
 Heckealgebra category Part IX
1 Seergel bimodules cont'd butnotquitefinished

1e Recap Set R 1457 For a simplereflection s i anew
we considerthe subalgebraof s invariantpolynomials R CR
and thegraded Bett Samelson bimodule BS RepsRats
thegrading shift explicitly means that deg 701 7 Wehave

also definedmoregeneral Bott Samelsen bimedules forw si Sid
BS BSSERBSsi r OrBsi

A Seergel bimodule is a direct sum of shifts ofdirectsummands
of various BS s The full subcategory of SoergelGimodules
in Rgrbimed isdenotedby SBim By theconstruction SBim
is closed under Op O andalso takingdirectsummands

Every SoergelGimodule is thedirect sum of indecomposable
in a uniqueway

Questions weplan to address in this lecture
h Howare the indecomposable classified
A Up to agradingshift the indecomposable are classifiedby
the elements of W For weW let Bubethecorresponding
indecomposable Seergelbimodule

ppl
How to decompose BaoBu into A indecomposables



A The sameway as to decompose CulwellIW into the Ka
linear combination of Cy's Here Cw's are theKathLanLustigbasis
elements

This is one of thewayshowSBim is a Hecke category

91 Decompositions of some BS s

Lemma t Let s be a simplereflection in W Then

BS OrBS BS4 1 BS O
Proof Let s i itll h hi Then as an R Gimodule R RghRs
exercise hence

p p g p
R wgenerator inLeg 2

a

So
BSORBS l 2 RORRHRRORSR ROpsR RSR IN

REAR R e R R 2 or R BS L I BSC 37
This impliesthe claim of the lemma apply 2 5

RemarkP i BS is an indecomposablegradedbimodule Indeedby
theeasypartof Remark 1 inSec 1.3 ofLec25 BS is

indecomposableas long as BS BSorG ROpsG is an indecomposable

Rmodule Themodule BS is 2dimensional w basis 101 hot
Note that text generates BS as an Rmodule h ooo hot

If BS decomposes as M em forgraded Rmodules then

IBSs Mi em But BI s I text so text isforcedto



be in one of M AM sayM Since text is ageneratorwethen

have BIM
aNote that forCssHave7hW haveCs lutuncs

Lemma2 Let s t besimplereflections Then BSis t is

indecomposable
Proof Step9 For BERgubimed let's understand

theGimodule

structure on BS OpB ROpsB a in terms that ofB
R R eRh asRIGmodule w basis 1 h th if s si So ROpsB o

is spanned as a left R'module by elements 1,06 406
Leg deg6 1 he6 deg deg6th where 6 is a homogeneous element
ofB Theproductby elits ofGcells is asfollows We can

decomposeG as Ahab Fer r eRs inparticular refs we have

2 Irl
6 reb v6 P orhs

h 4861 4,06 h the61 hi06Cheers 10h56

Step2 In particular for y si Sid BS is afree rightRmodule
w basis k 0 w e is ha Thedegree is his t's The

left Rmodulestructure canberecoveredfrom 2 The tensors above

form avector space basis in BS BS BS

Step3 Apply this to w s t Weneedto show thatBSis is

an indecomposablegradedRmodule Wehavetwo cases stets easier
left as an exercise and sttts The latter reduces to 4 3 exercise
I



Let s s t.se Wehave h 1 de heled il Set y 1,1 2

y 12 9 1 so that Sigi yi and thy is1,2 are bases of5
We claim that BSis isgeneratedby too this impliesthat it's
indecomposable compare to i ofRemark11
halter her
Yall 17 19yet yeah tfy w ate toy o bley ers Ehes
positivedegree 2.1oh
hey lien dheh a

Remark 2 We've seen that for n 3 wehave GC Ct example
in Sec1.3 ofLee21

Lemme3 Use thenotation of thepreviouslemmaandassume stats
We have BSist s RepstR 370 Bst hereRst RsnRt i e the
subalgebra of invariants for sit f S3 W Moreover RepstR
is indecomposable

Instead of aproof Note that BSist.si is an 8dimensional R
module Wehave Rowtext se R one cansplit it as adirect
summand the complement is 2 dimensionalandit's Rop G Withyet
more work one lifts this to an isomorphism as in the lemma For a

proof see LEMTW Example 4.41

Jemark 3 Csf Cst
tCt Example in Sec9.3 ofLec21



12 Indecomposable Soergelbimedules

Thefollowing result is fromtheoriginalpaper of Seergel

Theorem Up to grading shift the indecomposableSoergel bimodules
are classifiedby the elements ofWMoreprecisely t weW F
indecomposable BueSBim s t A reducedexpression is of w wehave
BS But g Bus 9

Remark Compareto thedecomposition of now Sec1.3 ofLec28

Example W S 5 11.21 t 2,37 Then BeR Bs Bss BEBst
Bst BSis t BtsBSit s Bw R pwR 3 There are no other

indecomposables This will follow if we show that for all weW
E 9,2 BS r Bwhas he new indecomposable summands This is
an easy check eg fer wwe we

have BwGBSist.si
BSsoRBw.EBSis.s t.si BSis.sfBSsFi70BSs47 BSist.sk1 BSist.sn

P3 Split K Seengel's categerification theorem

Define the split Grothendieckgroup K SBiml as thegroup
generatedby symbols B For Be SBim lap to iso andrelations
BOBI LB BI Since every BeSBim is uniquelypresented
as 0 of indecomposables K SBim is a free abeliangroupwhose
basis is theclasses of indecomposables Thisgrouphas thefollowing

structures5



The unique Tau modulestructure W VEB Bt n
The unique associativeringstructure BALBI BOrB

