Hecee 4/36//’&/ Cm‘ejo/} /amz‘ Tv.
/) /@Z/a/cw ZaS%ZZ/j /A),S/c
2) &m/a/émnfs.

1) For an indetarminate T wh have detmed (Lecture 79) He je/m//c
Hecee lyehye /W) Gor W-S,) ovr TR, In Yhis locture, werll e
2 56 Wt modificetion. Consicer He /omomaz/z;lzw 2l¢] — 2+, tou’
m/ et H (W)= 2t 9. H). For well defme an eboment
/7’. = l/f("’)éaTé‘ ?/[M/) 7]3:3 eloments form 2 basis of Z//W)
CwZZeo/ e Sfano/m(/ besis. Note Hhad He //’oo/u on 7//h/) (s
wn 7% /ﬁ’covcreo/ %’om
4) HH="H, it f/uw]—f/uﬁf/ﬁ(ﬁ /7{,”//5( A, it W=S..s;,, C= )
&) H= (v v w1 (o) (Hv )07 2 () T+t
(1)8 (2) zny@

M., i Usw)=Clo)+1
) /JS /L/W: (Y ’V)/L/w+’ﬁ’gw; else

Lr jaa,l in s locture is % /roa/ua_ a differeat basis 0/ Z{ [l h/)/
1[/& /kQ.Z/a/@/l-é/&é{/} {615/5,

11) Bar involition. Gr first mjma{fm‘ is R lain ring automor-

/OZ/SM T of Hlw) Nite bet each H. is ivertibl in H, (W)
__C)[Z) ——A,~/{;’=/4+v—v~’) wd fenee each K, is inverfible thx <o (1)
//



9’6%05/'1[/0’1 Jdelinition: The map X =24 guven on Z-basis 5, é,,
vkH, = v”‘/%__: (s a /ihg Mfamofafzkm called Ehe far imvolition.

/DVOD%’ We /L&_a_/ o 0/6616 “hot relotions (7) £ (2) are /oreservao( KOLL .
(0 A= By Hpyr = Hy = [ ) = ) =€+ ) = Ly L))

(] =4 H.) = HIH! =HF, v
@) (Hr 0 )(H- ) = (H ) (B v)= K (100 H, ) (1- Ho)
=-H (Hrv)(H-v)=0 v

O
Eemar/c: /) 72[5 (S /n a/eeo/ an nvolution — .
2) Later on we't’ diswss fow = enters the pickure —and what it
bas to do w funckor D Pom 3) in Hw'3

72) /@Z/a/an—/aszﬁg, basis
T heorem (fssem‘mﬂch Fazhoen Zlaszz‘/j,’%ﬁ?&) 3! 201 -besis C,
(we l/) of /%/h/] [ﬁﬁ%a/awé/ﬁﬂ} basis) st
() (,=C, ¥ wel/
) C et + l/j,bmz[ﬂ (4, [uel).
7Z¢ /oﬂowmj esz‘a/é'SAes fﬂ/e am}we/ieﬂ /w/f.

[emma : Lo £ (uew) 6e a2 K2 fasis. Pee wel) and b Cu: be g4
element Sa;fz'sémd»r_ (() §(i). Then Ck,ﬁfh,.
Froot: Nite Hat (id) SH, €C +vSpan, [C:( [xel) =
~ (o= B WG v b€ S 20, Tl £ ZF, ), -
2



(@) = Z_ R, = F ()=F, (), contrdicton a

B(Mfé.- 18 Hrv setisfy. (i) £ (2):
Horv = [s-57]= /7’"+|/" [H= Htv-v-]=H+v
So we must have (=1 C =Hv

13 ) EX /S‘feMCZ
h/c witl /VOVF, f/e e,rzy'feﬂce 0/ R z{a Sis h//z% S zzfmjer //o/erz‘/cs

Defivition: Define the Brubat ovder 4 on W %{ udw f 3
flwm;wsn_‘lam f ‘f el st
Cl.Aw)< L, . Aw) H#i-q. k
and u=%..tw Note Zhat Lhis is indbed 2 /ar/m/( order

1) For Z‘=[z;j) W Z<J', L)< liw) < Wi (),
2) 1 is the am'fue min. elemeat | and )

(%

/S e a/f//'au: wmer, f/?/mwf

Bmmpé 7Ze g}’u/a/{ dm/ek 017 A aéscr/o/eo/ [ ’fAﬂ /ﬂou//h),
directecd (7"“/’/' the Bruhat j”“/ﬂA [ wiw if 9 /afé W—>(4)

o« 55,5, =55s,



P/ooyf of Ze existen parf : Wl construdt [,; _Wéuyﬁmg () &
(i’): (= ], + % U/aw[zrﬂ; W D) e 2lv].

