/@/r{ sentation Zhe : of A/{?&éfaﬁ jmcz/&;cf e aloetbras, 1.

0) Metivation
7) 75756/71‘ Spaces 7 4/{%@’/@4 jeomofg_
Z) Braceet on -Z'/e ﬁwje/nf space at ! of dan ﬂ/jﬂ/{/ajc j/@o}o

0) Algebraic (o Lie) rops are tron-Linear 0(07(&1‘5 (eleoned C«? 2o -Cmeer
z_’}ﬁaﬂf/om ). A basic pera a/(/jm “o le\ﬂ)@ Such o {7601’1 1s tincarzation
Tn Yo context a/ Lre jma/ds , 2‘//; wRs gp/aﬁco/ M/eeoé {}
Sophus Lie, leadmy % e niton of Lie ﬂjfﬁ{m;, L He base
feld s chavacteriste 0 ) e s ﬁ/ﬁé of SOuctwe anod /’700/?:;5/72‘«—
Zion -L‘/eofgc( oS L or alsehraic grogps re duces © Lhose for Hhe
Lre aloebras. In Characterst Y Yo o ave sbll reloted

but e nleton s more subt.

77) Detinrtions

Lt [E be an ﬂzéqﬁ{/’ajcnfg/
2t a/gaémic [/ﬂ/’/;%}. We write FIX] v e

poéwommﬁ Suntions on X Fee Le).
Defintion: An o-derivatton of FIxXI 15 an [F -Crnear ey
$:[Flx] - Swf/n{ymj £e /aﬂowz;g Version af Leibhiz /Z/wl//l:]:
§6g ) =1%) 85+ 960 S
Note +hat 4 M-a/c/’imf/om ;grm 2 vecto 5u{7rma n e Space
FIx7 * 0/ Eneny %my‘f/om FIX1—[E Tk Jorce 0/ A- a/fn'm,’flom
/s densbed by [ X andd s called D tangent pat of Nat«.

7]

Gé:c/ %&é/ W/o/ /*/é an
ﬁ/{jw’& of



Here is an prﬂu’f %a/tzufel'/éﬂ/fmh 0/ Z;)( Sc}g/]ose [Flx1=
F&LJ/[?{,;{, )7 (n /om'ﬁc«/@/ XC%FA Then ’L(/f/wf/{kw %o
Flyy .17 dentifies TX w [ LE"| 8 )0, 1. m], .

Since §6)= Z-(3)e) $), e map S (365, Sts) gves an
csom'm {de Z;f/’/ 5[5 )=0§ = f:/eF”/ (}2; v [Q‘fj(o{) =0, J; z/h}

Mow Gt Y b ancther afhpme vanety P X =7 & auﬂogm/;m
4 f=q)(d ). Lonsiler % /buZZ bact 40/%&%07’0//% T 7 ~>Flx]

y I/ s an o(m/er[u/a;f/oﬁ, 14% J\ e @* (s R ﬁ-aéf/—
vation. 7Ze /11?0 S SoCP* is a2 Onesr map 70:)( -7‘7,;/'{
Debnition: This map i called e mejw{ M&yﬂ 0/ D of o

and is donited TP

12) gxzm/w/es:

h/e Wwyf fo KO/%/L{?fc L% .S)dafzj Z—C 7@1/ fze &/Q;;fca[ jm%;;
&am/&s 0-3 tn Sec 771 of Lec 5; Wheve we wy)te /;4/' zz/c /b/m{/-
'gy mayix. Heve's an ersy case

Lxampl 0: TF U= Xy w fe FIX] e TU=TX, #xcld,
for (4,(F) = Mo, (Fyy, gt T C4.(F) =T /ety (F)=/12, (F). Che common
b uses He nitaton 94 (F) for Mety (F) i ths context

___l7; hendl. (= SL, 0, Sp, we ase Yo dbservations. st if
2



X is an a//)ne VM/&'L} Jond 7N s « Zowski closed! suf Var/ﬂf},,
{/e/}, 74# Zzé /)7045/0/4 c: yCJX we /au/e Z;i ; Z(—VC—? 70:)(
This s because (% [/L—[X] —»F[Vj and so Sr2 Soc*:
Zc—yﬁ_? 70;)( /s /‘y‘edfu/e- So VARYS 7;0;,, 7;\5;&” c_,ﬂ[/[/:‘]
564‘0/70{ we mbl need 1[4; MOM/? version o/ Zhe /e/z«ﬂe/
velue Lheovem  (wfo /rapff see Sec 5.5 in [H2] for 4 redatedd

stotement ).

Fact: Let U be an afbne //a//a? Yt s open 0 some F
&@ﬂ/“’ﬂrk be AL/Moy//}m. St e b such ot
Z(-@ : Zc—ﬂ/ —> 7;[0() F* s SU(//éﬂz)VZ_ Then

70{—[?” /fp[o())] = fer 7;9{7

Mi W/ZZ AW? z%)’ zzo é/-’: 64[5’—) In xé/ cases we care
aboid (= QT’J(E) jéVJ@GZFk for suitalls k.

