
 

Representation theoryofalgebraicgroups LiealgebrasPart111
1 Lie algebras
2 Universalenvelopingalgebras
Complements

11 Definitions basic examples Let f be afield
Definition 1 ALie algebraover F is an F vectorspaceg equipped

w a bilinear map C gx of g Liebracket or commutator
satisfying thefollowing twoproperties
Skewsymmetry x x o t xeg xy Cyx Axgeogexercise
Jacobiidentity xCyA CyCzxD 1 z xy o

Once one knows the skewsymmetrythe Jacobi idy is equivalent to
xy z x Cy 73 CyCx23 t

A lie algebra homomorphism is an F linearmap q go
St Cy x yly q Cays

Example l AbelianLie algebra E o

Example1 Let A be an associativealgebra ThenCa63 ab be
is a Liebracket exercise An importantspecialcase AMatn F
or End v for a vector space V Theresulting Liealgebra is
denotedbygh 5 or gl u
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Example 2 Let G Gln E be an algebraicgroup ThengistG
is a lie subalgebra ingh f 11 in Thm from Sec 2 in Lec6
so is a lie algebra Moreover by 2 of that Thin for analgebraic
group homomorphism 9 G H its tangentmapq T P is a
Lie algebra homomorphism g B

P2 Representations of lie algebras
As usual a representation of a lie algebra in avectorspace
V is a lie algebra homomorphism g gl V

Example 1 adjoint representation forneg let adx g g denote
theoperator 44,1 ad g sglog is a representation
adExg Cadetally is o in Sec 1.1 calledtheadjoint

representationMoreover if G is an algebraicgroup and g is its lie
algebra then thisrepresentation arises as thetangentmap of a
rational representation of G in g also calledthe adjoint
representation A2 G GLlol Gacts on itselfbytheadjoint
action hglg'tggg Sinceag a 1 getaggives a representation
A2 G GLlg It's rational 4TAd ad Indeedfirstconsider

CLIF Then Adg z gag zegogh f TAL x z Exit
exercise For thegeneral G embed GoGln f andconsiderthe
representations Ad of G in of F AJg z gag adofgin
9h ft so that TAI at
Exercise g gh f is a subrepresentationforboth theresulting



representations of G g in g coincidewith AdRad So Ad
is rational KT Ad ad

Example 2 Let VWbe representations of a liealgebraog
ThenVOWhas a uniquestructure of a representation ofg s t

X vow XVOW tu OxW F VEVWEW 2

Exercise A Check this is indeed a representation tensorproductrepn
2 Suppose that VW are rational representations of an algebraic
group G G TG representations ofg in VW are obtained

by differentiating the representationsof G Thentherepresentation
of g in VOW is obtainedby differentiating therepresentationof
G This serves as a motivationfor 2

Example 3 If Vis a representation ofg then so is V via

x2 u 2 xv veVzev xeg exercise Themotivation is

similar to Example2 This is thedual representation

Example8 A is a representation ofog where all xegact by
e This is the trivial representation

13 Correspondencebetweenalgebraicgroups Liealgebras
Fact Let Gbe an affine algebraicgroup TFAE

G is connected intheZariskitopology
a G is irreducible as avariety
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Reason G issmooth as a variety In thiscase we say G isconnected

Example G Cla F SL F Son A Sp A are connectedOnA isn't

The irreducibility of Gln F isstandard forStn A it follows
from Let I being an irreduciblepolynomial notsopleasantcheck
Ageneralmethodis explained in the complementsection

Theevent Suppose G is connectedandchar 5 0 Let It be another
algebraicgroup 9,9 G H be algebraicgroup homomorphisms

gistPi If y y then 9 92

Theorem 2 let VWberationalrepris of G If y V W

is Glinear then it's g linearexercise If G is connectedand
charFso then the converse is true as well

Remark BothThm's are falsewhen charF p e ForThm
P consider

GH Gulf Pg 1 B Fr aj to lag Wehave q geobut
9 92 A counterexample to Thm 2 will beprovided later

Sketch ofproofs for F Q g TG is identifiedwiththe lie
algebra Vect a hof leftinvariant vectorfields on G forgeog let
3erect a bethecorresponding vectorfield Wewriteexpit for

the
parameterized integral curve for through 1 itexistsfor all t



due tothe invariance For GGln e expit is a solution ofthe
differential equation FH FH i.e theusualmatrix exponential

expit Eti
Consider themap exp g G It's a complex differentiablemap

sending e to 1with tangentmap at 0 being id g g Hence a
neigh'd of 1 in G lies in imlexp So the subgroup in Ggeneratedby
expy is the connected component Goof 1 in the usual topology
Fact A variety over E is connected in the usual topology iff
it's connected in theZariskitopology Hartshorne Appendix B
Inparticula explog generates G

Now let 9 G tl be a complexLiegroup homomorphism One
can show that Pag ft 9 Fg ASeg It follows that 9
ends the integral curves for to integralcurves forqtr So

exp exp4131 tBeg 3

Theorem t follows Toprove Thm 2 wewrite gig forthe
operators on V corresponding togeGJeg Then 3 applied to
the homomorphism gag G Gun implies exp the expsu
SameforW Theorem2fellowsfromhere

2 Universalenvelopingalgebra
2 1 Definition
Theuniversalenveloping algebrafor a lie algebraogplays

gthe same
rolefor Lie algebras as thegroupalgebraforgroups
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Definition Define Ulg ygI i.ge
whereTcg is

thetensoralgebraofg

Thecomposition got log Vlog is a lie algebra homomorphism
Here is theuniversalproperty of Utoy andthishomomorphism

