A/€C/<c A/ .o/tg/’a /cg;o_‘e 0ry, arf_j/l—.
J 7/
7) fac- /%oag, @%«ygms, contd
2) A/gf K Loxeter _§reps and Hor Hece %Jms

3) [Z»Mpém&n £s,

'/)In lecture 19 we have introduced  Cavtan matrices A = (a5); jer
Heir _@7/7/&}7 aé'ajmms, and e 50/"/00«1? Lie 2loebra alA ) (Sec.
2.2 thee). L fazsz‘mn for now: whih, zhz‘msf/? Lo alaebras arise
n 2his h/R?, i Sec 7) Lec 7)}7 we've seen Yt ,84' a/oeg)

:Deyfinizz/m - S a? f/ A A is comected Z/ s @/m'n dia JVM (s
C’Dﬁﬂ»f[/fﬁél/@ 'dL 6-”049( et I cemnil be /a;wf/'f/oneo/ as _Z;HIZ W. 4%)-:0
ng ZE _Z;'Jé'Z:Z

I ,4%4}/4,4),7%4 qAI=014) @0 (4,)

So one can restnckt £o Hhe crse ihen A is comected whih is
whad we assume belons We mtl also need 4 /al%h/mé, classes
of (artan matrces.

.@ﬁ/z‘nif/m.- - We s A s 5(‘7;14/%01‘//’24/5& Z/ A qés 7/;.9,[6[,

st 7%}' .@=64'adl_1 (4,.-.04), DA is J‘Jmm%‘ﬁc-
__] ’ A/e _gaj /4 /s d/ ng‘z{c 19/)6 (/ .@/4 /s /aasiz‘/ye /«%’m’fc.
1/



- e Say A is of affime 1&/% i DA is /om‘/ve Semidefinite &
0/ m ker A=1

E)(ampﬁ-‘ 7) First we five au cxwlaé of a ﬂoﬂ-fym/n&fﬂc Lovtan
metrix of / nite 18‘7/2 Lonsider Zhe Luclidion Space L w fwfoéjm/
orthonormad. tasss g,.._g, Set of=hii=s-5, for (=1.n-1 £ 45,
hy= 25, Note thet f: = 2% St
A= (s, 4(} ))4. = ( 341 ) This is e (atan matrx of v{] e B,
7 17
For D= 0//2201 4 (:4./_%.) ]/ bhe metix DA is He (ram meton (7 /ﬂ{ nj ), {yﬂWﬁfﬂa

Z) /Vh/ an a;;flnc Jloe c’xam/oﬁ /0’15/0/\'/ f/e Llomeat's o{ /{ ‘Cz' gﬂ
as above Mo()‘«%‘o(/ £-E ,,Sov.‘/a‘ Zn4 0. Tl A- /[.44/)
[éyf* /:) is of affme 1([7 e (w ker A= 1. x)})

/L /ere's h/A olt 74}1}“&: (ZZ]/”C / WZ‘M Me/‘fr/ce: are [m/oo}'fanf

Theorem: A g{//f ) q/e/?ncs a @'tm‘/m between:
(1) Lartan metrces of Pnite 1\‘7/14_
(2) Finite dimensionad 5/;705 Lie ﬂ/{%v_ bras [over C J

7%: /0/007/ d/ 'tf/is z//eoi’em (s aboa? 2 /140/72‘4 0/ m///'fo/ /%/Z‘/
ﬂ/?e jafs ﬁ’om (2) %o (1) in Zhe same h/ﬂc;z As 74/’ <S°[,, ¥

Z,SM/’({ /ff Mjr/r{/& ﬂ/ one 445 ['JZYZZAUA .Sagﬂj(j%}’a_jcﬂ} /a:es



oL ej* (simpte r00ts) & é e} and sets A= (<.>4-,4J‘>)_

One cam com//ﬁu‘o//af% 0/4255:3?, Wbl (arton matrces of Pnite
‘{]/oe_ —or £ coms/oanmdi .727;7/&» aé'ajmms. Heres e result. The
SMéScrz}a'f (s Mmy; fn/c ﬁum{fr of verdices:

Q—o— . —o: 4” [nzl) °'°"i’—°*“0 Eg

@—0—.. —o=x¢ gq /}77/27 H__O_I,,o_..o E;
o—o—..—oxe (  (n73)
oo D (n79)

