Hecte a{j‘o/vfr&/c«;tfggorzq Purt X
'/) Varzvf/éj
ZJ Zo/omo{%j} Vs Soe:’j&f MOMCJ‘,

’[0) ﬂ’éfoa/uﬂfiaﬂ

In His lectuwe well onves Z‘/ju‘c Lo jco/uaf? behind He \S}cy&/
Zl/eoratt. ﬂﬁ wa’fmorl ﬂ‘offﬂl Y ’L(/i.r -’55 W&ZZ &S n /ﬂm“lz 0/ ‘5(!;
j@mg‘m A/&VaZO/OWJ of L //fmwn‘m‘/on heor, — is Y /%J wwo?}

.Drﬁ/;'m"f/on.‘ 45 z set , fA /& VR//.%? SZ (c ) Lonsists o/ co/n/oz,/o{r,
Hags of 51{0/704’.&65 L3l cle. sV =C" w dim V=i This i5 4

/V(zy'eo?{z'l/e a,é&é/ajc Vamy‘gi (50 @ compact T’(}oo%/d imze)‘

Eemwki e AM/& a/)’ma? Zﬂco«n‘ft/ea/ % /uz‘ oer ”; 72}) Wes

in lecare 15 when wewe frst enonted o Hecke alyobra.
Wemely  note Y, for any peldl F, e (=L, (F)-actoon on F”
guves an acton on F ([F). s trensitive (. ). For ke
stendovdl //izdaz = V;fgaa/ﬂ(F (€., )—whwe €, A Zzeqfa/sf/cd
tesis of [, he stabitieer of Hhs /ﬂ{o‘i m § is He Borel Sub-
_§70up B So,as awt F(F) i jontifred w G/B Tn fact if
[ s %dm/kaﬁg closed, Hen G/B has a netund m{é%mic VM/PJL‘J
sbudwe and G/B—>FE(F) s mef} /somor;o//'snf.
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1.1) Schubert vanitees.
7ZL éese /&/p/ is €.
Becall 4hat  G/B = ﬂ BuB/B whre BuwB/B is e Schubet cell
idtrfied w. € [see Sec _?//a/ Lec18)

Detinitoon:  The Schubert Vmﬂf (essociatted £y w) is bwl/B < f/g
h/l{V 7_4( [/éfw’e (s fazen n %V/S,Cl "'ZD/”"/??J/ /’/4 &/ osure m -/n/e (/sz//

fo/ao%j} j/ws 4 5amc>

Sinee ()R = 9//;( C) is q /a}?/'e(;f/n/e V&’J’h%é; , So (s 0/
(et's plescrbe BuB/B wd BubBB i linear alj%rzu'c Lerms, [et
3= /[oJ=V°CV}'~T.. cf=cC") ¥= ([05=V°/Cl{/<.._61/,,/= d:") be Bt /%j_c
Me Con Vfaa/ a Pcrmaz‘az‘/w %’om z%m as 74//0;«1, f;k we lt/ /—‘ \S:,), we
Say \?/3/ e Ly /&Zdu/e/m/f/on wo it

a/zm[Vﬂl/) ;{‘/{/ 3N wilt.j3), ¥

1) fove et ¥ FF " suh w oexists and s anguc.
2) Show Hat T FAE:
. Scj) F we in rletve fﬂf/'z‘m/y %
o 3 lasis 5, .U, of L s+ Z:SPM(E/Z,..,V‘-)‘( I/‘)-/: S}ﬂdn (Visryrs U“WJ.))

Lot " donote He stondhoo Mg (o Y[ Spang (e, W houe
'fA/L /D/Z[DWM} veswlt
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Lewme.: 1) Bub/B consists of all /szs Lhat in retatve /905/1‘/%
W with \;szf

Z) EWB/B .U guB/B“

L9 (1132, | dn (710)2 #{11.,030 wl1. j3)5

Sketeh of )’00/ 1) Mte ‘L%;j M, B8/8 s 2 /ﬂ?j guven 01

V \S/am /ew,) ., W(J)) St Fw): [g‘ of relatove position w F G
m locus H) (s B- stably &t /5 /xeo/§ B H /DZ[DW;

