
 

Representationtheoryofalgebraicgroups Liealgebras I
e Motivation
1 Tangentspaces in Algebraicgeometry
2 Bracket onthe tangentspace at 1 of an algebraicgroup

O Algebraic orLie groups are nonlinearobjects definedbynonlinear

equations A basicparadigm to studysuchobjects is linearization
In the context of Liegroups this was appliedalready by
SophusLie leading to thenotion of Liealgebras If thebase
field has characteristic l the study ofstructureandrepresentationtheory of Lie or algebraicgroups reduces to theseforthe
Lie algebras In characteristic p the two are still related
but the relation ismore subtle

1 1 Definitions

Let F be an algebraically closedfield and Xbe an
affinealgebraic variety Wewrite f x for thealgebra of
polynomialfunctions on X Pick Lex
Definition An 2 derivation of F x is an F linearmap
8 F x I satisfying thefollowing version ofLeibnizidentity

Slfg f a Sig goals f
Notethat the L derivations form avectorsubspace inthe space
F x of linearfunctions F x F Thespace of L derivations
denotedby IX and is called thetangentspaceofX at a



Here is an explicit characterization of IX Suppose FIX
FIX xD ftpfm inparticular Xs F Then thepullback to
5Cx xDidentifiesTX w SETA 84 so j o m exercise

Since Slf EGif a 8xi themap 84 Ski Skullgives an
isom'm SETF 1817,703 vet I E vilify 2 so j t m

Now let Ybe anotheraffinevariety P X Y be amorphism

j 9121
Consider thepullback homomorphism 9 FLY F x

Exercise If 8 is an 2 derivation thenSo is agderivationThe map 84804 is a linearmap Tax TpY
Definition This map is calledthe tangentmap ofP at a
and is denoted Tae

12 Examples
Wewant to compute the spaces TG fortheclassicalgroups
Examples0 3 in SectPof Lec 5 where wewrite 1for the

identitymatrix Here's an easy case

Exampled If U Xp WFe F x thenTall Tax HaeU exercise
ForGln F MatnAldefget TGLn F IT Matn E Matn Al Onecommon

ly uses thenotation9h F forMatn A inthiscontext

To handle G StnOn Sp we use two observations First if
I



X is an affine variety and Y X is aZariskiclosedsubvariety
then for the inclusion i YesX we have Tai T Y T X
This is because it F x F Y and so 8 to Soi
TY Tax is injective So I Sh TOn TSpaugh57
Second we will needthefollowing version of the regular

value theorem w oproof see Sec 5.5 in H2 for a related
statement

Fact Let U be an affinevariety that is open in someFm
29 U F be a morphism Let Le Ube such that

IP Tall Tye I is surjectiveThen

TaLy lyla Ker Tat

We will apply thisto UsGln F In all cases we care
about 4 943 for je f for suitable K

Exampled Let 4 U 5 begivenbygedetig For BeTall
gh f have ITdet 3 Ishet it s Is é tr131 So TChet tr
Themap 34 trig gh f F is surjective We conclude
that T 54151 7,19 11 is gegen F frog o 84 f

Example2 Assume char5 2 andlet 7 symmetricmatrices Cgh E
Take 9 U 97 g esgig Then 197 3 373 similarly to
Example1 Thismap is surjective Since On F 95 o weget
I



I
TOn F Ker T D zegh F 5 3 son F
Wealso couldlandshould view thisbasisfree O VB

instead ofOn f Weget TOluB BegClu Bleu ult
Blusu o tu ve V 30 VB thespaceofoperators
skew symmetric w rt B

Exercise TSp VW gegen w tu ultwlu.su o tu rev

sp Vw

2 Bracket onthe tangentspace at 1of an algebraicgroup
ForgRegla F wewrite 13y 32 23 For an algebraic

group GcGln f wewrite g for TG as mentioned in Sec 1.2
this is a subspace ingh f

Thm 1 g is closedunder E
2 Moreover if H is anotheralgebraicgroup P G H

is an alg grouphomomorphism andG T H q 7,4 then

q Eg23 4G part 3Reg
Exercise Check 1 explicitlyfor 9 34157,30YB sp Yw

Proof Step 1 Weproduce a bilinearmap I grog Flat
Recall that 3 zeg can beviewed as linearfunctions on