0—o—°~o-f —o—a £, g
(o]

o—o=>F 0—0 /:;«

f/ese /{Silkfu’flons are
2o awvoid the /{;oﬁfif/ons. o e G2
ﬂe de/@ cgr/e%&&n%n} 4 4” 5 S [; .
0/02‘[01714/( . Use zz/c Ca/h//émwlz .Sf’VZl con 0/ Afmlwe

2 o Ver/é 1(4&7{ ‘lf/e My ces (<0([, {/-7)‘;3-:/ 74;* ﬂ:SOMH,SﬁwSo”
Co//’{Spowo/ % ‘éA{, @J/m[h a/ﬂgrams 5,, , [h, ,@h above.

77@ zfjdm: g/ﬂ)/ﬁ» A of affone f]/’e e called atfime. 77? Agpear
Y many pevts o Nt Gee [Fal ey in Nomber {/eofaq & Sfot]
P/chs) and  n Zhe Mmodudar /’V}’{Sgﬂfﬂ/‘flon ‘f/eorg, of »c”y/ﬂmm‘r/c
Jroups, as ey, be e;;o@im( in a boms f%we. A concrete vealization
of Yo L a[ﬁp/ém mr/e,yyamﬁhg, to A, trown as §C (s cy:éuheo/
i e complement  section

3]



Z) A/gf K Lloxeter gegps and Yor Hecee m{ﬁe/é'ms.
2.1) MJJK g1o4ps
Let A be o (orten mtbrix. Db e (arten Pt j w basis h; ie L
Lt maps 2o ar(A) and, in 2t He map (s an au/to/o//#.

for ieT dofue 4. s/m/oﬁ reflection s; € [Z[j ) é
Sihy =4k
from ay=2 we deduce Sh;=-h, = 51

Definition: The A/?f group W(= L/M)) s e .S‘ugroq/o o f[/j )
jmtfeifeq/ é 7 stmpte refletons

E,Ya.mfg_ 0) Ew /4 o/ ‘{7/% /4,, we recover z% A/:’j/jm«/a a/(s’gl Le. \S;,

7) lare A o/%/aa B ()= X~(4,x) b Then S;, =4 n-1 act on j-— C"
tgy /Dfrma‘fm} 7 Caamé'/ru‘cs, wht s, seads [k,.x,) To (,.x,,,%,). It

Hows Hat b[:?,,) is e TP of ’iryneo( /ermaz‘tfﬂf/on; . [K, <
S,KA013"7 Mote that on b= B! s are Hhe orthogonal reflections

aboit codm 1 {Woeyfzwes: X=X, Jor é<n & Xy=0 for len.

z) Jaxe A of zglac 4/: Nite Bt 5:=£§4,-€j ;5 5 fene -
invanant. Lonsider wnk * Tt prEseves e affme é/ye?y/awc §7(1).
H alss presesves f[} Span, (h)r Aence 5"//7)&-' =577 /7;;. 71 a("]/mmdﬂc
%m Mjaa a/e//m:o/ /J //,,4/)%{9 (s /005/‘511« Seﬂli-o/q‘;mizc W. ﬁ€r=%£
7]



So i defines a positive. defmite form fp(RS and hone on ¥ dluad,
§~//0}@ So S‘I(”)& o/ecome: 2 é;oélaéan 4751;11,& Sfdée./f we can taly
about orféojamzf veflections about atfme @pa/faﬂﬂs.

12 S; acts o 5-’(0)02 as 2 wetlection aboat b =0 C=Q..n-1
W s jdeatifred w \S;%\S/\oanz [<°4‘,'>), Where \S; (s
wted 0} S, Sy, & <7 é)r* is o/wlmo/z? /’/Hd‘J ~is 15 an
Lomunt of 5’%/@ 2nd s acton of S "//ﬁf is 57 ransLation.

Jou Mmay want %o consider e &ram/ﬁ a/ /=3, wheve 4.
{y/my/afa/zes /‘-=0 are A4s /o%ws: Alsa
A: 0 b/A

h=0
L / \

_.7.;1 ‘fn/a jeﬂcm/l case ‘Llﬁ/c Mjé between /‘-=0 4(610 s ;2/5/
Z—J'==t7 mod 1 and %&Zse

22) Loxeter groups
Dhe can ask ]4'70/ ﬂ/wgm'n} weloions betyesn He S5 For
('a:/'eI, define My 4s Follous
44 |0 |7 |2 |3 I7/4|!

m; 21314 ¢l

: /l/c have /5,'.3')/,’5= A c'/ /119-#-"*’.