Yad s tocus contnins Bwl/B and 15 o amon of some Schubect cells
Thre are W] of such oci and | Schubert colls. So F)= Bul

Z) —MOVe S’KEZZJJ . one S/ow; —//u‘ % és‘f ~‘we ju!;&f: e fL_
Same., wheh amounts *o 2 combyatorial 0/656//1/'011/0/7 a/ %
Bt ovder Thu one shows ot € Arst feom is contamed

n He 1%‘;// ( 1‘4 dimensions o in Levsedions can m% grow when we
%j@na’da" Zhe /ﬂzj) The second is contamed in Yo Arst _ZZa/e.ea,/

Lot c'<J' be such that (f'/')w<w<————> w"/z)?w”{/'). (onsider He mep
YC —(L(C) « = ItxE, W00 Mte Yot ¥H£)wB/B < fub

(§(¢) CMW ﬂ’om Sec 3.1 of Lo /X) Then our con Show Zhet
Y )wB/B () 3/9%/8/5%% %ra‘nj, KQ/ JwB/B cng O

Emm bo: 1) Bw,B/B is open i (B-F, | iveduiiblts m//vgy
So Bh/ B, B/E = (/B

—
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2) Let n=3 S=(12) 7= (23). Tl BwB/B consits of all
F=lo=lj<fcyclf=C’3 st
cwet: VU A iegz A pont

Ey
)
<
n
NAa ™
LY
IR

st (312): Y Y wtt deseite lter

7

wats=(4132): yfﬁcy el —

1.2) Bott - Samelson varetes
Dhe issue w. Schubert vancties és Ghet ﬂ? we f/»(f]wézr (€. nt mesi-
74&/57 The 5sue Arst anses e = =4 e - LuB/B s !/;40{61[&/ Hor
W= ; 41 524 ) for a Sllyujw szm‘} X one afun,% Dres B fndd
/’650%0” of 374;,61/”;%@: 2 smosth Vefx«%} )/<v w. a Mal/'p//f}u & /{7 — X
5.t
- T Is proper [ # /re«'mc:je of Weg_ con/foaﬂ‘ subset s cam/maz‘)
T 15 bvetiond (its en (somomhism over & Zansti goen dense subset)
We witd p/w/jm, Bott - Samelson varieitres, JKSL,,M% ﬂ’/5¢;:"y 5&) (s
2 word in S/m/aﬁ /a/éof/o/u_ Woan W /SR yeduaeo! expression of w, wetl
See. Yt %Sh, /s & resolaton of J'/}gu/a//‘f/ts of bwB/B.

./Deéh/z//m A 5 R set %5 (’0/75/51/5 a/ 6‘(4'7) ﬁ( fes ( SZJ F )
T [o=V cy c..<lf'< CV ") with 4 /w%wmj, /}’O/erflef
L F g

74/ eech, // K, e Acwe {/ /r J*‘g
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Betore we /mmfua exam/éf (for /7=3)} Gtrs nitee et zgSy zolmits
T naturad /Q{j%‘/u/ Maps:

Z:%Sz — BSy W=, ) %gwf 4 tast /ﬁ;/

I B3y — I fogt all fogs bd e lost one

Ly ose ”F—/ ﬂud”memm}, fssenz[/w%,%/d et/ey Aber of
f /3 P, (A/mzz-‘ 'LZD recover Z%: ﬂz;L/ %;, 50//5 0{)14//1 Zo j[V/M} 2 /—aém'f
Sa/s/mca inside & freod Z-dmrl spece ).

Ths bundte is (Zua/@ el i a sutekl, sense Zm/agfﬂé, Yot
%35‘1 IA] Smoaﬂ\ A/c z(ﬁo See 'L‘q/xjf KSL/ 5 R /ayg'eazf/ve I/Mp’tj o/
dmension €. In /pg/f('éu/w; A is Praper

E)mm/ﬂé: K=1: 5§S= m—’l’f’
p=3: W=t we clein tet 5t BSyy, > BbHE
We have SBSy = (3 (o=l <y <€), (0 Y <Yc ). Tk
Aay (0c V< e ) sihishes He conditin tht V<V chamcte-
rrams Bisb/B. fom/wpg guen (0l clcC’) w ZS{CVL we
recover an lement of /55(15 9 c/mfwg,
. S/M/M%, %5/_3 H = W S 644 5{:1575) E;{K/g we st
 Now consiler g 455/4 sty B Tl wafj,, 55/15; £ consits
of Lrptes (mt F=, also onit O and e Sl space:

