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1O Recap Let's recall some resultsfromLecture18
Let G GlnFg BCGbethesubgroupofupper triangularmatrices

We are interested in understandingthealgebra Enda GCCB It'ssemi
simple I matrixalgebras bleECGB is a completelyreducible IGmodule
In Sec 2 ofLee18 we haveidentifiedEndCelalB w thealgebra

Hq Q BIGB Using this in Sec3 we haveproduceda vector

space basisTueEndaleGIB weWl Snlwhere T P
Wehave alsodescribedtheproducts ofsome basiselements Recall

that W isgeneratedby Si i in ist n t For weWwe definedits
length Clint min llw.si sie e.g lat o last w si The

following was established in Sec 3 of Lec18

Proposition 1 if llaw Cluttelwlthen TatiTaw
2 For S S list n n wehave Ts g1 Tstqt

1P Consequences

Corollary 1 Theelements Ti sTs list in i generate Hg

2 Wehave Titi Titi Titi Titi Titi for li ji 1
T



3 Ts I
Tsw if Elsa ecw

qtswtq 1Tw else

4 TwTss
Tus if ears ecw

gTwstq 1 Tw else

5 MineTLEt CuvweW s t Tut EwMailgTo

Proof 1 Suppose weSi sie w l Elul Notethat l su sealto fue W
Csinsie l k t t k o l By 1 of Proposition

TwTi Tie A

2 from SiSi Si Ciit2 Si Sisi length37 Sis Sjs length2

3 The case law law tr fellowsfrom 1 ofProposition Elsasecurity
w sw slow D SinceSgn w film SguSw s Sghw we

get Ksw w It Weonlyneedto considerthe case Ccw e sw to
Tw TsTsw So TsTw Ts Jw 2 ofPrepn Tfqtlg its
qtswtlq.itTsw 1 ofPrepin qTswt g1 Tw
4 issimilar

5 We write u as si sie w fecal so that TuTw 11 Ti TieTw We
use 3 repeatedly expressTietw thenmultiplythesummandsbyTie
etc In each step the coefficients ofTv's are polynomials ingwith
integral coefficients D
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12 Thegeneric Heckealgebraand itsspecializations
Definition ThegenericHeckealgebra a.k.a IwaheriHeckealgebra is

thefree TLIt module 71 W wbasis TwweWandproduct
Tutu Ew melt

from S of Corollary
Lemma This is an associative algebra w unit Ty

Proof Associativity can becheckedon basiselementswhere it's a collection

of quadratic equations onthe entries ofthemultiplicationtable
mine Tat These equations heldafter specializing t toanyprime
powerq by 5 of Corollary Sotheyheldfor the Mouw hence H CW

is associative Theclaimthat T is aunit is an exercise 5

Wewrite 71W for 00271W For Ree wewrite 7hW for
71W It R 71W This is a Qalgebra w basis Tw weWand
product T.tw fewMiniato

Example 1 For R g aprimepower HgW Hlg a semisimplealgebra

2 Let R t By3 ofCorollary TsTw Tsw TutuTaw ta we W
71,1W EW

It turnsout that 1 K 2 alreadyimply71W 271W EW

gtheorem ITits deformationprinciple Let I be analgebraicallyclosed



fieldand Abe an associativeunital FIt algebrathat is a free
finite rank FIt module Let aBe A besuchthat AaAp are semisimple
Then At Ap

Corollary 71,1W AW

This accomplishes the lastgoalstatedin thepreviouslectureand
finishes our treatment of therepresentations theory ofGln Fg Many
more details are in C

Remarks A We'll sketch theproofofthe theorem in thecomplement
section Twokeysteps toprove that FCltDog A FatDogAa
F It FLEELD via the expansion in t 2 by lifting of idempotents
andthen use a bit of Algebraicgeometryto finish theproof

2 HrW issemisimple r is not a reet ofunityoforder s n
When R is apthreet ofunity psn isprime thanthe representation theory
of 71 W resembles that ofFpW but ismuch easier

3 One can ask to construct an isomorphism Hr W CWexplicitly
It's possible to construct an isomorphismwiththethirdalgebra a
cyclotomicKLR KhoranaLandaReuguier algebra thatarises in
thestudy of representations of Lie algebras in categories See

fleshcher
arXiv 0009.4886 fordetails



2 Generalizations

We've been looking at theLiealgebra84 thealgebraicgroupSin or
Gln andtheWeylgroup WSn Butvarious constructions andresultswe've
seengeneralize to semisimple ormoregeneralKacMoodyLiealgebras
ergroups andtheirWeylgroups or moregeneral Coxetergroups We

will briefly reviewtheseobjects startingwiththeKaeMoody Lie

algebras And our startingpointhere isthepresentationof34bygeneratorsrelations

2P 34 d bygeneratorsarelations
Notation 9 34 Al fer it n t set hisEinEinit formbasis inb
G Ei it resp fi Ein thatgeneratetheLiesubalgebra ofstrictly
upper resp lower triangularmatrices the last exercise in Sec 1.2
of Lec13
Conclusion eihi fi list n 1 generate34 F Now we determine the
relations

For ije la in is set his hihi fig
Lemme Thefollowingheld CS
i weight relations hj.eitaijej.lhj.fi eijfj.tt i j
it 34relation Leif hi Hi
iii e f relations Leif so t itj
iv e e k f f relations adej

ai ee adfj if so i j

I



Proof exercise a direct computation Alternatively
i from thedefinition of reets di
ii easy computation
iii Leif hasweight didj this wt space is tere
Iv Fellowsfromthefollowing 3 observations for f e is similar
eh f span34
By iii edle kills fi theweightoffi is aij
fi lies in a finitedimensionalSpen ejhj f stablesubspace
then we can use the classification offinitedimensioned St reps to
deduce the fpart of in a

