
 Hecke algebra category Part X
1 Varieties

2 Cohomology vs Seergelmodules

1e Introduction

In thislecturewe'll investigatethegeometry behindtheSeergel
theory The startingobject in this as well as in mostofthe
geometric developments of lie representationtheory is theflag variety

Definition As a set the flag variety Fence consists ofcomplete
flags of subspaces 03 Vogt4 4Vn Q w dim Vii This is a
projective algebraic variety so a compacttopologicalspace

Remark Wehavealready encountered Fln but overFg Thiswas
in Lecture 18 when we've first encountedtheHeckealgebra
Namely note that for anyfield F the G Cl f action on F
gives an action on Fln F It's transitive exercise Forthe
standard flag Vi Spangle e where g en isthetautological
basis ofAn the stabilizerof thisflag in G is theBorel sub

group B So as a set Fln F is identified w G B In fact if
I is algebraically closed then GIBhas anaturalalgebraic variety
structure and GB Fen F is a variety isomorphism
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P.MSchubert varieties
The basefield is Q
Recallthat GIBstewBwBB where BwBB isthe Schubertcell

identified w Gem see Sec 3.1 ofLect8

Definition The Schubertvariety associatedto w is BwBtB GIB
where the closure is taken in Zariskitopology theclosure intheusual

topologygives thesame

Since GIB Fln Q is a projective variety so is BuBT
Let's describe BwBB and Burt in linearalgebraicterms Let
F Le Vcu e cUns a I's le VicVic cUn'san be twoflags
We can read a permutation from them asfollows For weWfSn we

say F F are in relativeposition w if
Lim Vinyl 1 i A WIP j t i j

Exercise A Provethat A J F such w exists and is unique
2 Show that TFAE

F F are in relativepositionw
I basis y Unof Q s t VisSpangly Vi V'j SpanIrwin Owji

Let Istdenote the standardflag w VisitSpangler all Wehave
thefollowing result
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Lemma 1 BwBIB consists of all flags that in relativeposition
w with f st

2 BWPB H BuB B
I IVleft dim VistAVj 1 i A WIP j

Sketch ofproof 1 Note that MwBIB is the flaggivenby
Vj Span eww ewji Set Felw Fafrelativeposition w w Jst
The locus Felw is B stable6k Jstis fixedby B It follows
that thislens contains BwBB andis a unionof some Schubert cells
There are IWIofsuchlociand Iwl Schubert cells So Few Bub

2 more sketchy one shows that the last twosubsets are the
same which amounts to a combinatorial description ofthe
Bunhat order Then one shows that the first term iscontained
in the third thedimensions ofintersections can onlygrowwhen we
degenerate the flag The second is contained in the first Indeed
let iaj besuch that lipwaw wait wIcj Consider themap
8 Q GL e x 4 It xEwanwig Notethat SHWBBcBwB
18It cUwfrom Sec 3.1 ofLee18 Then one can show that
JittwBIBABlijlwB B forcing BlijlwBIBCBWB s

Example 1 BWBIB is open in GB Fen irreduciblevariety
So BW.BA GIB



2 Let n 3 S 1,21 t 2,37 Then BWBT consist of all
I e VecV C V CV3 033 s t
W P Vi Uist for is1,2 Apoint
W S VEVest I D

W t VpVest p
West 3,12 Vcyst will describe later
W sts 93,2 Vitek i

92 Bott Samelson varieties
One issue w Schubert varieties is thatthey are singular lie notmani
folds The issue first arises when 4 4 e.g BwBtB issingular for
Ws 3 34 For a singular variety X ene usually triestofind
resolution ofsingularities e smooth variety I w a morphism H I X
s t

IT isproper thepreimageofeverycompactsubset iscompact
It is birational it's an isomorphism over aZariskiopendensesubset

Wewill defineBettSamuelsen varieties BS where D Si Sia is
a word in simple reflections When y is a reducedexpressionofw we'll
see that BS is a resolutionofsingularities of BWBT

Definition As a set BS consists of kn tuples I I

I's lost c u c cVic c Vin Q withthe followingproperties
I Ist
foreach l f k wehave V5 V for j t ie
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Beforeweproduceexamples for n 3 let's notice that BS admits
two naturalforgetfulmaps

2 BS BS b's Si Sin forgetthe lastflag
S4 BS Jen forget all flags butthe last one

Exercise 2 is a B bundle meaning essentially thateveryfiberof
y is B hint to recoverthe last flag boilsdown togiving a tdimil
subspace inside afixed 2Limitspace

Thisbundle is locally trivial in a suitable sense implying that
BS is smooth Wealso see that BS is aprojectivevariety of
dimension K Inparticular it isproper

