
 

Representations ofalgebraicgroup Liealgebras I
e Recap of bits of Algebraicgeometry
1 Algebraicgroups
Modifications in Sec 1.3 on 0212
e Let I be an algebraically closedfield
Definition By an embeddedaffine variety we mean a subset
of 5 forsome n definedbypolynomial equations
Let Xc F YcAmbe embeddedaffinevarieties Amap

q X Y is calledpolynomial a.k.a amorphism if
it's a restriction of a map F Amgiven bypolynomials
Thealgebra ofpolynomial functions FIX consists of

polynomialmaps X E w usual addition andmultiplication
offunctions
Facts i The set I x f e 5Cx all flee is aradical
ideal in Fxp xD IN IFT Theassignment X to IG
gives a bijectionbetweenembeddedaffine varieties in E and
radical ideals of FCx xn'sNullstellensatz Moreover F x
FCx tn IN It's afinitelygenerated F algebra w a

distinguished collection ofgenerators XitI x is1 n Moreover
the algebra F x contains ne nonzero nilpotentelements

ii Let q X Y be a morphism and let fotheFln xD
be such that q fo fully Weget a homomorphism

y't F Y F x gogoy It sends y it Ily to fit Ik



i t m Theassignment q toy'tdefines a bijection between
morphisms X Y andalgebrahomomorphisms F Y FIX
Moreover this assignment isfunctorial id s idea for q Xo Y

Y Y Z have1447 4 y't

ii allows us to talk about abstract affine varieties X They
correspond to fingenerated F algebras w o nilpotentelements
Thechoiceofgenerators corresponds to an embeddingofX into
some F but we view X irrespective of an embedding The
notion of a morphism still makes sense in this setting

Here are two useful constructions
i Let Xbe an affinevariety If eF x ThenXp xeXfix to
is an affine variety w F Xp FIX f
Lii Let X Y be affine varieties Then XXY is also an affine

variety w F NO FLY FLAY If g xy f xgly

Rem Subsets in affinevariety X definedbypolynomial
equations are called Zariski closed they are indeedclosed
subsets in a topology theZariskitopology Asubsetin X
is calledZariskiopen if its complement is Zariski closed
Note that a Zariskidosedsubset say Y of X is again an
affine variety thismay fail foropensubvarieties Thehomomorphismit F X FLY corresp to i YesX issurjective
I



1 Algebraicgroups
11Definition examples
Considerthegroup half of all nondegenerate non matrices
W Coefficients in F Equivalently if Vis an ndim l vectorspace
ever F then choosing a basis in V we identifyGLN w Gln f
Note that Gln F AeMatn F ILetA to So G F
is an affine variety w F Gln F F Xi Let where

Xij
i j l n are matrixcoefficients See i in Sec l

Definition By an algebraicgroup we mean a subgroupofsome
GL F that is Zariski closed i e givenbypolynomialequations

Examples ofalgebraicgroups
e Gulf
1 Sin Fl AeGLCF ILetA B a singlepolynomialequation

This is the special lineargroup
2 AssumecharF 2 Set On 5 AeCL f AA I

More conceptually let B be a non degeneratesymmetricform
on a vector space V of dim h all theseformshave an
orthonormal basis so there's no differencebetweenthem

Then we can consider O VB Ige Llull Blgugu Bluu tu rev
A choice of an orthonormal basisforB identifies VB w On F
Thegroup On F er ONBl is calledtheorthogonalgroup
Note that Let A It for Aeon F Set son F



DeOnlf LetA13 This is also an algebraicgroup the

specialorthogonalgroup
3 Similarly for a non degenerate skew symmetricform

w on a finite dimensional vector space V thenautomatically
dimV iseven we can similarly consider the symplecticgroup
Sp Yw EgeCL u wigugu wluv f u ve v One can find
a basis V VanE V s.tw ViUj ISijan where wehave a t

is n Let J be thematrix of w inthisbasis
J I o so that SpNw AeGlance AtJA J Spaulf

The
groups in Examples

1 3 are called classical They are
extremely important

4 The subgroups of uppertriangular.fi7 upper uni
triangular it anddiagonal diagha in matrices in

Gln F are algebraic

5 Themultiplicativegroup A GL f oftendenotedbyGm and
theadditivegroup 5 117 6415 oftendenotedbyGa are
algebraic

Exercise If G G are algebraicgroups
then so is theirproduct

hint Gln F x Gln F embeds into Glyn F as thesubgroup

got
block diagonal matrices



Rem Note that everyalgebraicgroup in our sense G is
Zariski closed in an affine variety Gln E hence is an affine

variety itself Moreovernote that themultiplication map
GL 5 xGln F Gln F and the inversionmap
Gln F Gln ft aregivenbypolynomials in thematrix
coefficients andalso Let for the latter so are morphisms

