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1 Projectivesfinished

2 Twooutof threetheorems ofSoergel
3 Complements

4e Recap Let X be afree Worbitforthe actionof Wonthe
weight lattice A and XeXDAt Wehaveproduced certainprojective
objects in 0 Namely let w si sie be a reducedexpressionforWEW

meaning that weSip Sie l Clw Set we ie Oi an exact
endofunctor of 0 sendingprojectives toprojectivesWehaveseenthat
old o w 1 we usedthis to show that 0 hasenough

projectives

1 1 Category ofprojectives Let dprogdenotethe full subcategory
of 0 consisting ofprojectiveobjects Thefollowingtheoremdescribesthe objects of 0 prej

Thm 1 I TEX F projectivePINE0 s.t dimHomexPCILlull'Sxp
2 A PeO prej we have P g Pat w dyehimHomex PLM

Toprovethis let'sdiscussdecompositions into Otofindecomposables
Let Rbe a G algebra Wesay MeRmod is indecomposable if
M MGM for MyM ERmednonzero

A



Assume now

dimEnda M a G

Lemme TFAE
1 M is indecomposable
2 H e eEndplMI I Le I m e s t e dMe
3 EndRIM A1 eradEndaM

Proof exercise

Proposition Let Me RmedsatisfyCA
1 M decomposes as Mi whereMi is indecomposable
2 Moreover if M

j
Mi is anothersuchdecomposition then Ksl

Mi Mbc for some desk KrullSchmidtproperty

1 is an exercise 2 isthe Krull Smidt theorem E Section3.8

Sketch ofproofofThm
Existence of PX in Sec 1SofLec23 wehaveestablishedan

equivalence 0 I Amodfor a finitedimensionalalgebraA It's
enough to establish an analogous result in Amod Let Le Irr A
Choose a primitive idempotent seEndL AlvahA Wecan find
EeA w EgradA EREELLE Sec 8.1 ThenPEAgis projective
and dimHom Ae L dimEL's SL H L E Irr A
T



I
Theremainingstatements Let PE Aprej edproj w nontero

homomorphism q P L Let y R l be anonzero homomorphism We
can find 9 P R Y P P makingthefollowing commutative

p IP
Hy

R P

Ady
Consider E gg eEndR

Exercise Use 2 ofLemma to show t is invertible
Deduce that P Kergoingp
Complete theproof 5

Example i PX OA the rhs is projective indecomposable

ii Considertheobject Jp Otp Lamp eotp Thisobject is

projectivebc ofp is Jp sendsprojective toprojectives Sec's1.1.1.2

j

for 7 0 get w l zp It followsthat Pwed is adirectsummand
in Jp of p In fact Jp Otp is indecomposable so
Jp Otp P wit we'll elaborate on this in thenextlecture

Exercise dimHomex PA M multiplicity of La inM hint induct
on the length of JHfiltrationofM using that tomexp isexact



P2 Vermafiltrations on projectives

By a Vermafiltration on Me 0 we mean a filtration
a MocMi c Mi M s t MiMi is a Verma

Example OwOld has a Vermafiltration Qs isexact have SES
o o la X Q olu y o u X o f ueW where u n

u usis Clu allu see theproofofPrep inSec1.3 ofLec23
Sothesuccessive quotients ofGold letthem are labelledby sub

wordsof I for thesubword y the correspondingsubquotient is 0 at
where y is a notnecessarilyreduced expressionfer u All claims in
thisparagraphareprovedby inductionon l exercise

M can havedifferent Vermafiltrations butthey all havethe same
successivequotientsupto permutation Thisfollowsfrom thefollowing
claim seethecomplementsectionfor a discussion

Fact 1 Let MeObe Vermafiltered 03Me Mi MrThen
ilMiMi OGul dimetlemM Ogull then

Now we turnto the indecomposableprojectives PlusjueX

Theorem a For alljust Ply admits a Vermafiltration
2 For all Jex themultiplicityof old in PGulcoincides w the
multiplicity of Lgu in OH BGG reciprocity
A



