F@/{S@nfdwn f/faz/;, of @‘/jﬁmjc Groqps £ Lie 4{7&5/%5/ bt Il
7) Lie ﬂéfeérzzs
2) Universel &me/%)/a/ﬂ} 4,{7&//25,
Lomplement's

A /) Detintions 4 fasic e,ram//es_ Ll [F e 2 /?&é/

Definition 1: - A Lie 4{7%70. over [F s an [F-veddtor spee of f;z%m/
w2 8lnear mag [T X0 2g (Lre ket o commutator).
5@1‘/5%1/:; fzc /o/Zawﬂg ‘fh/o /}’c}aerz‘/e 5.
.Szew-g—]mfg.- [gx7=0 ¥ xeq (2 LyT= Ly %%yeﬂ, )
: Jacog[ /b[om‘rf} : Z;glj,tﬂ’f‘%,['z/xjj'/‘[f,[;’,j]] =0.

Chee one £Enows f[e JKW—&mm%‘g z//c C7aco5'i 40(7, i) €7uivﬂ/mf ‘o -

[lyyl2d= [y [,e1] - Ly [ 21] (1)

A L %a{m\ /amomai/’n//fm [ & f “ﬁ”f"?f 7ap ?0 ﬂ - j
st [y[xg Gly)1= 7(&j3)

Evanpll 0 Meliun Lie algodra: £, 3+0

&am/e{i 1 LA A be an associatve @%&g}’&. Then [261:=af-6
/s a Lie bracret ( ). A /}fyorz‘;wz‘ »7060'4/ case: A= /’/41:, (F)
(or éﬁm/[//)%r 2 Vedor spRet V) TZe /eswéf/ng, Lt 4{?&/& o
oLensteo «éy géf(lf} (or g[[l/))_
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ng/o& I led [c C/,, (F) be an %%/Mcjma/o. e ﬂ:=7;4

/S & //‘t 5054,%@5/& 17 \74/{) ///) ch [ hm 740/” Sec 2 in Zc’c())
Jo /_\J' P //f ﬁ,{j,”/g}’a—. /%/cﬁVe}; é /X) 0/ ‘L//«f 771/}14/ 7{)# M@é{cg}’ajc
j/oa/o 4/;70#4079//]}» @ J —)H} s fmjaﬂl M?a 70’7;? 5 a
Lie ald:;e!ra ﬂ/omomo;/fa//fm i }

4 2) gf/esw’fﬂf/ow 07/ Lie @gjf/gms.

As wud, A /ﬁoyesgnfa;f/on 0/ 2 Le %%fa i a vector uy%a
l/ 5 2 e ﬂ/Jf/ZVQ /Mfomoy//ym g — ﬂ/ ( V)

A}M/{ 7/ /aaj'o/nz‘ /%resan'fejfloh) : o xe], &1t ao/&):g]—’g Aenote
"—ZZL c)femjéor =z /v?&/él' ao/: ﬂ —)37[/ (3) 52 /’?)’Cﬂ’ﬂfp\?{ébﬂ —
ad ([3,43)= Led6)adly)] s (1) in Sec. 1.1 — callled the agomt repre-
Sentation. /qareomj Z/ L is an x%%m,ic jmu/o gndl 9 is its Lie
%aqu_) Hen hs vepreseptotion anses as 4l ﬁwf,\aﬂz Moy of a
retional.  Fopresetetion of [ m 9 (ehso called e Q%.OMZZ
/’f//esmfuf/on) , Ad: [ — (L) G acts on itself (o? #e a (/'omz‘
aclion : %@l)’jj/j‘/ Sina 45(4):/, Ei F%Z_aj j/-l/e: 2 Kff/efmz‘az‘/m
Add: § —7[/(3). Ls retonald & T Aol = ad. Indeed Ayt consider
(= (¢ (F). Tl ,Ja/(/j)z-—ag-zj" /zégzyé’(lfj)@ T Al (¢)z=y2]

( ). for e gentnd (] embed (< (4, (F), andd consider e
V?oresenfa/’f/ons Ad a{  in y{[lf]: 4:({7]5 =j’Zj"¢f 2 a/g I
GL(F) 5o tet T Ad=ad

'“] e ghlF) i asu brepresentation A 62, Ao /@fw&‘ﬂg_
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representations of 4K i in o coincicle with A{ £ ad So Ad
(s ratioml & T, Ad = ad.