461 So 5,03 is a linearfunction F a F G F



Recall that F 9305167 F Gx a Consider themap
CfCa CxG G Clg getgggigi Since themultiplication
andinversionmaps are givenbypolynomialfunctions thesame is
true for C i.e C is a morphism So we have thepullback
homomorphism CAFCC 51993 Set

3.31 302 C't 5 G F It's indeedbilinear

Step2 We compute 3 for GGln F Wehave

13.31 f 3,03 figgigigil 3 differentiates wv tgo

satisfy.FI I ise

25,2saf Pt5,5213 s see Tnf 51,3 where weview

It as an element in Matn F Butthen TF G3,3 G ii f
for G viewed as an elementof TG

Step3 In thenotation of 2 weclaimthat thefollowing
diagram is commutative

g xg F

194 f
gxy EI 5 11

I



Indeedrecallthat 9 is agrouphomememorphism so
DoCa Go 9 9 409 4.7 Cato90

Then 413,141317yes optsDo955,031.9 9 4
fog C Es3,3 9 So A is commutative

Step4 Apply x to thank y the inclusion i Gott Then
FH F G F GIG F H For Se FIG theLeibniz

identity Stfg f a 81g tg6 Slf is independent of whetherwe view
Sas an elementof51117or anelementof F CI So og 3A 5 a
Thecommutativity ofCA implies 13 e g and thx toStep2
E 3,3 3 This impliesClaim 1 of the theorem

Step 5 Claim 2 fellowsfrom A and theobservation
ofStep4 that imL at foranyalgebraicgroup A

Bonus remark there are other equivalent definitions ofthe bracket
on g that we aregoing to sketch now

1 For an affinevarietyX we can talk about vectorfields onX

By definition these are derivations F x 5 x i.e f linear

maps satisfying the Leibniz identity fg 731g tggift t

t.geFEN Denote the space ofderivations by Veit X It
comes with a bracket for ye VetX themap

g gaz zag
FIX FLN is aderivation



Now let X Gbe an algebraicgroup ThegroupGactsonVeatch

say via the action Ga G on theright and theactionrespects
the bracket So the subspace Veit G of invariant vector
fields is stable under the bracket Similarly to the case

restricting a vectorfield to le Ggives an isomorphism intertwining
thebrackets Thefunctoriality part 2 of the theorem isthen
harder to establish see 11 Sec 9.2

2 One can adapt an approachfrom OUTSec1.2 to thealgebraicsetting as fellows For k o considerthealgebra FLET et
of truncatedpolynomials For an algebraicgroup Gwe consider its
group of F e e points Anaivedefinition is as follows

C is defined inside Gcn F bysomepolynomial equations Consider

thesubset of Gln ACE le'll thegroup of invertiblematrices
w entries in 5 e e givenby the samepolynomial equations
It's a subgroup A more conceptualway is to view thisgroup
as thegroup of scheme morphisms Spec ACE et G that
should be viewed as curvesupto order k in C Denotetheresulting

group by Gc Note that for Kel we have a homomorphism of
abstractgroups GetG Anexercise is to check that the
kernels of G T G and G G G are identifiedwithg
w its additivegroupstructure
Now egroup homomorphism P 6THgives rise to agroup

home

morphism G the for all k givenbythesamepolynomials
A



this is especially easy to see if we identify G respHic w

thegroup of morphismsfromSpec Ole e4 to G resp H then
wejustpostcompose Foreach Kal the diagram

Ge He

1 Abath
is commutative The induced homomorphisms

g ker G G ker th H3 5
of ker G G Ker H oh B

coincide w T P Note that thekernels above are abelian So
the commutator map for KerLG G descends to amap
Ker G G xker G G Ker G G Underthe
identification of thesekernels wog we recover thebracket C
en g Andfrom t we deduce that It intertwines thebrackets


