
 Heckealgebra category part P
P Introduction

2 End ELGIN convolution

3 Thecaseof Bc G Gln Fg

1 In the 1st lectureofthisclass wehavementionedthat inthestudy
of representations offinitegroupsG weprioritizethe casewhen G is
almost simple Most ofsuch arefinitegroups ofLie type thesimplest
example isGln Fg where

g is aprimepower It is close to being simple
PSLnFg ShCfg center is simple if ng 2,2712,37 For a more

detaileddiscussion of finitesimplegroupsof Lietypesee St Ch4

We will concentrate on I GlnFatmodules compare toSn us21h
althoughpassingfromGln toPSL iswaymorecomplicated

We are notgoing to study all GlnFg irreps Set G Gln Fg
and let B bethesubgroup of all uppertriangularmatrices

Definition lemma for a CIGirrep V TFAE
a VB e
6 Vappears as adirectsummand in QGIB f fecal figb fig
Agel beB w Gaction via gfug figg's
Wesay that Vis a unipotentprincipal series representation
Proof Observe that ElGIB Indf trir use Frobeniusreciprocity

Flom ElaB V Hemp trir V VB a



Rem 1 Recall that for rational representations ofSin f not
muchdifference there's a unique irreducible w a Bfixedvector 2 of
Corollary in Sec 1.2 ofLecPt thetrivial one The answer in our
case turns out to beverydifferent

2 Unipotent Cirreps are interesting e.g blethestudyofgeneral
irreps reduces tothat ofunipetentones In a way they are analogs

of unipetent conjugacycharacters C provides a comprehensive treatment

of the representation theory offinitegroups ofLietype

Onecanparameterizeprincipalseriesunipetentirreps as follows
Lemma There is a bijection

princeseries unipetent Cirreps YI
irreducible right Enda ears modules aMv Homa cab V

mthiplcityspaceofV in ECGB
Proof This is a basicfact about representations ofsemisimple assoc've
algebras It followsforexample from RT13Lemma23 appliedto
A EndfecalB B EG so that Enda eGIB isthecentralizer

algebra s

Ourshortterm this thenextlecturegoals are
1 Describe a basis in Enda AGB
2 Explainhowthebasiselementsmultiply recoveringthealgebra

structure

3 Usethis to identify EndaecclB w Isn whoseirrepswe know



2 Enda ELGIN convolution

Let HcG be finitegroups is GGmodule Gatti algebraEnda alata

By Frobenius reciprocity have a vectorspace identification
doublecesets

Enda Gattis Home field Cala EKG It
For Oe HlG H define SeeElHiatt by Salo Sosa So's
form a basis in QHIGH Enda ELGIN accomplishingGoal Pabove
modulo an explicitparametrization of 1119H in our case

Now weproceed to heal 2 we introducetheconvolutionproduct
on QHIGH

Definition lemma Let ththth Gbe subgroups Thentheconvolution
ACHGHz x QHelG H H IGH f Q G it

f fig g E.gggflgifcgil is welldefinedmeaningthatf f is left H invariant f rightHs invariant Left as exercise

Example Suppose H HEH 13 FerggeG considerfoeSg fo Sg
Then Sg Sgg I 8ggSgtgil Sgg So ECG is

identifiedwith leg Gigilgigig

Exercise A In thegeneralsituation is associative Inparticular
HIGH is an associative algebra ECGH is a flat E HIGH

37
module



2 ForOneH IGth QeHtc H we have 89 80 Egan.mgoSo
where mogo Hey Igeggreatgige031 lead

3 In particular ifHeth then Sti Sgsoand ifHeth then8.88 so
So St is a unit in QHIGH

Corollary 1 Theactionof Ca on CCGti coincides w the

representationof4G there C3
2 The rightaction of ACHtcH on ECGit identifies actualto
w Enda flat app meansoppositeproduct

Proof A fellowsfrom Sg Sgt s 8ggo Toprove2
observe that 1 of

Exercisegives a rightaction ofthe unital algebra ECHL H on

CIA commuting w GG hence an algebra homomorphism
CHICH Enda e altar a

It's injective for SueGattishave S f f t feel talk
Since the sourceandthetarget of o are isomorphicfinite

dimensionalspaces a is an algebra isomorphism a

Remark Enda ECGH3 I E HIGH isoftenreferredto as the
Heckealgebra ofHCG

3 The case of BCG Gln Fg
Now weapply results of Section2 to the case ofinterest



3 1 Description oforbits
Here we explain tworesults that are consequences of theGauss

eliminationalgorithm Let GGln fl B theuppertriangularmatrices
Let F be a field Set WSn For weW let Mw Siwaitij

bethe correspondingpermutationmatrix in G WriteBwB forBMWB G

Fact 1 Bruhat decomposition G IdwBwB

As a corollary GIB HowBwB B The subsets BwB G are known
as Bruhat cells while BWB B GB are Schubert cells Ourgoal
now is to describe themmoreexplicitly assets Weneedsometerminology

By the leghth ein of weW we mean I ij eh nil icjwaitwin
a.k.a thenumber of inversions Alternatively Ecw can bedescribedin
thefollowingwayThe elements Si Ci in i t n tgenerate W Then
ecw theminimal length of aword in the si's equalto w exercise

Considerthe subset UwcUs it consisting of all matrices whose
ij entry is zero if i j wii wg Clearly Uw Fe viatakingthe

potentially nonzero entries

Fact2 Themap UuB BwB Iu6 e uMw6 is a bijection Hence

gem BwB B

I



3 2 Heckealgebra
NowtakeFFg Let Hq Q BIG B 1 ByFact I ithasbasis

Tw Spur weWNotethat I 1 Nowwe computesomeproductsofTw's

Proposition A if Claw Cluttelwlthen TatiTaw
2 For S S list n n wehave Ts g1 Tstqty

Proof Consider themap BuB xBwB G xy oxy Thegroup Bacts
on BuBxBwB by 6 xy x6 by Thisaction isfree eachfiber of it is
a union oforbits By 2 of Exercise inSec2
A Tut EwMinto whereMais ofBorbits in alla ZeBuB

P Note that BunBc im it ByFact 2 IBuwBl geumIBI IBuBaBuBl
IB1gemgem B1glam Bl BuuBlSinceeachfiber of it is a unionof

free Borbits weget BunB im it andeachfiber is a single Borbit
Our claimfellowsfrom

2 Considerthesubgroup Ps É it so thatPsBSBHB
exercise Ct

By G Ts Ms'sTstMs'sTy Firstof all Ms'sBf1st a o lol gg
g g eBsB I IBsBl g Next
IBSBxBSB IT BSB ITCBI MEIBSBIBI Ms'sIBIIBI F
q Ms's9 9 Ms's g P divideby IBI d

I