(<’ y ey’ yeh)

M Seno/ '//)f '/}’lpﬁ 4 V,CV?: /d’s /‘%[er/mhc Z([L/Ve&m‘zje,s a/m/er L8
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Theve ave 2 cases:

L) l{#%# Thor we wﬂ'fm/? recover g/@ Vlekfrf So élt/fe/}mj,a
is & S/nj& /0[;12‘. D 74%‘ p m /:0;140794/'5}:4 over Thg locus iy
FC  whid s amyfg Fe\ BLB/B.

(L) I/,——V,S.% Ty Hose’s ﬂD’[ﬁa}c&J ﬁfom Va/ 50 Y //er (s /‘?,

Jheorem:  Let w=(5;,.5,) be 2 redluceo! exp resSIoN of w Tla He
image of 78BS, I, is BuBB wid orew BuB i

Vo t{jea[/on (fence an /:omo/pé/m ).

Sketeh of /0}’007/ : /5« mdeition on € we reduce 4 prommy 4, /o%w»}:
consider o s f F ‘F5 st FEF I we o relete
osition ' S Sy, £ FLF ae in rebleve /af/lz/()n Siy-

Then F I e in relete /o;/'f/m w £ moveover F i

wr/;w»/& vecovered  Hom I W want Phove s but weve

Seen & Simiter fact beSove: whon iy Sec 3.7 of Loe 1F wew

/9)’01/60( that T 7y =T,., /DVDV)o/eo/ L) = Ll) + () a

2) /oéomo/oj} Vs 5064(7&( modules.
2.9) Basics o £o/onwf137;,

LA X be 2 Z(o/oo/ojzm( oRce- fo X ore can &ssign an vyt
2 L-alyebra Hx)= B H () e @40»70/&(53,/ whh s ”jmo/eo/

(20

-commutattve” iy 4o /o%h/mj, Sense:
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Detiniton: Llet A= i? A be 2 jmo/Co/ asSociative algebra. We
Say A s j}’ao(ﬁq/ -commutatie i ¥ aed, fe AJ we have
ﬂ/g= F‘/)IJ {Q :50 P&r’f/wzéi) l/ 4 = [D} 7/6/' 4 0/0/) Z[/éﬂ j‘yao/eo/

ca/ﬂmuz‘q/ffz/e -, ‘L‘/L Same 4s wmmuz‘a;f/l/e.

In ﬁtﬂf, H * /s & CD/IZZ/WM/MZZ ﬁnm[or Bom 75/4 Cchjordi 0/
tpelgicel speces (even better, fom U homotipy cotigory) 2
e mz‘téor} of jmo/eo/ ~commytative ﬂ//jwfms. In /oarz‘z'aa/zuf) i
/4 X =Y 5 a Cozzflnuow /t{z}d /f[w, we fave 2 (f}’zeo/eo/ afjagfa
Aomwﬂwpbsm 7/7*-' H¥(7) — W) (Hat a»v? aéofw/r 0"/@0
%o AD/”DZZOP%)

g)camloﬁ: LA X-=3(C) s /Rx/eo/ é 2/ Jpces (Schubat
C&%) lblled 51 Yo Lowsats of W A jewm/ yesult ch_r
Yot dwm HEX)= [W. A mone corefid andy 5 Shows Lt as

2 aij{m HVX) [5 ﬂo@‘/m;. eloe fut (E’g’*j“h/ w_j p a/e; 7
(whed is one ex/ofam;ébn of h/% we choovse Bo doudleo jma’ng,
o E in le ZE). 74, imejes of He vanafles K. on (Z:’[}’f]cvh/

we He Kt Chon classes of Z[auzza/%/czzl Out funddles on % ()

227) [a/mnafojgl a/ /eoz‘f-jam«%son 4( Sr/éaKerz‘ veviees.
vai/':(st;,..., s; ). Nite Hhait ﬂgsy —s 32, (C) ques an
alyedn homomophim 3% H"(5,(C) — HY(B5S,).