&M/o/f Z: /\’/'é KW be /?)Qfﬁhfﬂ;//oﬂj 0/4 //c A,%f/gmg

e VBN hes o um'izuz studture o/ 2 ryremfe;é)o;, of 9 s.Z.

X(vew)=xvow+vexw, —Vve/{ we W/ (2)
1) Lheck s is indoed 2 }’fa/{emfﬂ;floh (Zensor p}’oaéwf g ’}7)

2) &(//osc Yot Z W ave yationd /p//e}cnfﬂf/ohj o/ an a,é%/m’c
gop b, 0= [ G £ rpesonttons of o én YW ave obteined

? oé#@leﬂf/dm} tle /’#/i’fseﬂfd/olrs of ( Tlen e )ﬁo/efenfaﬂf/ah
of g in VOL/ is obtained o; oé//ermf/a;fm} f»/L //?/ﬁsm-fa/’fmn of
(. This Sewves as e motivation 751’ (z)

E\’M/oﬁ 3: .27 V VA 4/\?/&5041,447610/; a/ g , zl,d,,,, Jo (5 V* vie
[XZ](V): ~p (xv) («/e({ze V¥ Xé‘ﬂ) - - The motovation is
simtar 4o Qm/aé 7 This s the dued /fd}’erm‘ft?f/on.

5\’%/95_ ¢ [F is a /’n?}’fswzlﬂ:f/on of 9 whew oY xeof act {}
. 77;1 is He il @/cs&fmé/o&.

1.3) [al/espdm/mca betwesn ﬂ,%&émzc roups K Lie @é&éms_
;;wf.' ZE/‘L‘ ( be an zzf%»;c k/jag/a,ic j}’aa/o. [FAE:
. C’ 3} (oh/zgafcq/ in e fa//m' fyofojj

’ [/S /Wﬁozaoi{é /as ﬁVd/I&fJ)
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Feason:  is smosth e 2 wa/'?. Inths cese we say C i5 comecded
Exempte: = (G (F) S4,(F) S (F) Sp, (F) are comected, G(F) 1int

The imeducilitity of 5/,, /[F) /s Slzdna/a/a/) For S/,, (F) i# Allows
Jg@/ﬂ o/&f -1 z{&'n} V7 /'r/wéld A /oé«ﬂoﬂﬂ«j //Wf So /oéze;am‘ &/eoz:)
,4 je/zem,[ /w/z‘/ a/ Ay g,\»/ofa.zhco/ % {n/e Co/t}wémmf .s'eof/o/z

ﬂeorem 1: 5170/005& f is comecteo and chow F=0 Lt F b ancther
a/jag)w'c 74P, Qﬁ g c G fe ﬂﬁa{im'c jmgo 40/t/oma¢/ Is/s,
%10 gt 7%,

Theovem 7: L YW be mtiond reors o If @: V—W
is (" -fmea/// ow its g—f/nfar/ ). IF Cis comeded ) and
o/ayf =g oo A converse (s Bue as well

Comare:  Lath Thws ave False iy chor [F =p >0 for Tim 1. consider
LK (G F), G)=1, T =Fr (eg) 12 (5] ). W howe 420,20, bat
?7-' ZD_ A (‘aaﬂfﬁlfe,{’mlnﬁ Zo 7Zm L bl be //ok//to/ Cater

51:32(54 0//0}’007/5 74# F’ﬁ g= 74-6‘ ls t/wf/%eo/ W/Z‘/ ‘flL Z[e
a{f@gm Vet ([ ]Co/ Gl -invarnnt vector Felde on - Sor Feo, A
fe Vet / A )4 fe -/4 cwrgs}wm//rg vector %&4/ We. write stv/{fj for

