
 Heckealgebra categorypart II
1 KazhdanLustigbasic
2 Complements

1 For an indeterminate t we havedefinedLectureto thegeneric
Heckealgebra 719W forWSn over7163 In thislecture we'llneed
a slightmodification Consider the homomorphism TLE 72Cutis too

andset 7hW TL v 8,71 W For weWdefine an element

Hw remoteHuW Theseelementsforma basis ofHu W
calledthestandardbasis Note that theproduct on 7hW is

uniquely recoveredfrom

a HuttoHaw if Claw elul tell HiHsinHsi if w.si sie teal
2 H's v t vHtt Hgtv H v i O Ts It its tt
1 2 imply

3 H H
sw if llswi east

6 uHutHsw else

Ourgoal inthis lecture is toproduce a differentbasisofHulu
the Kazhdan Lustigbasis

11 Bar involution Ourfirst ingredient is a certainringautomorphismo of 7hW Notethat eachHs is invertible in fluW

g tis'sHstv v o andhence eachHw is invertiblethx to t



Proposition definition Themap x et given on 7 basis o th by
Ftw U Hi is a ring automorphismcalledthebarinvolution

Proof Weneedto check that relations a 2 arepreservedby
n Hatt FansHim tha lawn ecuwtecultelwtlluiltllw.is
In AwHa s Ha Hi tutti
2 Esto Ft F 1 Hs'tv 1 Hs u H atvitis o Hsu
Hj Hgtv Hs v f e v

5
Remark 1 This is indeedan involution exercise
2 Later on we'll discusshow o enters thepicture andwhat it
has to do w functor D from 3 inHW3

12 KazhdanLustigbasis
Theorem essentiallyKathLaneLustig 1970 I ICut basisCw
weW ofHrW KazhdanLustigbasis s t

i Cw E t weW
Ciii Cnetht vSpan as HuluEW

Thefollowingestablishes the uniquenesspart

Lemma Let Ca new be a KL basis Pick weWand let Cwbe an
element satisfying i Cii ThenCisCw
Proof Note that Iii Haecut uspan a Glen
ChfewFaluCa w FineSun v7Eu Then EEE Fulci
I



I
il E Falu 1 Cw Fwa v Fwa v il contradiction A

Example 1 Hgtvsatisfy i Cii

Hst s s D H'stu l Hj'sHstv vD Hgtv
So we must have Cost CssHgtv

13 Existence

Wewillprovetheexistence of a basiswithstrongerproperties

Definition Define theBruhat order b on Wby us w if I
transpositions to theW s t

l ti tw section tew ti f k
and a to t w Notethatthis is indeedapartialorder

Exercise 1 For t i j w i j eltwkecwl wtibw.gl
2 1 is theunique min elementandwe istheuniquemaxelement

Example The Bruhat order on S is describedbythefollowing
directedgraphtheBruhatgraph usw if I path w u

5 SSS

SSz Sis

sit.tt s
b d

I



Proofof theexistencepart We'll construct Cwsatisfying i

Iii Cw Tw t EepwatsTu w Pwalye263
The construction is recursive for weWsupposewe'veconstructed

Ca satisfying i lie Huw Set 11kW Spang Halusw and
define 1113W analogously Cii becomes CueTwtrAkw

Let WaSi Sie w Ellul Thenfor s Si have SW2W Consider

CsCsw Since o is an algebrahomomorphism weget that CCsw
satisfies i Let's see if it satisfies iii

Csw tst wtEstPswu r Hu CHstswHw

highlights
Wesplit the last sum into 2parts w llsu ecu tobedenotedby
E E w l su ecu Ez Thereason is 3 before SectP

l su ecu tltheHsu Notethat as swaw susw Namely

let transpositions t to be s t U t tiesw l ti tow section sw
If I i sit ties pick i to bemaximalpossible and replace
W with tin taw Otherwise notice that sus St s st.si sties W
CStis sties W ecstins Stas W

It
follows that E Ev AkW



su ecu vAstle r r Hat uHsu SoEz becomes

Euaswpsw.nu lt v tlutvtlsuJgEswpswuloltlatvllksw

CutlerAku AkalAKSWCAKMCEuaswpsw.deCatonkw

Conclusion CscsweHutEuanPswuldCutonkwl so

Cw CsCsw pswule Cu satisfies i and iii s

Example Let's compute theelementsCw for W 53 Wealready
know Example in Sec 12 G 1 CsiHs to CsiHsiu
CsCs s.tv Hgtv Hss.tv HsHs to Csis
Has to HsHs V2 Css

