
 

Representations ofalgebraicgroup Liealgebras 2.5
1 Hopf algebras
2 Distributionalgebras pt 1

1Questions aboutaffinevarieties or schemes usuallygettranslatedto the languageof algebras offunctions So we can
ask how is an algebraicgroupstructure on G reflectedon
its algebra of functions

Tohave an algebraicgroupstructure means
we have themultiplicationmorphism m CxG G
we have the unitelement that can be viewedas a morphism

Apt G
we have the inversion morphism i G T G

The axioms m e I shouldsatisfy are exactly those of a

group i.e
m is associative equivalently we havethefollowing

commutativediagram

GxGxG GxG
filum fm a

GxG G
the unit axiom whichis the following commutative

diagram

T



C t GG

IIe
theinverse axiom which isthefollowing comm'vediagram

ii is

a

Now consider thepullback homomorphisms
m FCC F GC F a EF G
F G Fpt F

it F C E a
Thediagrams o 3 translate to the corresponding diagrams
for m it replace the varieties withtheir algebras
offunctions and reverse all arrows
We arrive at thefollowingdefinition

Definition Hopfalgebra
Let F be a field and A be an associative unital

a



F algebra We write ju Ag A A for themultiplication
map Ju a 6 af and E I A for the unit map Z 421
By a Hopfalgebrastructure we mean atriple of

algebra homomorphisms
The coproduct o A Ae A
The count y A I
The antipode S A APP thealgebra wopposite

product
that should make thefollowingdiagrams commutative

AAAAA 0

AYAMidoo o a

A 2É A AI

A A A

A Kid AOA

igo laid I

xp
o 3

AoA A
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Example 1 5 G is aHopfalgebra w O m 5 0 2 1

Example2 Let Gbe agroup Thenthegroupalgebra FG is
a Hopfalgebra w Olg gog plg 1 Slg g

Tocheck

the axioms in an exercise

There are furtherexamples the cohomologyalgebra of a lie
group that was studiedby Hopf the universal enveloping
algebra of a Lie algebra andperhaps themost interesting
thequantumgroups q deformed versions ofuniversal enveloping
algebras

Rem The definition of a Hopfalgebra is self dual More
precisely let A be afinitedimensional Hopfalgebra w
operationsgu AxeA A E F A D A AOA z A F
S A APP One can check that A't is a Hopfalgebra
w.at 0y'ty't E S an exercise For example for afinite

group G we have 59 5193 thealgebra offunctionson
G also an exercise

2 Distribution algebras
2 1 Definition
The constructionof theprevious remark doesn't work well

whenLimA o for example inthis case the inclusion A A C

T



ADA is proper In this section we will explain a construction
of the correct dual of theHopfalgebra F G where G is an
algebraicgroup
We start with defining thenotionof a distribution Let X

be an affine variety and Lex Let me F x bethemaximal
ideal corresponding to 2

Definition By a distribution at 2 we mean an elementof
F x that vanishes on M for some n e depending ontheelement

Let Dist denote the subspace of distributions in F x so

that Dist Y FCAant

Thespace Dist doesn'thave an algebrastructure buthas
a natural coproduct D and count2 The latter isgiven
by evaluation at PeFIX Todefine O notethat F x Mh
is an algebra ifjun denotes theproductmap

gun F x M O F x Mn F x Mn
ForSELFx NYCDist set
0 S junS NIMMO F x an cDistadDist

An easy check exercise
shows that 0 s is independentof

thechoiceofn

When X is an algebraicgroup C 2 1 thespace Dist Ca

gacquires
an algebra structure Theremainingmaps are asfollows



TheproductmapJu Dist G Dist G Dist Gl
comesfrom theproduct in thegroup for8SeDistCal feACG
we haveJu8,08 f 8,0823 m f where m F a F63516
is thepullback undertheproduct m GxG G
ExerciseJu is welldefinedgulf S apriori an element of

5163 is in fact in Dist G
Theunit map E F Dist G comesfrom theunit inthe

group it sends tee to f Afo reG
Theantipode S Dist G Dist G isgivenby

Se Sei where i G G is theinversionmap

Exercise Show that Dist Ca withtheseoperations is indeed
a Hopfalgebra

22 Examples

ExampleP
Consider the case oftheadditivegroup GF inthiscase 0

isthegroupunit Let Si ie Ko bedefinedby Si xi Sig The
elements Si form a vectorspace basis in Dist Fl We will
determine 0 Si andSiSj Jul80Sj Theotheroperations are
leftas an exercise
D Si xexXe Si x fiwe 0 fi EjSj Sij
ISisj x thecoefficientof x'y in ay Id Sig
I



Rem Here's an alternativeway to
thinkaboutthisHopfalgebra

Consider the Hopf A algebra ACS w 0187 801 108
and S 8 8 y 8 so since O S y are algebra homomorphisms

they are determinedby theimage of agenerator Inside consider
A Span filine It's a subringandactually a Hopfsubring
meaning that 0 A CA A co QSiegal83 andsimilar
conditions for Sky So Fox A has an inducedHopfalgebra
structure

Exercise Showthat the E linearmap FO A Dist Ga

given by 10ft to Si is aHopfalgebra isomorphism

Example2 Considerthe multiplicativegroup I We compute
the Hopfalgebra Dist F As a vectorspaceDist F
s y 5 x x p Notethat F x x i IFC x x i so
F x x D has basis of the cosets of 1 x It follows

that DistCA has basis SoSo Sn givenby Si lxNJ Sig
The coproduct 0 fi isgiven by thesame formula as in Ext
To compute theproduct note that ok xox so settingg x i we
get Olyoxy yay tyotttoy Using some classical

combinatorics

we arrive at for
SnSm EÉ imitative Sami



Rem This has a more transparent interpretation similartothe

remarkfor Ext Note that 8,8 ra Srtv8 fr 8 41 fr
r 8 8,181 8417 A r 2 Consider theHopfAalgebra
S as in Ex 1 Then considerthe abelian subgroup B spanned

by the elements f 818hji.tt for rye It is again
a Hopfsubring And FO B Dist F