Sketch ofproof UsingThm in Sec 1.1 we see thatPlwX is
a direct summand of Iso X Now A fellowsfrom

Fact 2 Let MaMaeO If M M admits a Vermafiltration then
so doMaMr

We'llprove this in the complementsection

Toprove 2 we notice that themultiplicityofLgu in OH
coincides w that in DH 6k OH DOH Lgu D Guilty
Prob3 in HW3 Then

mutt of old in PGu Fact 1 dimHom
ax Pyu DH

last exer in Sec 1 1 multiplicity ofLgu in Oltl equiv inOH D

13 Decomposing Q OA
Let'sdiscussthe decomposition of Goa intoOtof indecomposables
andwhy weshould care From Example inSec 1.2 we know that
DfwX occurs in the Vermafiltration ofGold once andas a

quotient for all other Olu X that occur satisfy thecondition
Ht u is equal to apropersubword of Si sie

Combinatorialfact us w in BruhatorderSec 1.3 inLec21

gExerase
Deduce that



Home Q O X 1 u x to w for now dim 1 hint
look at Homsfromsuccessivefiltrationquotients

you Plw7 afew P u77m forsomeMawe74

If weknow Maw's we can compute themultiplicities ofOluX s in
P w7 recursively ByThm in Sec1.2 this isthemultiplicityofCwX
inOlu7 whichiswhat wewantto computestartingLec16

2 Twooutof three theorems of Seergel
WSoergel Kategone 0 PerverseCarbenundModulaiiberden

Koinvarianten zur Weylgruppe JAmerMath Soc 3 1090

Computation of EndIp otp Tocomputethe endomorphismofa
projectivegenerator or evenmostPGM's ishard ButforJp Otp
PlwellExample in Sect1 theendomorphism algebraturns out to

be averyclassicalobject

Let me fe615JWIfle so a maximalidealConsiderthealgebra of
coinvariants ElfJaw 61530153me It hasdimension WIble 653
is a free 143moduleof ricIwlWehaveseen Prof6.3 ofHW3 that
dimEndJ.p Otp IWI aswell

TheoremP Endax Ip otp tacky
I



FunctorDl Considerthefunctor
N HomaxJ.p ol p Oxjyhjaff.ptOtp

It's exactJpaol.ptPwit DI LIwD Is w

Since Dlkills all irreps but one it looks like this functor
loses a lot of informationand isn'tgoing to beuseful in our study
of 0 However we have

Theorem 2 Dl is fullyfaithful on dprej i epreserves Hom's

What Theorem 2 tells us isthat to describe 0prej it'senough
to understand its image in 615JewmodTheimageturnsouttobe
theungradedversion ofthe category ofSoergelmodules tobe
discussednext time

3 Complements

Here weprovide proofs of 2factsmentioned in Sec1.2

Fact 1 thisfollows from theclaim Prob3.7 in tlW3 that
Ext LoGulOH so theExt is inON Ay ten

compare to solution ofPret4.3 inHw3

Fact 2 We will use thefollowingclaim similar to Pret5.2 inHw2
if SES in O o ogu M out d doesn'tsplit thenjust
WI'll alsouse that Homologyout to just and

dimEndoxoyu 1



Theproof is by induction on the length of thefiltration Let
t be a maximal weight of a Verma in thefiltration ofMoMa
Thanks to theprevious paragraph OH slides to the bottom of
the filtration so we have a SES

a OH Mem o N se

whereN isfilteredby other Vermes Notethat sinceNisfilteredby
Vermas w highest weights It Homesold N so fromthe leftexactness
ofHom So ksdimHome old M Me Alsoobservethatanynonzero
homomorphism old MOM becauseevery

homomorphism factorsthrough

old of EndaxOct Qt Since

Homexold Miami HomexoldMiloHomexoldMa
Pick anentireelement in one of thesummands saythe first Itgives

anembeddingOctGM Then we replace M W M 110111 andproceedby
induction

A