ﬂc consf/u:{‘/on (5 JECursive ;éf we W/ 515;9305(: we e cam’fm%‘eo/
[a saizs{?;n} ()& (i) ¥ usw. Set /\(‘<W)=5/’0M7(m/'4{‘/a4w) and
define N\(2w) w/m/ajoaséy_ (i) becomes () €T +v/(xw)

Lot we s, w el Thy fov S=5; have Sw=w. Consider
C C . Swme T 65 an w{tjf’/é}’a /omamar///m, we j%! 754«1‘ (’wa

S Sw

Sedistes (i), Let's see if it satishies (i)

(e Coe U)o+ 2 U o, (A, )=LH MK, 1=
://M+IL/A/SW+ U’ZZﬁwlu(v)%—/-Z- PSW/U) Uﬁg//ﬂ

u< Sw U< Sw

é”/\[-{f/\/) Z’+Zz

We S/ﬂif e tast sum into Z/wwfs: w. [lsu)7llu) 4o be O/eno?gco/@/
2, £ w lsu)<llu): 2 The rveason is (3) betove Sec 11

- Usu)7 L) =>Hﬁ./‘/q:H5M. Note Hht U< Swi = Su< . /m&é)
17 'Z(VMS/OS/'ZZ/D/?J £t be st oyt . tosw K //Zﬁ.-ffksw)<{/§;,...sw).
A (st 4=s prce (o be meximal possibl and #pthee
w with Z,.1T.w. Dbermse, ntiw that Su=S5ts’'sts?. st.s'wi

((sts!. stcw)< (54,57 S5ts7w).

T £ollows Hhat 246 r/N(dw)
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)< lu) = V//S,%:/f-yz),%+ V/7_/Sa' So 2, becomes
Z /Dﬂf,a {TJ‘)[(’/—VZ)%-.‘—V/%“];{%W /Dw/u[o)/—/“*# U‘/\({Yw)z

Su<L U4 sw

[C-He U/I[%u)}' N(5u), N(Rsw) e qw)] € > /SMu(a)QvLU/T[‘W)

Su<u<sw

Lonclusion Q[Swe Hr 2 /Dswfo)(;*'b“/{(%w) 50

SY<LY<Sw

4::[’5 Co™ Z/Osw,u(o)[; sadisfies () and (Ci?) O

Example: Ltos compute e elensuts ( oo />S5 We already
gnow (bxample in Sec12) C=1 (= Hotuy (= H o
C;., CSZ=(/%,+‘U‘)(HSZ+ZJ‘) = %/S,Sf o (HtHy )+ ot= Cse
Hssto (Bt )rot= (g Hardls rectnent
G Cyg = (o) (Hosr v (b o Dot )=l g o zr'ﬁézf(;?/?*” s,
+ &+ v Hrt )+ = [vH - vt )=

"
525 Sz

79) Kaihdan- /(/St‘flg, caﬂ(/izz/z‘ure.
—@87&/7/1[/0% . for Uwe l/l// ot fla Kozh Xm—/u;{f/} /pof%no/m'al Gy (v)
be 0/8/[ﬂe/ 4;, £w= ‘gw Cw[zr)/% (50 z‘/zzzf szf/ Lo 70 =2 UL W ano{

for wu<w we hove z’,,,u(zr)ﬂf/aw(ﬂl
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Let e /|+={(§ hig | A-De, S, lp:él ”;/'Z‘. & Kecalt +he
element w e S, /b;/t’)=n+/—¢'). We have Wyp=-p s la{,-')\=h4,[k+())~{p
= A -2p = N