It follows that exercise
x G is an affine variety4 themultiplication G G G
the inversion G G maps are morphisms
We can take A for a more conceptual definitionofan

algebraicgroup
however weget the same objects every G

satisfying A embeds as a Zariski closedsubgroup into
some Gln F see e.g Thm 8 in 53.1.6 ofCov

Rem A isparallel to thedefinition of a Liegroup replace
Cmanifolds there with affine algebraic varieties One
canshow that every algebraicgroup is smooth as a variety
try toprove this ifyou know what smooth means use

that the action of the variety automorphismgroup on his
transitive It follows that for 5 0 an algebraicgroup is
a complex analytic liegroup

12 Homomorphisms representations
Definition Let GH be algebraicgroups
5



By an algebraicgroup homomorphism G H wemean a

group homomorphism that is also a morphism ofvarieties
Let Vbe a finite dimensionalspace By a rationalrepresentationof G in V we mean an algebraicgroup homomorphism

G GL V well elaborate onwhy rational later
In otherwords a rational representation of G is onewith
matrix coefficients in F G

Example1 i Thegroups Gln f SL F On E Spu F
n is even in the last case are embeddedintoGln A hence

comewith a rational representation in V E calledtautological
it If V is a rational representation of G then so are
and sub andquotient representationsof V This is

left as an exercise look at matrix coefficients
iii If VWare rational representations of G then so are
VAW VAW exercise

Example 2 Suppose char Fpro In this case themap xxxp is an
automorphism of F Ithe Frobenius automorphism Themap
Fr Gln E Gln F Cai Haig is therefore analgebraicgroup
homomorphism It's an automorphism of an abstractgroup butnot
of an algebraicgroup pthreat is not apolynomial
Now let GCCL f bedefinedbypolynomials with

coefficients inAp and notjust in F This is the case in Ex
I



T T ofSec1.1 Then Fr restricts to C tf eftp.lxip wehave

flaij o flaig o ble x exp is idonAp so weget the
algebraicgroup Frobenius homomorphism Fr G G an abstract

groupautomorphism It plays a very important role in thestudy
of rational representations of G

Rem on terminology forthegroupG Clm A a representation is

rational means matrix coefficients arepolynomials in thematrix
entries Xij Let Onealso considers polynomialrepresentationsthese werematrix coefficients are polynomialsjust in

Xij'sForexample thetautological representation its tensorpowers
etc are polynomial while its dual is not polynomial

13 Bigpicture connections

As apart of thegeneral ideology we care about the
structure and representation theory of simple algebraicgroups
their relatives semisimple reductive groups
Definition An algebraicgroup G is simple if it is connected
in the Zariski topology all normalalgebraic subgroupsof
G arefinite Wealso require G is not commutative
Forexample Stn F n 2 Son f n 3 or mis Slr is

semisimple but notsimple Span F not are simple In away
there are justfive more examples the exceptionalgroups G Fr
Es Ea Ea We'lldiscuss more on that later
A



Simplealgebraicgroupsgivethemostimportantkindofsymmetry
in Mathematics They are also themost centralobject inRepresentationtheory with a fewexceptions confirming the rule

everythingconsidered in Representationtheory is relatedto simple
algebraicgroups in onewayor another forexample Sn appears
in at leastthreewayswhen we studyStu its representations
Onemanifestation of thiscentralvole is a connection to

finitesimplegroups Let G be a simplealgebraicgroup over
F P As in Example 1 inSection PP Gembeds into some
Gln E as a subgroupdefinedbypolynomialequations w coefficients

inFp So by Example 2 of Section 7.2 wegettheFrobenius
endomorphism Fr G G Pick Kat and set 90 Fr Let
a cGln F bethefixedpointgroupsNote that
Cn F I actsentrywise GlnFg Inparticular G is a

finitegroup eg for GSin F get CK SL g
Thesegroups are almostsimple we canproducefinitesimple

groups out of them This construction can begeneralized one
can replace Frk w its twistedversions we'llmentionthis
later in the course Aswas mentioned in Lee 1 mostfinite
simplegroups areproducedin thisway