ﬂeo/em: ﬁt jroaf /n/ M ] /5 je/w/a;feo/ é Si yeletions ,S;.Z= 7
4? ["S;‘?j)”h'j=‘7 (.7[ m{.}. # oo,

ﬂis (s /pl’oposle/on 2732 o [ka]

Fix ¢ 76}7/‘1!& set I and /712'/-6 7/%_[_/[*’0}7 ;=M /éf/EI) :Dwénc Lo
972 W iy wlotions as in Theovewm. These ave so colled
Loxettr Jops. The Ponite Loxcter Jrosps are emmfg He Fnite s
of  isometres of Ludidian Sprces Dt we jmemﬁo/ 5; reflectins
(about- codm 1 épaf/cwes ) 7335 include

< the Smte /z/?( grogts ~ bt ave hovacterized éy o -
f;, Hhadt f/eg preserve. an Zn‘fejya[ lottoce.

+ The dihedred Joups __Zz-/m) = <S,,s;7/[s,z= <’=(55,)"=1) Gt are
Mjﬁ' Jroups emm‘?, Sor m=234¢ /épgg A, 4,8, )

* Two  more fzc?o{/o/ml Jops H,, H,.

For a detaited trectment of Coxeier grags //3/ groups, root systems
(et {cfonjs to Yo discrete jfomd};, ond /s 2 /axz‘ of o strctare
ﬂt’w} d/ Sellﬂ'S/m/gﬁ Z/’e A’/jdfa_s)) Sée [/3 ]

Z3) Kﬁﬁﬂl//& Hecre ﬂ,{j@z{ms_
Let W be a &xm‘erjm?o wnd S be Yo set of Sz'm/oé
reffections [ =j£ﬁe/:/ﬁ>r5 S). for wel it mares sense %o Speak
alovit it (Mjﬂ ),
6]



Lemma. Z/Sw)=ffu/)f/, #SE_S: weh/
Proaf: Niote Het we hae e /omoma;/fa/;m Sjn: W— [i/} w. St -1 (seS)
~Zhrs res,owfs z%. relations. hew Sjn (w)=(-1) &_"') Tl we @/gut s in e
/7007! of 3) of [orﬂwy in Sec 11 of Lec 19 I

A P}’occeo/ %, 0/074;;}»7} /A je/?er/c Hecee aléa{m_ for se S pick
an ondeteamnate %, ) where we declare =%, if SES" ave cag/&jaz‘e
in W For example, Sov 1}/0@5 A =S ) and /2]: (Z%{ bitter Hr
n723) all 5/}7&4 yeflections ae cac/y&ja/’fe So we e £ =% A;rg”
(W=S, & {£15") £ veffections 5. 5,., are Con(/},,ja;fe e A a:y‘yg,ig
{0 S, So e /Wc ﬁ/o lhaéifcrmi//e;&)'; +-= 2(5,- [4'-(...//7-/), Z‘f' =f5)’-

Definition) Theorem: Set K:=Z[t1se ST Let H, () be Zhe
ﬁ/& ﬁmoM w. {aszs 7;é [4/ .3_/ 4550&1%1‘/1/{//’04\4/%[ on

H(w) st
. 7;7:/ 27:”,/ if ) = )+ )

: 7;'2 )T +24.7, , ¥ seS.

7—Ze é/ﬂf?ﬂfﬂfSS /arf ‘s eaSO\L ano/ s 64/{ as an A
ﬁroo/ £l existence /muzz‘ witl be 8);0 Coned ¢n +e Ca@o/emmz{

29) ébéu"ﬂﬁf’zaf/oﬁs of Hecke déczm’ms_
7) S pea'w“am} t.=1 for ol s we recover 7. W

—

7



,Z) Suyo/osc W Is & fgm'fe, A/f? 4 j/a'uf (- A/M ) for . [w/(,ldn matrix

A of ﬂm"zlc ’{7/oe> and 7 il pre fower, TLe., ZZZL gaww'zd/on
% ZZI:Z v 2l seS gives 4 convoletion a{fagm