Example K r BS BSBIB I B
n 3 west we claim that H BS it s IBtsBT
Wehave BS it Ist lo cVitaVacE3 o c Vcke e The

flag eCVCkc Q satisfies thecondition that V t ck

characterizingBtsBlB Conversely given e cV CVC E w Y'tck we
recover an element of BS it s uniquely
Similarly BSis I BstBTSo bothBtsBlBBstBTBaresmooth
Now consider it BS it s t GB Thevariety BS it s consists

of triples emit Ist also anit l andthe full space
Ustcry Vcry V ch

sendthistriple to VCk Let's determine thepreimages under it



There are 2cases

i V VestThen we uniquelyrecover K as Vev So thepreimage
is a singlepoint In fact it is an isomorphism over thislocusin
Fln which is exactly FenBEBT
in V V Then there's p choicesfrom K sethefiber is P

Theorem Let e si sie be a reducedexpressionofw Then the

imageof J BS 9Jen is BIBB and over BwB it is

a bijection hence an isomorphism

Sketch ofproof By induction on l we reduce toprovingthefollowing
consider the set I I s t I 1st are in relative
position W'sSi Sie F are in relativepositionsie
Then I Jst are in relativeposition W moreover I is

uniquely recovered from J Wewantprovethis but we've
seen a similar fact before when in Sec3.2 of Lec78 we've
proved that TuTw Tawprovided flaw elultelwl I

2 Cohomology vs Seergelmodules

2 1 Basics on cohomology
Let X be a topological space Te X one can assign an invariant

a Q algebra H X H x thecohomology which is graded
commutative in thefollowing sense
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Definition Let A D be agradedassociativealgebra We

say A is gradedcommutative if HeeAi beAj we have
ab C1 isbe In particular if Ai a for i oddthengraded
commutative is the same as commutative

In fact H't is a contravariant functorfrom the category of
topological spaces evenbetter from thehomotopycategory to
the category ofgradedcommutativealgebras Inparticular it
f X TY is a continuous map then we have a gradedalgebra
homomorphism f Y H N that onlydepends on f up
to homotopy

Example Let X Fen e It'sparedby affinespaces Schubert
cells labelled by the elements of W Ageneral result implies
that Lim H x IWI A more carefulanalysis shows that as
an algebra x is nothingelse but Q53

w
wG in Leg 2

which is one explanation of why we choose thedoubledgrading
on R in Lec 25 The images of the variables Xi in Egnew
are the 1st Chernclasses of tautological line bundles onFln a

22 Cohomology of BettSamelsen Schubert varieties

Let us si Sid Note that 14 BS Fence gives an

algebrahomomorphism H Fenley t BS
Inparticular t Bsu becomes a graded 11 1Fence module



Fact As a graded Fenlon 1453 module Bsu BIwt ks
note that the shift ofgrading in the definition ofBsw is the
perverse shift notealso that the isomorphism above is that of
algebras

One couldthen expect that theindecomposable Soergelmodule

Bwr is H BBM Cl w Ellul This is the case whenBWBT
is smooth Otherwise H BRB is not a correctobject
There is a number ofproperties that the cohomology ofsmooth

projective varieties satisfy MATH648 in 523 will discussthis
The most basic one is the Poincareduality if M is a compact

n dimensional real manifold which is orientable complexmanifolds

automatically satisfy thisproperty then H 154 H 4

ifyou think about the cohomology in terms ofdifferential
forms then multiply theforms integrate In particularthe
dimensions of thegradedpieces are symmetricabout 42 This
doesn't need to bethe case for 11 1BuBTB we have

LimH BwBtB new abw Ellul k
6k BwBtB ispavedby affinespace BubB I Q for usw
Lemma in Sec 1.1 Eg for w 13831 of length 4 there are 4
permutations u of length 3 w Usw and 3permutations of
length 1 so thereis no symmetry

One replaces 11 1BwBT with theintersectioncohomology
Itt BwBtB studied intheperversesheetclass It loosessome
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basisproperties homotopy invariance beingan algebra retains

some others still an H BBB hence H't Fen module and
acquires additionalproperties such as Poincareduality

Thm Seergel Wehave It BWBTB Bw

Remarks 1 One can incorporate theSoergel bimodules into this

geometric picture insteadof the usual cohomology one considers
the Tequivariant cohomology for themaximal torus To5410
its natural action on the varieties of interest

2 The decomposition BS BweE By 7 comesfrom the BBDC
decomposition theorem applied to BS ButBT

3 The BBDh theorem is stated forthe socalledperversesheaves
notjust their cohomology Adeep result ofSeergel is that the
hypercohomology functorBt'tgives rise to an equivalence between

The full subcategory D Il El whoseobjects are
IC Bub B
SMed