Eﬁcaﬂ Yot 4o /46/1 we Can KZSS‘Ijm fﬂ/e /oxg[mwﬂ; /e/}’tffl/fd/f/om
of ;934/ - the Verme moduds At) & s (rreducible fuoic’em‘ qu). For
JV=W'}\, fn/f ph? J/ffoém'o/ﬁ’s Yk can occur in ker [A/w‘)\)—”l(h/-)‘)_—]

are LX) wow-d<wd Sec 1.1 in lec 75 I we enow Fheiv

mw&f&);ﬁ'éze:, we can CErpress e ////ﬂfﬂow;y) ch Llw-)) vie (enown)
ch Blu)) woudew )

Thm ( kaZAo/M“ZaSé‘é/j, [0(/720{%/6 (1975) p}’oyeo( {} b Cinson-Bernsten
4 Bgﬂnszi - Keshiwara (1981, /’8/)’01/66/ & number of Lmes 4;/5%/4//5).
+ The midiplidy of L) in Alor}) is Cy(1) =
ch(ste))= 2. ¢, (1) h (LX)

o Z(W.y):c% (—1)”")’{@5% (1) ch (4(a- X))

Note £t the yper z(/fia@a/kn'% in Yo Lheorem is different fom
what we pad before, it:s ;ff"anjer, as USW = UA> W) )

7) faﬂ}aémmfs

/\/zeéﬁo/zan—Zasn‘/j /ﬂ:es//o%ﬂomx'a,ls we remearkabte 0§'ez;fs Zhat
weve fm‘ensiye@ Studed sma 'lf/? weve discovered, sz‘/ Mmuch is
SGEL unenown. Here s & Enef account of  some developments,
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2.1) /D/'z;oerz‘/es of KL /00%/70/%/&[5_

’ fgsfz//’z//fg, . Theorem iy Sec 74, &1 /a/z‘/a/m; means that
(u/w('/)zﬂ ‘chh/eﬂ/ More s ‘fmc.' Qwe ZZO[UJ. 77/': (s
fompfoz‘p{} 't pbnious fom Zhe constructon n Sec 13~ MOLL

m‘/er com binatonad ~ Construction ﬂe claim Hhat Cq wE 7[% (2]
WRS /Yovga/ zg ,(47340/5{// Mo/ ///Sﬁéﬁ in 1950 : féeg hecreo Hhat e
[06#/'()5411‘5 0/ Cuw W ‘f/{e domensions ﬂ/ stalis of TC ( EE/@,Q ) on
BB A cometon 2o He TC's ( Intersection Complaxes) 15 an
importast mjrea’ienz‘ of the classicel /m/} of the Hheorem.

Mo enumerative /ﬂecw/';:sz 0/ e coefficients 0/ Cuyue (or o/ Cyw 7))
is known (in jm&rd ) —and nore is expeched 4o exist. St KL
combinatorics Aas a/e? comectons to the classical enumerartive
combenadborics [/ér e,mm/aﬁ, vie Zhe {n/eo/} of tcelli)

Zs i weu
* Hher restrictions: one fas Ly (0) - mefi’“ (v?) for
by, & ,oa%,nomml w.integrel coctficients. One can trace Hhis fom
e o/w[[m‘z‘/an. Another restriction s Yot e FW (0)=1 And tht>s
(£ Mduz /aognomml w. /70/7-/7.:;7412,‘% % L‘eJer coeflicieats & constant term
1 anses as /@u for Some wueS, For some ", P A /o/ “Consthuction
o a//fz‘mz} ,@%Ap/an-/mafldq fo%nomm/s in %mm%r/c §roups
,@/ﬂe.ﬁ%fﬂ.ﬂfloh Z%eo}’at 1999

: KRJ:/)O(M—ZUS%ZZ/ ChVersion ﬁ/mu/[a,: ﬂfal’em in See. 74 t'm/pﬁes
2 f/)f[w)-faiga/g (1)C g1, i, (1)=§,, ¥ qwell In fad k77