( ZL804)\ CGYBQ %) fo 2 ptit” finte o / Jie Gpe
67(7) and its  Bord fﬂz:l@i’a?o g[? ) For €xaw:/&) Eguip ﬂ; W.

wagjond 7érm /X’J) = ‘%- 'yt';zmz—i; ’fake [{7‘) = Sﬂﬂm /ﬂ; ) dho/

oA 8(77 be Ho Sa?/’aa/o of 2l 6}0/40 ﬁ/’@zjw{w Ma;/nce:” )
) Tl velevart Hocre @{7%/@ is for WB)=S b5 I3

) Some /2(/4&7014/ /a/mo‘ffr; (s 90 % different ypumbers)
5/9254' w'zwan: 60//55/90/1/ o “on- 5/05«‘1Z //75/'//'{:: jrou/js a/ Z/’e
‘L:y pe. 7Zc S/M/z)/esf emm/pé o/ such & (7/’014/0 is Ho //m{a 4}7/'7.[?/}/
j}’aala 4 5/,, ( 7) defined as follows. Lo = olenste He nontrmed

6’:7_ -Linar Mz‘omafp//km of ZF;z it fes ader 2. (onside He 55574,/'5/4@;/
dom o o )= 2 53, By defiition, (UG s the
Sué(jraup of it isometnes in (L, /ﬂ;z ). The relevant //?7{ jmafy
is of ‘Lfypﬂ E.

3) Zf'/'f W e a/ zz/f/ne ‘fJIDe_J f.j. W= W[J,:) Tl He S/ec‘;a/éfzall/on
0/ /7,/6[ W ) Zo fS =7 %//m /oh/ek) ar/ses as Hhy conyolution 4{7&&& 7@//

R '/p—aa[rc j}’au/o,/’ €5. /Dr A/[,(]:) fé j}’aa/ps a/ inlevest we SZ,, ( @ ]
(?:/\) oV _Szn[[f;((é») 776/5 /ﬂa? be a 4»7415 %ﬂlw’c ﬂ/fou‘f ’4/;...

7]



319) (omplemeat: the offine Lie alscra SL,

Here {: /s an L%(/grm'ca,[g closed Sl of characteristic O
St S[(F): = Slo FIt*1@ Fe, wit] He whipu F-Onear bracet
_5'0/2(/575;//1} : [xet J@{"] &Jjéaf'“ff ké’” z‘r[)y)c

[x®t5c]=0, #xJesf kleZ.

; Set T=19.,n0%, and consider e olomets
€ =L, ®7, c=1., 00 6,=£,, 0T
JCECH@7¢//1/7‘-”£®ZZ/
4 = £ (=101, 4= C-E +E,
Fove. f/a}f f/&Sc elements Saz‘/nﬁ Z//e velations of the Lac-

MODOgL L{?%Va_ ﬂ ( Aj)

FE tumns out f%a}f g/ﬂ:) —ﬁa\éz,/ /s ﬁzﬂim/% @y /Lro/m;y//fm
The /7)’00/ s smler ‘o Yot 07/ Thw tn Sec 17 but (s Mmove (o/@/&
C%{eﬂé S€te 5e0’i‘lo/7 Z ¢n [Kaj

770?_ /S an [5Sue w. ZZ/)S 0/075}7/2[/0}7 Debne He Goten J’ao/a/jo!m
jcg[/lf) as .S/an//o ) Ty 4, 5/;4}@4 yosis = (j/efjaya,&e:

of 4l jm&/dm e, CEI) are eﬂ.ﬂg Seen & be fnem} /ym&n‘f
7Z/r Co»}o&cdex Z(/e J‘ZZ Yuture 1 /y/‘efeﬂ‘d/m 7,450? A 7/})( -//)J one
Lonsides  a /lee/ a,é%m, cgl’ S, (‘/ 69/—:/ wheve CS’/ /s em leduled
zs 2 J“uﬂ/a{j(/{}/@_ £ [dc]- =0, [o/)(@fk] exots IF we Lefome
He (aton Suéafj%m 25 j S/M A, A, d), Lhon e simpte
K]