Together theygive a ut algebrastructure on K SBim What

algebrado weget

TheoremSeergel 1 There's a unique TLC algebrahomomorphism

Hulu ke SBim w Cs Hgtv to BS A simplereflection

SEW It's an isomorphism
2 Underthis isomorphism Cw to But t weW

Sketch ofproofof 1 Thealgebra 7hW isgeneratedbythe
elementsCs Hgtv subject to thefollowingrelations

i Csis avi Csi
in CsCs CsCs if ti ji 1
iii CsisCsi Cs CsCsiCsiCsi if li j t t

Theserelations held for Bss it followsfromLemma P
ii from theeasy case ofLemma 2 Finally bothsides of iii
in K SBim coincide w But fer w Sjsis Sissi
Hulu ok SBim 6k the span oftheclasses BS contains

all Bw by Theorem in Sect2 Bythattheorem But'sform a

basis of K SBiml as a TLCut module Also 71W gas 70 19

Ian k SBim Anysurjective TLC linear endomorphism of a

finitelygenerated ICr module is an isomorphism So
MCW I Ke SBim D

I



14 Remarks

I 1 ofthetheoremjustifies thename Heckecategory for SBim
It's relatively basic In a laterpaper WSeergel

Seergelprovedthis usingessentially Commutativealgebra butthe

proof is informedby the representation theoreticgeometricsetting

II SBim isthefirst example ofan algebraiccategorification Another
important examplediscovered later the 2 KeeMoodyalgebras
KhovanovLandaRouquier They're related to thequantumgroups in
thesamefashion as SBim is relatedto HuW

I 2 is a muchdeeper result Seengel'soriginalproofreliedon
an interpretation of SBim in terms ofperversesheaves onthe
flagvariety andusingtoolsfromperversesheavessuchasthe
BBDG BeilinsonBernsteinDeligneGabber decomposition theorem In
their2014Annalspaper Elias andWilliamson managed to provide
afully algebraicproof emulating thegeometry

N Thealgebra Hutw in its own doesn't know about anybasis

meaning we cannot recoveranybasisjust fromthealgebrastructure
Butonce an isomorphism Hulu I k SBim is established HuW acquires

abasis theclasses of indecomposables inSBin Iwsomeshifts Theseare

gnaturelly
recovered fromthe categorystructure



V Part 2 resultsfromtheprevious two lecturesimplythe
KL conjecture Namely we can form thesplit ke of SMedand
of SMedang The former is 7hW viewedas a regularrightmodule

over Hulu K SBim where SBin acts on SModby tenseringever R
K SMedang E KISMed AIK smell EW

thegradingshiftbecametrivial
Since SMedang Oprej weget Keldproj TW wrightactionof
Wrecoveredfrom P Isil Dip
While Ofw7740pray for wet we still have a well defined

classColwDeke Osprey thx to theVermafiltrations en Pw 7 is 2
their upper triangularity properties Sec 1.2 ofLec28 Inparticular
Pla773 E malt of o wi inPlaA LowXD By the SES in the
endof theproofof Preposition inSec1.3ofLee23

GolwXD LOLWsiXD Co w X
It follows that underthe identification Keldprej I 72W wXD

goesto w So themultiplicity of olw.tl in PlaXi is the coefficient
ofHw inCn which is the KLpolynomialCanto evaluated at v1
Thx to See1.2 in Lec24 this claim isequivalent to the KL conjecture

V1 WehavebeendealingwithSeergelGimodulesever 0 Wecouldhave
chosen

any
char l field andTheoremabove still holds Or we can

try a characteristicpfield For p nottoosmallsay p n certainly
works SBim esdefinedabove is still a reasonable objectTheorem in

Iec
1.2 as well as 1 of Theorem in thissection continue to hold



2 ofthetheorem which isthemainpart fails however a geometric
reason thedecompositiontheoremfails in charp
Instead the indecomposables in SBimgive a new basis in HuW

called the p KLbasis Unlike theusual KLbasis
there are no

knowncombinatorial formulasforthe p KLbasicandfindingones is
amajor openproblem in thefield

V11 Whyshouldwe careaboutp KLpolynomials Well for W S
they aren't that useful This is because in modular representation
theory interestingcategories such as representations ofsimple
algebraicgroupsandtheirLiealgebras are controlledbyaffine

Weyl groups for Stn234 this is WAnl One can defineSBim
forany Coxetergroup but theoriginal Soergel's definition is
useless if char I 0 and theWeylgroup isaffine a reason

thenatural representation is not faithful the translationby
every lattice elementdivisible by p acts by e Thecategory
SBim needs a modification Theresulting category first constructed

by Elias and Williamson hasseveral equivalentdefinitions Two
of them are algebraic
B Elias GWilliamson Seergelcalculus RepvesTheory

2006 theoriginaldefinition where SBim ispresentedbygeneratorsrelations Lots of funpictures similarto whatknottheorists
use

qN
Abe A bimodule description of theHeckecategory CamposMath



1St 2021 isthemost recentandalsomostelementaryequivalent
definition te fix thepathologies w Seergel's original definition Abe
addsjust a bit ofextradatethat is immediatelyavailable in chare

Nowlet'sget to thequestion inthebeginning ofthispart whyto
care about p KLbasis Theanswer forthesame reasonthatwe care
usual ones They orrathertheirvalues at 9 givemultiplicities in
various categories of interest for Reptheory The sese ofrational
representations of reductivealgebraicgroups has beenstudiedmost
extensively this is the lastfiveyears orso