E(m/oﬁ 1: Let P: U~ [F be given 19 (—>0/ef€?). for £ Tl -
Al (F), hove [T(det))5)= £ dot (1253)] = & (5). So T, lsbet)=tr
The mip 1= f’”[f)’ﬂg(ﬂ:) —F i fv(//‘epf/z/e. We concl,de
bt T (SL,(F)= TP ()] Js {5eg{(f)/£y/§)=oj=;§g (F)

EXam/ofL 2: Alssume chor F#2 aud Gt ¥ /{yma‘m metnes < gl (F)

Take P:U—Y, g 1—9(7?_ Then  [T®] (5)=5%3, S/M/fﬂ/? %o

E/"W{é 1 Ths Map /5 J’u‘//'eﬁfﬂ/c. Smee G (F)= P (1), h/ijt'
3]



T 0,(F)=ker [P {féﬂf/ﬂ—’)/fﬁ -§f=:,(F)

We also coudd (and 5/%0/4/) view hs basis -Free . 0/@5’]
instead of O (F) Mj{/f Z@/Z£)=[}€3]/(V)/g/f% v) +
+E/@5—V):o # uve V§ =:,go[l//é’) ~ e Space of 7””“1(0’5
Sklw- gymmyf//c u/,/.‘zf. zg

: T\S;pfy/w):/jeg[[(/)/ Wy v)+wlyFy)-o #yve Vf
=- S/S[Kw).

Z) Braceet om He ﬁwj@ﬂf space ol 1 of an ﬂ{j%/@u’c ey
'L;}’ 5,gég(: [ﬂ:) we h/n'fc [jg] =§g *ZS? FOV "y w{j&gm,[c
jl’oaf JC K/” /AZ_) we Wr/fﬁ \&j jér 71_4)/ Aas /445172//0%20{ /n j:fc /Z)
Hhic s a Sués/aacz in g[(f)

Tin: 1) o is closed wnder [ ]
<) WMoveo ver, [/ H s anothes a/;c;e{nut 777 P —H
Is an a,{j (j}’w/y /o/mmo;’p//w y ﬂ#o/ j-'=7;#/ ?0.' =77—¢) f/m

70[[553):[7@), i) ¥ §yeo.
. Lhece 1) @yéa{? A gp=St, (F) S0/V8), Sp (Y eo)

Proof: Step 7: We praduce a £ bnear nap VERN K xga[/’f[ffk
Becall thet 5. 5E0 ca be viewed as” Uwear Fomtions on

_%f[a']. So @5 is 2 near fimcton FLCIBFICT—
g



fell that [FGIOFICT = [F1CH T Copsider He map
C(GY0x GG Ly g )= 04,075" Siree te mbbipliation
Mﬂ/ inverscon /477) S ar j/%w {J / nomiel %/I/yf/ﬁl/fl 7.4: Seume (s
tue v C ie. Cis a Max;n//fm So we fave He /»ﬂéacx
/o/mma;m//w ’% f[f]*ﬁ'—[("‘ql Sert
[5,};]4 :[f@gjo C*: [F[C] —>[F TEs indeed bilipea.

51[1;0 2 We compute [jﬁ,ﬁ]lﬁr (= (¢, (F). Wb have
[5,5_]/[7[)= j@ﬁ,f/,jg,’ffﬂ)f—[ﬁ olifferent ates a/,/fz/(/oé-]
= 059 P13, 1005301955255 sy =

[ 7+ SS, [”[g,,;zlf 00s,5,)) ]

= 95, %Z //h sslz,x, ])[5,:%:0 = 7;75(1},/3—&_’{), where we viaw
TF a5 an chmeat in Moty (F) but thon TH(5,50)-5;, 514
Sor 65,){] viewed a5 an element of Z;(

5{1‘? 3: Iy f/l sotation ﬂ/ 17)/ we laim Hhat He M’WM}
0&&(7//% /s Commutative:

%9 Sk [ cT*
lw l? P &)

55 ST s




_Z;m/eea( recall ‘/—%Mf P s a P /oxmma/ﬁoﬁo//w, S0
Do L = ()2 (Px#) <> (Zb@ev)*z G = @
Then [50@), (f(j&)]/:@[;)@cf@:)) o C'=(z0%)- #xP)* ot
= (f»g’fz) ’ Cc*° p*= [}uﬁja PY S0 &) is commutatie