§—| Jeh/



we /We Z_ ['/>€[W)~gg)(a Cu/ W, g:u./'
YEW F J "o M ’
This ¢s a combinatonal 5n/e dow of a a/ego represen lation z‘Aeormf/c
_7/2401‘-' ‘f/e ///hc/,bd 5{00): a/ [@‘fﬁdqal’} 0 /5 /KOS%«/Z 50&’-0@7/. A/e/lf

mention Some More on 7.%'5 loter:

* Lominatornd invariance L’wy’eafu/e
A Fandomentald issue w. Cdli}ou’flﬂg Gy 15 Yot £ ca/zynz/e Khom
One weeds 1ty start with wet and Ao induction on He Brihet
0/’0/6/. / Z( ﬂe Same ﬁme’) %erc S R /éﬂ,[ o/ 6(//4/0154 Sizjjeszzc'? z%z;f
. 0/90070/5 1t on Wu '//em,caﬁ/a bt n e interved Sertvess W
and u in He Bruhat (j}’@% (A, AL Suo(’jf;}m// whoSt Vertices
we 2l vertices on a/wﬁ Lrom w4t u). for exam/y{, He
terval betweer 5SS, wd s, it Bruhat jﬂ}oq/ looks Ore
A"
W Y
ﬂ.uo/ cach time ‘L% onterval Kt/fh/ew W and « is <> we J‘/oa /o/
Jave C’% W= U * The jmem,l Coy%/vzarc s Enown Kfaz‘/e “com binatonal,
(Nvarience. M{k//'eaﬁo’a”, see akiv: 111151617 Sor recent /we%pmmz{r
and more details.

22) Lenerndizations
Lecall Gt i Section 22 of Loc ) we have defned

77 a Loveter 9 W Jeneredors S, le T, wn relations 1
g



(Q.JJ)MU'=¢ Lo a colletion of elements mjezaz [/ {=F
(the relation is Sb[ffeo/ o My = =)

IF we fix a collection of CraeAermindtes t st % -% s, S;
are Co;z/ujq}lfc (in tems of e Wy 'S s boils dbwn 2o L cond-
tion Hhet 2, ='Lj- 4s /o/gi s My is ode (2end <)) Hen we
can olefme genetc Hecke ﬂ{y%m 7/({,, )/L/) (Section 2.3
of Lec X ﬂ). We can consider its efaaﬁ /pamma‘ffr _yec/ﬂ,figeiéon
Zelb) = Z (98, o Flyy (W) w4t

We can stitl consider the bow-involition = and define Hhe
kzze//m-la:éflﬁ bosis £, weW/ as jn Yo S -case. [he Kemﬂf/nj,
525/5 and 114 Cﬂl’/ﬁjpono/mé/ KZ /00§/70mm/5 Sécu/& /Wﬂ/? Simarit)-
es to the S, cese, as Yo Some jw/uefr/c /az'o‘fu;/e follils
(whore ons Kyﬂzces Yo wsual /Ka’f Vem%;; G S (2S¢ mth
“e /&9 VW/'r/sz' For e 6’0/%&5/00/46//}1} /&C-/%ng j//“;ﬂ ) For
eremple, we sttl Jave Gy € 2oy (5],

For Zhe jen&ml Coveter 970405, Hhe 7‘%} Vaneties auen't
there. ,@”/vfu/% /f’cmz‘g Llrs and Witliomson, Hodge zé/eogz of
Soerged Gmodides] Ann Mol (2) 180 (2015), 10591136, //w@/
ot Coe € Z,,[v] for all Coxeter progps. 72, /0700/ /s Mj%/«/c
but Afcwigt bses jeom&‘f}’/c Zmyﬁj (it emulates He A{mﬁe
‘L%eo;’} ﬂ’ow, 4%%/’04’5 j{om%[/;7/>

Sore jenm\% , we con Specialize Ts Lo differnt powers
of U (Whon we have more thay ane caL////'a5R7 ctass, W(B) a.e.

e order 8 dihedrel group, s He splest exw/oﬁ ). Here we can
9
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Specinlize s o differeit pawers of v/ a.rm/%,, b negetive &
even). Bt if the powers ave wt e Some, e /af/'t‘/w'?
May Hedl — a/reeo% (n 7,3,0,: B,