rots we nearly Endpensart (Uit H0 do 1 2 §°)
Ay advauta ge of this tamification is Yot we now can vew D
5/}37/4 1odts o as elemeats of j’*: <o/‘-,6'7.’='df~j £ <elpd>i= &
Leks f,(/,’)/a,{n which representations of Ls;\[ (o 5’;4 are ziz{e/esz‘/»g )
Theve ave two conditions one can impose.
Detine. He wajéz‘ lottice /e f * &
N={deN| <] hreZ # i-0.,n1, <\drc I}
Tlen we can tole Na,goaf weight 5’7,, - Modutes - Hose M w. a/ecm/oosfﬁon
M:)@\MPW/M&/ acts on /4A w. ), aud dm My < 7 A
% 2 /j/csf we(ijéf Modits we Mezu & zmjh‘ tmodlude M whose
h/o(ins we "bounded Hrom aboe’: 3 ], 0, st M Fo =

le U RN )

77&/: are Mo 74}7;'1% dmensiona h/aj"f ch’Moaa/w/ZS. _Z-ﬂSZZeao/, one
can  consioer ZM‘{C’}/J A /’?)’eseofwf/oml Lhose M st ¥ meM 3
N (-Nim) € 740=>§€m =7Jf€w=0, # /2/%J=4..., n-1. A intepnble mL//Jz‘
odult /m; fail Lo fe /y/e;{ W&yﬂ’ an f)rm'nfﬁ /s /a}'br//co/ ﬁ;
. zzaya/'nz‘ }’?)’e.(cn‘/aif/on. bt He (hfgm/é @/e:{ h/eﬁm/ £ modulles
6?0% /mwg, st farites h//'lq ‘L%zr Pnite dmensionad Cawz‘er/mn‘: (for
L ): z‘/gl we conyﬂéfoé reducible, He imeducibles are clessified
% olominent leﬂés i Nel st <k eZ H# 0. n-), e cherac.
ters ave Cﬂﬂ}aw‘feo/ él e A/g O-Foc  chovacter Smale. Dedoite

an b /ouno/ en Sections 3 9-72, [fa]
0]



32) fm/v/%f: seeth of /}’po/ 0/ Theorem Hom Section 2.3

Zf)f M be a Jé/a EdﬂoM w basis Df,, wel For SE\S: a\/v?ﬁm ‘L(n/c
0/8/’d0/’)’ _75: /s 7_;£ on /{{ [g/

_ éw i lw) =)+ £ i ows)= Clw)+1

7— gw‘{ i 7_ K = Ws*
P bbb, el TN b, el

7Zz hein Lechmeed 51,/‘70 i % c/ccz Gt e 79@«4;506 75’_1 71_;; 7*7;73:
19/ _s/{eg. 77/5 Keﬁamzj '64 CeSe 5{ case a{famw‘f Kafeo/ on ﬁé_

relation betwen (), Usw), Cwt), CGut) whh is /o%muo/ asing A
/z/ZOWMo( claim:

Z:'X(jmje /c/mm : lﬁa-k h/éh/ MJ o ///’2’941660/ &//efy/bm v 7@; W, 12,
Z,yo)’eSS/om of Ze /om W= S-S, - C=Clw) ave obtoined fom one
wnihor ? 2 sequence of “Breid moves’: %de:f /e.j. For Mey=s
we ju’f 5ts «— £st) st ’t

ﬂ/ma 7;4 7;; 71;,751 (s Known e coﬂsz‘raaf 54 /I’andzoll as /aZ/ ows. for
wel w redued epression h=S;- S, defne 7;L ‘M =M as
7_5:__)L-.. 7_;;’[ _Z‘_Ll’S /”Oé%)ehOéll'é o/ z{é c/a«‘ca 0/ a /204(660/ e;;orcsfloh
v T To b Ty g 75;/5 b, ¥ recdhced epressin 4= ..sj,.
We Bon defue Lo oduct 4,4°= 7,4, Tts assodatie: (4,4,)4,

Ty Tl = e Tk L), won Ty i sl smity

WL =

Femmc: Let:s show by exemple why we repuire ot the comugate
= fy exemple. wly we 1ty g



vetllections glve He some inditermnate. [nsiler W=S, and e
féﬂteq‘f 7\;;7;.;7;} 7; h/f, wM/H{Z /"L[ i two ij&':

LT Te= T b T4 )T L

r )

ST L LT s T ()T r )

The /fswﬁ‘ffc'ﬂa{ K/V/CSSM/?_S are efml = fj} ’fSZ.