__]Z‘//c Coa/mdel’/teo/ ) /né:’ﬁml canve 1o fm -{//oa‘{j/ 7, i it for all 2
4



(due +totle imenane). for (= (2, (C), explts) is a solution of He
ditferontiad equeton ﬁ/ Ftt)= FE)s, ie. e usund matix exponential:
explts)= 2 L5
Lonside Lo map  Exp: 0] = G. s a (60/70&):) Lifferetin bt nap
.S{’,ng/irj J % Zh//i% ftijf Mmap it 0 Kafg /o/ﬂ —J Hence a
/z&f/’o/ of 7 im  les in Zm/ex/p), So £ ju(o/jmu/n A jmeru-’ea/ ?
C,ﬁp@) is Ye comected compo/cmf £ of 1 i £l usual io/o faj ,
ﬁzﬂf A VN/MJEL ower C is cometed ir He usual z‘o/yp/ry di z%;
s comected i He Fanse —/o/a&(y g (Hartschorne, Aypendin B)

In partiaer, ep(9) genentes A

Now Gt PG —H le a co/u/)éx Lie Jogp /Womo;/@é/w. Che
can show et @WJ -(LP)E), VY 5ey. B follows Lot P
J 4 o~
sends ZZA Zn%ejm[ curves 74) f z[a az‘ejrd CUyVES 7/0r Cf( f2 ). 5@
Dlepe)=ep @3), ¥ 5eo. (2)
neorem / /o/%h/g To yove 7Zm Z we write j,,,j,, 74* 2‘4
0/6/122‘0}'; oV con/f7oaw M} %% Jé (} feﬂ 7Zm [3 ) gﬂ/o'ﬂeo/ %
4 /omomiy//m g [ 9, G — ) /1704:; (exp(5)),,= exp(5,)-
Same for W, Theorem 1 /a%wr Hom Aere.

2) Uhiversed mm/goz’n; %MVQ.
2.4) Defintion.
Tl wuniversel gnl/&&}ogh; ﬂ»{?ygfk ;4;/ 2 Lie 4,{710/{;% I /aéj;
__‘,é[e Seme /’aé ;@r //c d,{%(/gms AS —4, j/w//g //jygm, ygr f’”%"
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()
(x@&; y®X —Dg(y]/ X/JEﬂ) /

_’Dﬁ/lﬂ/lzIOﬂ-’ e.@w//m, Z/{?) = tw(e//z 7'(3]) s

o tensor Mja{m of I

7Zc Composz 7—Z/o/'; ﬂ < > T@) —> Z/(y) s e Z/e ﬂ/%f/gfa_ /ommo?'o//m.
/4/&’: 25 ZZ/{c uﬂ/]/ersa,z /}’c/me/‘f; 0/ Z/@) /zan/ 1%: /oma/uoy/ ISm )

Lemma: Lot A be an associative ﬂ/ﬁf/{m (fence & Lie dem} £x 7
in Sfc_ /7) ﬂm/ % 99 ﬂ ——>4 t{e 2 Z/ﬁ %og/a /omomalfﬂ/um.
Thon Here is 2 wyffu 4ssociative ﬂ[jf,ém /Omamolﬁ//ﬂn é}f Z/@)—-’A’

”M?L“/'Ioz; Ye 7%&1///9, ﬂéhjl’m commutative: g i
LS,
Uley) - = --
75

/Droo/—' S/nca (]0 is an [F-Cneer /ﬂ7o , = .( AsSoc, ﬂlj&fm /Omolno//'m//m
?/0\: T[g]) — A st _cjc—rT@]Lﬂ comeitles W;ﬂ T condition
{/«Jé ?ﬂ is a Le &{9(/5/& 40#40/140%1/}};1 means z//e;f 72&@; ;j@x
-l J]) = [7()6), QL )] '?ﬂ[ [y1)=0 s A(aﬂfy% ) Sactors Lhvoush

J J / | J
Z(A 7aa7flen‘f V@) a/f 7@)) 7115 guves -f[(; Ve7wrr:o/ ?7 d

In /D:Z/W/w; K; /7‘403? 2('(8 (jroc;/f )1/: {Z’jzo %M{m S, R /ﬁol’efwfﬂfm 0/
\7 iy Seme m& AS A j Mo .

