
 

Representations ofsymmetricgroupspart 4
e Recep

1 Irreducible representations of 71121 applications
2 Completionof classification
3 Standard Young tableaux us bases

e Recall that to apath P N V's v weassign
a basis vector upEV JiUpsWiUp where Wi is thescalarofaction
of Ji ish n en V c Vi Wesay that Wpswa wa is the
weight of P Recall Wise

Thm P wpswp EP

Let Wtn denote the set of all weights forGsnmodules For
ww ewtn we write waw requivalent if ww correspondto
the same the Irr Esa So Wtn a Irr Asn t
t equiv class basis in the corresponding irrep

Nowfix P V V's un is no
Path P i P's V V's v VJV'sAj i
Vpi Span up I P ePath P i hasbasisup

Prep Vpic V is an irreducibleFri Citi submodule



Tounderstandirreducible Ei in modules we've definedthe
degenerate affineHecke algebra 7112 wgenerators X K T
relations

a XXeXX T 1 TX XT A
2 XT TX t

I unique alghomem'm 712 Zi in X 4Ji Jin Tali in
And if M is an irreducible Ei in module then it remains
irreducible as an 7112 module

Ourmaingoal today is toprove
Thm2 LetWp wa Wn Then

A Wi Win
2 if Wit Wit1 then PathBi P

s if wi Witt thenPath P it PP W P P

Wp Wp Wi i Witt Wi Witz Wn
r if wit With fish l thenWi Wi

Rem used inHW for dat have 7112 w

generators Xp Ka Ta Ta
relations Kitty XjXi

Ti P TiTj TjTi if light TiTiTi TinTiti
exactlythe relations for 9,21 Ch th inSu

TiXi Xi Ti 1 Tilly Ati ti Hj i it1
I homem 71121 Ze ltd Xi toJen Tito eti ein



1 Irreducible 7112 modules applications
1 1 Classification

M finitedime irred71127module
XXeXX F men Xm am Am Gm labeE

Case 1 Tm e Gm T P
Case 1.1 Tmsm apply TX At o to m
am Gmm 6 at 1

er

Case1.2 Tms m 6 a t

Case2 Tm Am m Tm lin indep't
XTm XT TX t TX m m Am6m76Tm m

Atm XT TX 11 a Tm 1m

T Tm m

So Span mTm is 71121submodule M SpanImTm
In the basis m Tm of M generators act by

Te 8 Xel9 Xel s

Thesematrices satisfy relins o H e bed So 3 defines

7112 module strive on Q to bedenotedby541961

Lemma aMla 6 is irreducible 6 att

2 if 6 att Mla b 541961 theneither la b
a b er a b Ga



Proof a Assume 6th Then X X are diagonalizable

so have two diff't eigenvectors A subspace of14stable
under X X is spanned by some eigenvectors Foreigenvector
M Am is Tstable 6 at 1 Conversely if 6 at 1

then M Tm is eigenvector Mla6 is notirreducible

If 6 a then X X are not diagonalizable this case is
exercise

2 Assume6 a Then541967has anothereigenvector
w e values 6for X and a for Xi So5416a 1541961
If a b 96 or ha Mca 6 541561 6k a isnot
eigenvalue of X on 541961
The case b e exercise 5

We'veproved
Prep Finite Limit irred 7112 modules are classified by
1567662 96742196 w 2156 I 216a if 6 att
Moreover sb is apairof eigenvalues ofXX on2156
if b at 1 then Lca6 Q w Ted X ta 4496
if b a r then Lea61 0 To 1 X ta Ntsb
if 6 att thenLea61 54196 fromeq 3
XX act on Lea6 diagonalizably a 6



92 Consequence

Thin2 LetWp wa Wn Then
A Wi Win
2 if Wit Witt then PathBi P

s if wi Witt thenPath P it PP W P P

Wp Wp Wi i WittWiWitz Wn
r if wit With fish l thenWi Wi

Proof Wp wi Wn for P ePath Pi
Wjdependsonly on V'J V's coincide w VilVi if

jti in Wj Wj
wiwi simul eigenvalues for Ji Ji e Zi Citi i.e

for XpX E 712 Moreover Vpi is irredile 71121module where

X X act diagonalizably
Use Prepn get o s ofThm

Proofof r Assume Wi Win Wi 9 Then Cup is stable
under Zi iti Z Litz So i it1 up Ivp it l it2 Up Ivp
Observe

i it1 itt it2 i its i it2 itt it2 i its its its

Apply theequality to Up Ivp Ivp Contradiction a

2 Completion of classification of Irr Esm
Defin An admissiblepermutation of we 1C is w wa wa

War WinWinWiWin Wn for I w Wit Witt
Two edits of a are c equivalent if one isobtained



from the other by a sequence ofadmissiblepermutations This
is an equiv rel n Nc

we G is a combinatorial weight if A c equivit w have
wid
witW'in
if wit wit 1 4 i n I win Wi

ewtn set of all comb wts

Corollary of Thm 2
a Wtnccwtn Wth is union of cequivclasses
2 e a

Kpatins ofn Irr as.lt Wtnkrl
K A

Iwtn l'd
NI lewt.la

Lemma in every c equiv class in chit we have representative
O l Mpd DC 42 2 2 Nz 3 K Nk k for

n ME he w nthat the N
Proof see notes look at the max edit in lexicographicorder

ByLemme all inequalities in r are actually equalities



Therefore Wtichtn
a Nes Np
no ne in Lemme are uniquely determinedby

Cequiv class
so Irr Esa partitionsofn

Wtnh
Ex n t

trig uniquewt le1,23 in theformofLemmapartn r

Sgnr o 1 2 3 n i i pt
refly 3wts e 1 9,2 10,1 9,2 10,9511ns 3,1

is as inLemme

2 uts le 1,1 o let's
as in Lemme

2,21

3 Forpartin X let Ye Irr Csn corresp irrep Abasis in
Uy is labelled by the combinatorial wts that correspond
to X These are in bijection w the standard Yeung tableaux
ofshape 7 Section 5.2 in thenotes