514;0 g: ///fé (&) Lo H=(1, { @:= e inclustn (:C sl Then

FH - [FLC] =>ﬂ_[[j*q_~, ﬂ-—[/v’fﬁ For Se f[ﬁff Ho Leibur

//mzz/zé 5[/5%//0 cf(j)#-j(ﬂé.//) ¢s /‘/7/7&704”{ a/ A//M,Zn/er we View
$ as an thonant of FIHT o 00 homent of FHCTE So g-j/?[ﬁ“[ﬁ]i*

Tie Camlﬂufﬂ/f/w‘g 0/) (x) /}’f/gt: Z}uﬁj/é g amé -f/x £ 57_‘701}
[:f;,flj;[j;,ﬁ]. 77/5 Zm/o&:s f/&um/ o 7,4& 't%eorm

S‘égo 5 g/a,im Z /D%WS ;&Jm é(’) zw% 2,44 OK:VMVQZZ/M
of Stpd et [T A ang abyebeic grap. O

ganus Vempr : f/c/e wre UZ(/er f/cw'm&nz‘ o/g/zhn‘m; a/ z‘/e bpcked
on g Yt we are jain} %o Sgeidd sow

7) For an 4;4[};14 mm%‘/w, X we can tolr about yecdor $elds on X
% detmition, Dhese we derivations [FIX1—> X J, ie IF- Gnear
mps & saf/séin? Zhe Leibne //ﬁnz(/'l‘;(, : j/ygo) =7/§{f>+ 936),
7276 FIX]. Dente e Space of devivations § Veﬂ(/X). 7~
comes  with a //aczaz‘-';@rjfe A0) He o

- 5y -roE FIX] —FIX] is 2 seriveston.

£



Now L N=( be an 4{705/9.24 (f}’oa/d The j}'mya 0 auts on VeA(L)
/S , Vie fé acon KKL 6 N ﬂe}’/ /’f) Mo/ 214 401(/017 VB ey‘f;
' ; %

fhe bpmcred. So e 5‘uo/}tﬂac€ Ved( ; }C of inarant vectr
Lol ir stahle wnder Hhe Erpcreit. 52)44//”? %o Yo L1252
/’trfm/fm} 4 Vedtor /&// % fe A j//cs Ay z'somo;o//fm c}rz‘crfwxn/?,
{ZL bracrets. 77\& /Mﬂyfw’/wﬂ’l} -/drzl 4 0/ zz/c Z‘/fa/em A ‘f/a;
fovder 2o establish, see [ HI Sec 92

2) Une. con 4/901—‘ an W)’aaoé 75’0»1 [ﬂV.Z Sec 72, % fn/t’ %&t{
Jaic svff/,g as folows. For k70, conssder Y ﬁ/j&ém [Fle1/(€")
A “buncated /paé/mmm[sf' For an a,\fjdmjc g C we consider s
3}979 o Fle]/ (E")—/)oinz‘s‘_’ A raive detmrbon is as Sollows :
C is dedmed insid (2 Z, (FF) gy Some /0a§4amm,5 equatton. Consuter
o subset of (L (FIE)/(Y), the g o iwertil marbces
w. entries in [FLeT/(EY), Jlven 0/7 the same /ﬂﬁnomwf eguazions.
1?5 a Su/(j rougp. A more concep tual /1/7 i Zo View Hhis ey
25 Yo (jmu/o of Schine Mo;p//;m \;’aec () Flel/(zt) — G (ot
Shoudl e Viewed a5 ‘cnves 4 Zo wrer ¥ in ( *). Deacte 78 /efwgﬁg(,
j}’ﬂof é 4 /{/o?fe ‘L%af Jér k<l we /We 2 /owo/ﬂo?/)ﬁv a/
(efstract) (jm«/: Q -’7"’[,: An etercise is & check Ghat the
Kcm&(; 0/ [_; — CZ Mo/ fz"—)[": 5 e /'a/enzllﬁea/ A//'//g
lw. 1ts additive o stucture),
Mow @ Grop /OMOIW;’W//W D-—H _gives Hse % a g Jfomo.

;—L’_‘/Ma////fm l, "?/L/k for all « ijn/afé He Same PD@)’I&M/&/J’))



Ls is é’s/vea"ajﬁ easy % see i we /p&%//ﬁ L ﬁ'a/'v H, ) w
2 Group of mor//um Bom ﬁl)aec [ ﬂ—s]/[e")) to /ref/a 1), Hlew
we Jusf /osfé’omlwre. for eacd k<t e pﬁ?jﬂw
by ———>He
| | %)
Le—>H,
is commudatie. The induced /anmo;/'o//fm_r
g=te [ — 01 =kl —#]1]
et (G, — L] el 41
é'o[rla'a/e W 7;50. Mte Yot e cermeds aboe ave abelian. So
e commutator mep A ker [G,.—( ] desands G a e
ter [ — G Ixker[(; = C1 —— v [ — G 1. U 4L
(enttication of Hese kernols w 0], we recover e baceet (-]
on 0 Ak ram (%) we docluce Yt JACS (ntertumes e bracrets