Lemma Let A be an associativealgebra hence a lie algebra Ext
in Sec 1.1 and let q og A be a lie algebra homomorphism
Thenthere is a unique associativealgebrahomomorphism g Ug A

makingthe followingdiagram commutative g

digitata
ProofSince y is an F linearmap I assoc algebrahomomorphism

q Tcg A st gently A coincides w q
The condition

that y is a lie algebra homomorphism meansthat f xoxyyex
xy yeaply yGy o so ifuniquely factorsthroughthe quotient vlog of Tcg Thisgivestherequiredg 5

In particular as forthegroups usgroupalgebras arepresentationof

g is the same thing as a Vlogmodule

Example ifg is abelianthen Vlog Iggy Slg s 5 of the

asymmetricalgebra
ofg



22 Poincare BirkhoffWitt PBW theorem

Ourgoal is to establish a basis in Uog Assumeforsimplicity that

Limoges Let xp tn be a basis inof Wecan viewany noncommutativepolynomial in these elements as an elementof Ug

Thm Theorderedmonomials Xtxd form a basis in Vlog

Aneasypart is that these elementsspan Amorepreciseclaim
is true For 270 let Uloyls denote the span of all monomials
in t xn of Legree sd

Lemma Theorderedmonomials 4hXt w Lt.edu'dspan Uogled
Proof exercise induction on L t observation that for icjhave
xjxisxixjtlxj.li the2ndsummand is a linear combination ofXi's

Thelinear independence ismoresubtle see B Ch I Sec2 F or
Ht Sec 17.8 The idea is to construct a representation ofog
w basis Xi It andtheactiongivenby leftmultiplication

where one needs to writetheproduct textXtxd as thelinear
combination of orderedmonomials usingAxisxixjtlxj.li w j i
Theexistenceofsuch representation is automatic once we know the
theorem this isjust vlog but thepoint is it can beverified
independly although the check is unpleasant
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Complements

1 Checkingconnectedness and fundamentalgroup
Example in Section4.3mentions that thegroupsShack
Spa F SO F are connected In thispart weexplainhowto
checkthis This is done using the followingobservation
Let Ube a representation of G Suppose ve V issuchthat

theorbitGu andthe stabilizerGu are irreducible Then G is
irreducible equiv connected

This can beappliedasfellows Considerthe case ofStnTake
the tautological representation I and take vs oe o The
stabilizerGvis oftheform Mae5 LetA P be5
I F x SLn I an irreducible variety byinduction The
orbit Gu is 5 1103 also irreducible
For C Sp we also consider its tautological representation

andany nontere vector For GSon we consider thetautological
representation andany vector w nonzero squareThedetails are
left as an exercise

When I I a somewhat similarargument can be used to compute
the fundamentalgroup of G Namely for any complex lie subgroup
H wehave an exact sequence see LOV Cht Sec3.4

g H o G ut CH o H
w JT H thegroupofconnectedcomponentsofH Thisexactsequence

qq.tt
Gu allows toprove it Sin ell is An 1 GGr Gr



In No For n p this space is homotopic to 8 hence is

simply connected So SINCE issimply connected
For similar reasons Sp e is simply connectedOnthe

otherhand a Sen E I 74272 for n 3 This isprovedby
induction where the inductionstep is t whilethebase n 3
ishandled using an isomorphism SL E II I 50 e

Iprovedusing theaction ofSlack in its adjoint representation

2 Existence results ferLie algebraicgroups homomorphisms

2 1 Liegroups
Here we consider the real liegroups The resultseasilycarry

ever to complex liegroups Here's themain result
Thm P Every finitedimensionalLiealgebra is the Liealgebra
of a real lie group

2 This liegroup can be
chosento besimplyconnected

3 Let G H be connected Liegroups gb their lie
algebras q g s b be a lie algebra homomorphism If G is
simplyconnected then I a Liegroup homomorphism P G H
W T P Y
3 is a technicalstatementprovedfor example in Or

ChP Sec2.8 or CK Sec3.8 Toprove 2 one observesthat
the simply connected cover É of a lie groupGhas anatural
Liegroup structure andmoreover G GIZ where Z is a

gscrete centralsubgroup see e.g Lev Ch1 Sec3.2



1 is themostcomplicated one
eitheruses theAdetheorem that every finite dimensional

Lie algebra is isomorphic to asubalgebra in some gin R
or establishes theexistence for semidirectproductsoflie

algebrasandforsemisimple lie algebras thenuses theLevi
theorem that everyfinitedimensional Lie algebra over R
is isomorphic to the semidirectproduct of a semisimple
asolvableLiealgebra and everysolvableLiealgebra isrealized
as an iterated semidirectproduct of one dimensional lie
algebras This is theapproach taken in LOV

2 2 Algebraicgroups over Q
The situationwithalgebraicgroups over E is morecomplicatedDetails for this section can befoundin Or Ch3Sec3
First not every Lie algebra can be the Lie algebra of

an algebraicgroup Here are basicexamples
take the subalgebra

gg abcee odd

or the subalgebra abc e e cotCal

Neither ofthese can be the Liealgebraof an algebraicgroup
Nextpart 3 of Thm in Sec 2.1 above alsofails

Namely consider the t dimensional Lie algebra C It
a



corresponds to two algebraicgroups theadditivegroup
Gla and themultiplicativegroup Gm Theformer is

simply connected and thereis a surjective LiegrouphomomorphismGa Gm z esexp z It's not algebraic and in
fact there are no non costant variety morphisms E set
exercise Thealgebraicgroups GakGmbehaveverydifferently
The situation is better forsemisimple Liealgebras

algebraicgroups lover I or moregenerally over I w char5 D
Andoverpositive characteristicfields the relationship isyet
more complicated We'll address this in subsequent notes