Set A ai and let g A betheLiealgebra wgenerators eihifi
and relations i in Weget a Lie algebra epimorphism glAlong

Theorem This is an isomorphism

Theproof ismorallysimilar to that ofthemain theorem in
Sec 1.3 of Lec13 see Sect Ch8 in B Sec 3 in ChTof er
Sec 18 in H1 all refs are forPart2 It is omitted

2 2 Cartan matrices KacMoodyalgebras Dynkindiagrams
Based on thetheorem wehave a recipe ofproducingLiealgebras
startingfrom matrices AsCaijlijet I is an indexset whijeTL
A shouldbe subjectto thefollowing
I



I are2 Hi this tells us that eihi f span8h
II aig so for it j otherwise in doesn'treallymakesense
II bij o agio same reason

Definition A squarematrixsatisfying I III is called a
generalized Cartanmatrix
Given a Cartanmatrix A we can form a lie algebrag A w

generators e hi fi ie I andrelations i in ofSec 7.1 This is
the KacMoody Lie algebra gA associatedto A

There is a way to represent a Cartanmatrix as adiagram The
nodes are theelements of I The nodes idj are connectedby
Maxtaiji ajitedges If ajit t dig weputsign inthe direction
i j If ti j we havehijaji or MaxChij ajit 1 themost
interesting case thenthediagram theDynkindiagram ofA recovers
Auniquelyotherwise there's ambiguity

Example Fi o o la Eff m e e e as

Gi o int Ei's I As

GIE o o B Piggy e ee ly

Est o e Ga E o e Aia

A



3 Complementproofof the Tits deformationprinciple
We startwith lifting of idempotents

Proposition 1 Let F be a field A an 5Clt algebrathat is afree
finite rank F It module Set AsAltA Suppose e eAo is an idem
potent ie e e Then I eeA st ettA se R e e

Proof We lift orderbyorder suppose G E Alt A satisfiesenter
Weclaim I eke Alt A mappingto ex Keiser Note that
Atf Alt A ble A isfree everFILED Fix some lift E ofex in
Alt A so that Ee é t a for a eAo Welookfor ex intheform
ei.tt b Then é tt b éi t t left bed shouldbe equal to
ei.tt b hot e babe 6 Note that ei.ie stka implies
thea t ee e a a e We take 6 oe a coed e.ae
It satisfies ate babe 6

There is a unique element eeA s t ext A e It satisfiesthe

requiredconditions A

Proposition 2 Supposethat in thepreviousproposition A is the
direct sum of matrixalgebras Then we have an algebra isomorphism
A A FCAN

Proof Let As If End V Pick aprimitive i.e rk 11 idempotent
eleEndVi and lift it to é e A Weget Amodules Aei
81



and hence an algebra homomomorphism A A OFEndgcan Aei
Note that for a fingen'd F Ct module being free is equivalent
to being torsionfree HenceAei CA isfree ever FCABMoreover
Dei the Vi So it's enough to show that A xD is anise
morphism Module t this homomorphismgives A IfEnd Vi an
isomorphism Inparticular A D by the Nakayama lemma
Next A is afree FCADmodule So as theepimorphismofFCA
modules A Asplits AT.ua ok Recalling thatAHA DAA
we see that Kkk so thus getting K o s

Proofof Theorem in Sec 1.2
Therest of theproof issome algebrageometricmanipulationLetV
be a finitedimensional vector space over an algebraicallyclosedfield
F The set of all associative bilinearproducts VN V is a

closed subvariety in Hom Vor V7 Denote itbyX Thegroup
LIV acts on X andthe orbits are isomorphism classes ofalgebras
Wenowproduce a polynomialmapgu F X Choose a basisin

thefree F It module A say O on Themapju isthemultiplicationtable of A in thisbasis i.esuch is themultiplication
table of A Allt8A for Jef
Let Y denote the orbit corresponding to the isomorphism class
of Aa Let Y denote its closure in theZariski topology Abasic
fact isthat Y is Zariskiopen in Y

J



We knowjulateY and it's enough to show injury Then
g ye is Zariskiopen in F and we use that F is an irreducible

variety to conclude thatjacalgulp EY Aa Ap an isomorphism

of associativealgebras
Pick FEELHomNovu wfly e Weneedto check f o

Forthis weneedto show that the image ofju f in FClt 23
is zero 6k FIt F Lt23 This image is f evaluated at
themultiplication table of 5 Ct231g A in the basis to vi
Since we have an algebra isomorphism Allt 2330g AtFCA258gA
we see that this multiplication table is obtainedfrom that of
Aa by applying an element of 941116233 In otherwords
I get e Gh f It 273 s t themultiplication table of
F It 2330pct A isgltly a Ourclaim is that fightyacall so
On theotherhand we know that figgulateAgeG F

We can viewgotgyulai as apolynomial in thematrix coefficientsofg and the inverse of the
determinant It vanishes But

fightyulan is the samepolynomial but now in thematrix
coefficients Let forg t It has to vanish It follows
that y f so and completestheproof I

Rem Here is the intuitionbehindtheproof Wewant to showjuice Y
We view F It 27 as thealgebra ofpolynomialfunctions on a tiny
neighborhood of 2 in F The isomorphism Allt2330pct A t

f At NO A can be interpretedas saying that the imageofthe



tinyneighborhoodundergu in X lies in Y Thisimplies that

JCAl CY


