} A ﬁ{?{ Chavacte Sovmutn,
/oféows %’om s jea/ﬂdnc z}n‘af/e tation. /Vtzmzé, Zhe /01140;6”80615
6 §0aca [/g (s f/e //2; l/m//f/le % 0/ /gzj_s @/500/3/‘04585



g [[of’VDCV/C___Cl{ﬁU'—") w. chm Vo=( _Z:L/’_S/}’a/f&‘f/l/c_ Ten M(}) is
£he Space of jfo/a/ seal/ans/ /732 o)) of & cortain e findle OCL)
on _3’*1”, This M/eaﬂ} z}tf/pfics dim M()) <2 Moreover, Fhe lyla’ c‘o/omoﬁj}

H(FEOA) =0 for (50 —this is & specak case of e Pored- host-
Bott fim in cAor 0 § lompf I/M/J//»g_ hm in cher g From Be cohom-
@; Vemj/u?} ot can doduce Gt He Auwncter is /m/ﬁog”/mz‘ of

Chvectenste. Gofermees ave in te Ca/u/o/emaﬂz section

Now we /aroceeo/ 4, Yhe irredudbts A;oresenfa,é/ons n Aar ) Whet we
do beblow jeﬂemfi%cs Secton 2 in Leckure 10, Kecadl Yot we haue
e ﬂ%&ﬁrx{c group /o/uoma;a//':/h Fr: ¢ —>¢ &g-)fe[zf ).

For Aofrcsmz‘m‘/on V of  we can detome its Frobonius Zunst V-
i]z) ['93 C L) is 1[/«, AaMoMo//'Mlsm ﬁr/e;nano‘rlj %o K z([e,, z‘,{c
/omﬂlﬂo/?ﬂﬂ/lsm Ao e s {0°Fr: L =)

(1)

Mz Acwc q COMP/de Ma/oé 0/ 7.44: Sfa'h{e? Lensor //OAA«M{ 'fAcoVem)
/ot’oﬂm; ¢t jf.’c Z o/ Zec ¢ﬂ _@ofmc 'L(/c 5011 07f ;”651(}’/0{60( llﬂ/omz'nan't‘
de/ﬂfs /If-' =[j =;\’g+...+}n€’€/]+, '}i’ I/\iﬂ </a 19/ 6-’-',7...,/7—/} h/e Cen {Am
f—qo&'c@a] /c’cam/oo.Sc an W{;frmy e/eﬂwﬂf 0/ /1 AasS /oZ/dh/S

: ¥ ﬂeﬂ+ .El.’k, ﬂo,..-'lké/l: (w. ) #0) st ﬂﬂéﬁ/\l



Thm [\Sfein/ﬁz/& Tensor /Vaad(af) for ang AT £ ), D a5 above we
ém/e, Z[)U a4 Z[Ao )®Z[/(, )M®... @Z[Ak)&)"& e-oldl Frolenius fwnist
Moreover, L();) is irreducible over g

Wc a/on'f /prayc z%'_r. Ohee we Khow ﬂa‘ /( J’) is crredudbb over
g ¥ e /I+' , e /}’oo/ Wolks Jasz‘ 2s in Ye Sl -case (Sec Z of
Zec 70), &725 as . 7Ze /'Wea/uci{fﬁ'ly 'ﬂera /oZZaM 7*}40/;7
z(/c Zyﬂ’a‘f COI'ISZZI’QCf/on 0/ Z[/(’) [A’Ef@////—/}) Z(/V)=/14[A/).

The latter e/mafftéy, 5 Mo énjer b for jenm-f s
6)905‘0'1‘ consCructtion of LIN) IS known. Te /}’oo/ of Yo (rredua £l t}
in jwm/ (5 /aw/or, ﬂe /’e?pf’/fﬂ ces e (n f/c CD/M/OK’le secon.

The theorem allows us to seduce 4he Cﬂﬂfouléﬂ/’[/on of cALl))
to the case qe/[:. The answer Is &nown Jor 22 andl is a Mj'or
gper /p/of/em in the Sugec;f whon P is pot o /a{jc, where a ot
o/ /mzjaress hes bun ackioved in Ho lest § years ot so. NMove detoils
arc in the com/vfemnz‘ section,

2) ﬁwﬂemmﬁ - e separate note.



