
 Heckealgebra category PartV1
1 Projectiveobjects cont'd

4e Recapgoal
Lasttime we have introduced category Ogawd Theirreducible

objects in O resp 0 areprecisely theLexi's w Xen respTEX
In particular if X isfree themost interestingcase itcontains a
unique dominant weight exercise sayX ThenW Irr at via
weLIWA SeeSec 9.3 of Lee22forproofs
Wehave stated thefollowingtheorem in Sec2 ofLec22

Theorem Let X befree forsimplicity Then 0 hesenoughprojecti
ves every irreducible object is aquotient of aprojective

Wehave seen that 0 X isprojective Prepin in Sec2 ofLec22

Goal for is t h l define a reflection functor Q 0
For w.si sie le llull show that ie i old isprojective w

epimorphism onto 0 wX hence wX

Accomplishingthis willprove thetheorem

1 1 Biadjointfunctorsandprojectives

YokXiXieNW For
additivefunctors F A 04G 0h04



wesay that F G are biadjoint if we havenatural functoral
in MyM isomorphisms of
ebag_ps.HomaxfMa.GMalItlom

x1FMa.M Homax M.IM tlomaxtGMa.M

The reason why we care is as follows Prof2 inHW6 in380,521

Fact biadjoint F G are exactandsendprojectivestoprojectives

Here is ourmain example

Proposition Let Ube a finite dimensional g rep Then
F VoxYa Okay G v a toO to do

are biadjoint takinggeneralizedeigenspaceforZaction

Proof Let Mi e 0 Then

i timing bing.it
Home My V M I Hemax Mp v AMal
Theotheradjunction isproved in thesameway I

12 Translationfunctors
These are an important special case of functors in theproposition

pick XieNW
i 1,2 7 XieXi s t XiepenFurther letjudenote



theuniquedominantelement in W taxi

Definition Jyp Lgu o O Q is translationfunctor

Ajustificationfor thischoice ofgu inmanycases we cancontrol

what thefunctordoes to Vermamodules Weneedtwospecialcases

Proposition Suppose X is free Then
a Tap 10wax 0 w X t weW
6 Ja x 10wiki has a filtrationby 0 wa Xi where u runs

over Stabw His ueWlu X X each o wa t forsuch a occurs
once

Example of6 i Xie Ie p thisis Prob4.1 inHW3

Proofof Proposition We'llprove161 la issimilarbuteasier weleave
it as an exercise ByProb2 in HW3 JaxOlwen Lguexow X
has a filtrationby Vermes as fellows we take all weightsguy guk
ofLgu withmultiplicities s t

WhatJieW

jig isj andthenget a filtration
o M CM C C Mi Lyn OfwX W MiMi.ROwXejui

ToshowthatonlyDiwali appearweneedtocheckthat

3g Ollipl whip
forsome re Wa ji wall ta w a eStabw hi



Each D waX mustthen appear oncebleLimGu aAxeW
Toprove we identify 5 w Exis Expo and considerthe

bilinearform xy EXiyionB It's Winvariant Set txt xx It's

enoughto check

jail'sljut w equality jie Wgu
2lock tp wAap Yul wequality vTEWX

Proofof a can assume y is dominantbyreplacing it w a Wconjugate
Since ji sp Migugu e Jul Jail'tIgi ji Thisshows a

Proofof 2 Thisreduces to showing dip Tap wAapl o wequality
iff the2ndargument is 0 Note that tap wetip so

Xp whip ÉMjg wMj 0
On the other handtheentries of Atp arestrictly decreasing
Axp g 70 Aj P n t Thisproves 2 D

Remarks 1 Theproofshows Lgu exo wd e buy yupThis
is anotherjustificationfor our choiceofju

2 Consider special case Stabw X2 1Si i.e Ap tipja
w equality iff Ej 6 tells us wehave a SES

e o wit ThxDfwXp o w X l
where w w wwsi By theproperties of thefiltration of

Ign exo wXp
recalledintheproof we have w X wit Since



w w's we have w X WX tip i Apple Ewca Ewchill
So w I cw X Wii w in ewi ecw

13 Reflectionfunctors
Pick Xen Stabw X 13 Furtherfer is t h lpickXieNitpeNt
w Stabw Xi 1Si Definethereflection a.k.a wall crossing
functor Q Jain Ja ai Q 0 X WX
Thefollowingproposition accomplishes thegoal in Section 1 l andse
completes theproofof the theorem

object that surjects onto o wit

iii iii iiiProof Induction on l Thebase le fellows6kOld isprojective For
the inductionstep we observe that each Is admits a biadjointby
Preposition inSec1.1 hencesendsprojectives toprojectivesbyFactthere

ie isexact as a composition ofexact functors Apply ie to

ie i i out of getting ieQiout Diedlwsie.tl

By a of Proposition inSec1.2 have Jppolwsiet OwAidSo
ieolwsiet TaigaOfwtie By Remark 2 inSecP2 have SES

o olwsieX7 s ieolwsii7l olw.X so

So ie OiO X so wX andwe are done a
St



Example 9 31 Xp 1 Take 7 0 Then GOX 0061
compare to Problem 4 in HW3

14 Comments

1 Toprove the theorem an easierargument will do see H33Sec 3.8
Howeverthe endofunctors i are very importantandwill beused
later as well

2 Here's another application of translationfunctors if X heNW
St theuniqueelements XieXi w Hitpen satisfy stabw 7
Stabw Hi then I xi 0 40 Jex are mutually

quasiinverse category equivalences 113 Sec 7.8 We care

mostly about the case where theorbit is trivial Theequivalence
above allows us to restrict to the case when 7 0 principalblock

3 Let WX befree Then one can show 1133Secs F9 that

Japs wX1 w 2 if l wa ie w t a eStabw R ande
else This allows to reduce thecomputation ofmultiplicities of
irreps in Vermas to the case ofprincipalblock O

P5 Endomorphisms of aprojectivegenerator
Let Xe NWbefree By aprojectivegenerator in 0 wemean a

projectiveobject P s t Hom P4 to A Le Irr d Since Irr ex

Is
finite Theorem in SectOshowsthat aprojectivegeneratorexists



Set A Endax P
PP This is afinitedimensionalalgebra

recall that all objects in Othavefinite length Sec1.2ofLee22
so dimHome MN a t MNeOx exercise

Here's one reason to care about A Notice that 4 Me 0
thevectorspace Homex PM carries a natural Amodulestructure

by composition and so Hemax P can be viewed as a functor
X AmedthecategoryoffinitedimensionalAmodules

Proposition The functorHemax P O A med is a category
equivalence w quasiinverse Pg

Theproof is basedon threefacts the 0 hasfinitelymanyirreducibles P is aprojectivegeneratorandall objects in Othavefinite
length see ET Section 6.3

Example 9 81 7 0 Then byExample in Sec 1.3 we can take
P Glo Q'o o fi Wehave SES e old P of a o

Notethat Homo old of a so while Home localOle s Q a

nonzero element is an inclusion Of2 4067

Let Eo E denote theidentityelements in EndColonEnd Kooti
viewed as elements of End P they are idempotents Also consider
theelements 2 old doo fi and53 doo fi of haole

gagain
viewed as elements of End P Note that 843 to



Exercise Theelements EoEz dp 8 form abasis in EndP andthe
product is recoveredfrom

EetEE 1 E 2 2 E E f EEEep532 0 Lp O deed etc
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