Gfss Hgtv Hssir HsHs to Hgssi rHgstÉÉÉIÉI
Ottssit V HsHs 03 rtl's t Hsiu

jiffs Hey
CsisSz

18 KathLanLustig conjecture
Definition For u well let theKathLanLustigpolynomial water
be definedby Cw EwCwuluHu sothat eww 1 cute usw and

for us w we have Cwulv opwall

I



Let Ze EdieHi timeTL p E.int ei Recall the
element weeSn Iweli htt i We have wep s p so wait wellplp
Wet 2ps X
Recall that toget we can assignthefollowing representations

of3h the Vermamodule0gal its irreduciblequotient gu For
j WX theonly irreducibles that can occur in KerColwell LewXD
are Llu X w U X WX SecPP in Lec16 If we knowtheir
multiplities we can express the unknown ch wX via known

ch0 u X w a IsWX

Thm KazhdanLustigconjecture note provedby BeilinsonBernstein
BrylinskiKeshiware 19817 reproveda number oftimesafterwards
Themultiplicity of Llull inOlwen is caw a

chlow D Ew CawatchKla X

ch wt Eg tiene cwa a cholu.IN

Notethat theupper triangularity in thetheorem isdifferentfrom
whatwehadbefore it's stronger as ahw u x wX exercise

2 Complements
KathdanLustig basespolynomials are remarkableobjects that
wereextensivelystudied since they werediscovered Yet much is

gs
till unknown Here's abriefaccount of some developments



2 1 Properties of KLpolynomials
Positivity Theorem in Sec1.4 inparticularmeans that

Caw a O H u weW More is true Cawe72 v This is

completely not obviousfromtheconstruction inSec1.3 orany
other combinatorial construction Theclaimthat cawe74.63
wasprovedby KazhdanandLustig in 1980 theycheckedthatthe
coefficients of caw are thedimensionsofstalks of IC ButBQ on

BwB A connection to the IC's Intersection complexes is an

important ingredient ofthe classicalproofs ofthetheorem
No enumerative meanings ofthe coefficients of ca lov ofcawlol

is known ingenerall andnone is expectedto exist Still KL
combinatorics has deep connections to the classicalenumerative
combinatorics forexample via thetheory of cells

Otherrestrictions onehas cw.uw.ve
iiecuTtwpw.awy

for
Pwn apolynomial w integralcoefficients One can trace thisfrom
thedefinition Anotherrestriction is that thePwale 1 Andthat's
it anypolynomial w nonnegative integercoefficients constantterm
1 arises as Pwuforsome w neSnforsome n PPolo Construction
ofarbitrary KathLanLustigpolynomials in symmetricgroups
Representation theory 1999

KathLanLustiginversionformula Theorem inSec1.4 implies

fewfilm Cay a cywo.ww.lt Suw t u weW In fact KLA



we havefew til
dcaycywoiww.suw

This is a combinatorial shadow of a deep representationtheoretic

fact theprincipalblock of category O is Kostal self dualWeill
mention some more on this later

Combinatorial invarianceconjecture

A fundamental issue w computing Cwu is that to compute them
one needs to start with wet anddo induction on the Bruhat
order At the same time there's a lot ofevidencesuggesting that
Cw depends not on wu themselves butonthe interval between W
and u in theBruhat graph the full subgraph whose vertices
are all vertices on apath from w to u Forexample the
interval between S sis and s in theBruhatgraphlooks like

andeach time the interval between wandu is Ed weshould
have Cwwe v Thegeneral conjecture is known asthe combinatorial
invariance conjecture see arXiv2149.15161forrecentdevelopments
andmoredetails

2.21Generalizations
Recall that in Section 2.2 ofLee20 we havedefined

ga
Coxetergroup W wgenerators si ie I and relations sit



sis mis d for a collection of elements mije72,2W
a

therelation is skipped it mi
If we fix a collection of indeterminates ti s t ti t if si Sj

are conjugate in terms of theMig's thisboilsdown to theconditionthat ti tj as long as my is odd land o then we
can define thegeneric Hecke algebra Hai W Section2.3

of Lec 20 We can consider its equalparameterspecialization
HotW KEY Iat Hi W w ti t o
We can still consider thebarinvolution o anddefinethe

KazhdanLustig basis Cw weW as in theSn case The resulting
basisand the corresponding KLpolynomials sharemanysimilaritiesto the Sn case as the samegeometricpicture holds
where one replaces theusualflagvariety GIBfor ESC with
theflag variety for the corresponding KeeMoodygroup For
example we still have Cwu 72,63
Forthegeneral Coxetergroups the flag varieties aren't

there Relatively recently Elias and Williamson Hodgetheoryof
Soergel Gimodules AnnMath 2 180 20041,4080 4036proved
that cane I our for all Coxetergroups Thepreetisalgebraic
but heavily usesgeometric insights it emulatestheHedge
theory fromAlgebraicgeometry
Moregenerally we can specialize tis to differentpowers

of v when wehave more than one conjugacy class WBa a k e

gthe
order 8dihedralgroup isthesimplestexample Here we can



specialize tis to differentpowersof v usuallybothnegative
even But if thepowers are not the same thepositivity
may fail already in typeBe

I