—_l In /vz//m/éw, /9/*( KSQ) becomes « jﬂw/eo( H *(37.”,, (C)) -modute.
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fact: As a j;«w/eo/ H(%Z, (€)- d:[}"‘]coafﬂm/w&, H*/ﬁsy)%ﬁ_gﬂéb
(nite Yt e Shitt of jreﬂ/m} in G defmition of BS, is the
’;ben/er;e shitt? S note alsy Lht f[g /Somo//'M;‘r}n ahove s that o/
ﬂ/jeyfms).

Dhe coutd Hen f:}awf Lt z‘/u, /ha/;cw;%om//é —goﬁl’jﬂ/ modaty,
B, is //*(M)</> w. L=Cw). This is z%_ ase wh W
/s smosth.  Peraise H */ gm) is nt a comed o’ﬁd/ieuf.

71% is & qumber o/ /I’o/dcrf/és 7,544’1‘ 'L‘ZL CMM/M/OJ } 0/ ,Waﬂﬂ
/r?/'euf/va vanetes satock, (MATH 678 in S73 witl discuss hs)
Tle  most fesic one s % ///gmcaﬂ aém,&z}:/ z}/ VI, zozzympf
n-dimensioned veed menifolo | Whih s oienladl (. comptex e folils
witomidbolly sibsly ths prpecy), Lo H ‘(M) = 47 )
(if o e abuit 4o 5040}14%‘7; o) tems of 4}4@/&42‘/@5
Sorms |, Hey ultipty e Sooms £ intepate) Dn pectioder, 4o
a{meﬁsz’om of 754 jmoéol //cces are ,ymmxxfrzc 2o Mo, Ths
a/aeSM'ZL need 7,10 be 114 CRSe 7{;’ A/*/KZZ/Z) We 4awc

Aoy //K/m) ~# L ue h// udw & Llu)-¢F

g/c m /s ﬁalféo{ é 47{//}5 Speces LB =~ C ) yé} ufw,
Lewne i1 Sec 11 gj v w 3742;24) of /é”(f‘// 7 Hove ave ¥
/QWMZLRZZ/DHS u of /efjfﬁ S v Uil aud X /aemm‘c‘a;éom of
KE’}?; ) // So Z(Zu’c ‘S o J'JMM?-

Che /go/iz ces HYBAER ) wt y/A Untersection 50/0”'”%3/ %”

7k / BwB/B ) [studied in 2o pesverse sheef 0/?3:;). T2 fooses Spme
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Ka AYAS /}’o/oe/f/eﬁ / /omyz%/% [hVe//Mce) {ez'né an ﬂ(/jf/{ Z9) yetams
Some az‘[y; —sPHU an H*/Kwﬂ/é); /ma IL/*/%)'MOM/&D/
ALquires Ao/oZ/’ bonel //%erzl/ef such & 6/}7(&/& Aémézﬂ‘v

Thm [5063%): We Aave If/*/g;/%) 3§w.

Efﬁwfts * /) One can inconporete e 50&/;&( bmodutes ints s
jeom;f /e /oz'afure . instead o+ Lo wsual co éo»m/OJ . one consiaders
He 7f€7u}w.r/emz Co/omoéj} A o mammad fones T< S4.(c)
£ its netured acton on Ho vareties of intevest

Z2) The ﬁ/ecom/aosi’/lm _5_52 = ﬁw@u@ B < .’79'75011165 Fom Yo BEDC
0/6(:0/;;/005{1‘/017 theorem 4//05”/ 4o 45"52 —> gw”B/@ :

3) 7712 BBDs ‘éA{OI/em is stoted o -64 o calles ?ﬂ/mfc f/z/ecwe;”
Mall (/3/527' ‘4&(-)’ CD%DAM(ZJJ, #‘/4 A/e% vendt of &cgv&f /s 4«% {4
ﬁ(jfevca/{omp/oj 4 Amctor H Jlves. 11se 1o equiralenc betwesn:
° 7ZL /M/M Su/c‘w’fff 0% $6 [%[[}) h//o.rc MD/MS e
eaegory D %
D TC(BB/B)[2]®
- SHod