EX&W/)&: c/ﬂ 2 ﬂ/&gan, Ehon W@F[ T) . 5@)(’-‘3 F[g“}), He

x@al(-dtf@x)

- f}mmﬂfnc ﬁ/{y//m of g



,?.f) Foncare - Em%o// -Witt (PBw ) f/earf;m_

Dur joa/ is to establish 2 basis in Ula). Alssume for .r;};f/p&'a'? Hhat
a//mg<oo. Ze)f X...X, be 3 0/2511 5}7\7. A/c Cn View ﬂ/? Hon-Commuta.-
Dive /.?0/9;40/11/12/[ b tese eloments a5 an himent of é/@)

72/47 . 77{, aro/w:p/ mionomals J(/a4 /Y,,a" 75;'/;4 2 Basis in Z//ﬂ)

/4/7 fﬂSJ /DWZL (s {/Uf {ﬂ/tsc f/weh'fj _WM A more /0/'60{'_% &/whq

Is Due.  for a/ZQ 724 Z/@){ J denite L Span of /0 moromiaks
i K, X, of o@mﬁ <o

memai 775 ol’o/erep/ monom 12l 1 %-X,,d" . a//t_né <o J/'m/; W@)s /-
}900/.’ — /hdéfﬂ//m on o + O/J‘glfm/f/oh "f%a/f 74/’ A i/ /a/w,
,‘(/-Xg =/\’,-)(()' +Z}J, X,‘]7 7,% ,640/ Jummcwa( s e ﬁnmr comBinetion a/ X,

The Emear Znoéfaaéw, is more subth, see [B] AT Sec 27 or
[H1] Sec 774 The idea. is ©> constrat a A;ore:eaz‘d/pn of g
w. fasis )4 '4,{; & ond Z[[e, & Alon j/l/en {0‘1 élzf /tfw&‘%’ca}fmﬂ
[ whove Ohe Mea/; % write 1[,4 /Vao/aﬁf Xg)(,ock’z%.)(,,% as -ﬁ(a Onear
combi naion ﬂ/ ovdored monomiads w/;g ,5 X=X, )er [?j./ 0] w (/'7£
/4o existence of such }%/awz‘mf/pn is antometie once we know e
Lhoorem -—2‘//'5 /s (/LS'LZ Z/@?— bt e /OD/}ﬂL is E can e Vm’%ﬁo/

c}méocm/g, M%D&{ja/ Hhe Check i aﬂ/ﬁ?ﬂfﬂﬂf
Z]



Complists
7) ﬂecmng conne edness ond  Fmdamental Jroap.
EXam/oﬁ in Sectin 1.3 mestons it e graps St (F),
Sﬁ, (F), SO (F) are comected Tr his part we expllain four 25
[’/ecz 1%/5- 7—4/5 (s aém 6{5/;1; ‘fé Mh/m; oo/scrl/a;f)o/y 3

/ e;/ V & A V?/e!w{;ef/o” 07/ 5 )z///ﬂo:e vel/ /5 5&«04 f/ﬂf
Z%g oVt K v and He stalilzer G, ave (wediibl. /A
crvesluctt [z/vw’u conneted)

Ths con fe ;}o/uﬂw/ a5 follows. (onsider A case of 52,, Jake
2 fmﬁ;{ojfcd V?di’fSM‘Léa}{th F " wod tare - [ 79..,0). TAe
stebitizer Gy is of Cle Form {(34 j> [aelF dt (=1 e
0
~ [F"x Ay F)) an treducibte wwp‘?, tgz, ndution. The
bt (v is F™\0F also imeducible.

for (= 5;0,, we also con;/a/er /s faaz‘o/yz'cd Wmfd/oh
ww/ a/zdy nomers Ve, For &SQ,, we Consider -L‘[L fmfo/oj/cﬂj
/’V/ejarfaz‘mn and m/ vector w. pohgevo Spuate. The details ave

Lt as an .

Whew [F-C , & jmwla/‘f Somi s ﬂcffwumzl Gn be wsed To compute
A /fm Aamental Jop of 6 /%7./!4&5 Sor g? cmy;éx Lre .ﬁ/{f}fm/o
Fowe have an  exad sequene (ste [Ov] ChA, Sec 54)

HH) — g7 (§) — T ((Th) —9(H) (x)
w J(H): = He group of comected components of H. Ths exac sesuence

w H=GC, allows 'Lzo/a)’aue ‘%/[SZ»,(@:)):[’] Hn>1: 5/¢ =Gv
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= (C"\{O } for ”7/} {//S Vgce s /OMOZ%OIC ‘[,Zo qu-/ Jence /5
S'/m/ogl commected  So S4(C) & J'/}'lw? comected
For  somilar reasons, Sp, (T) o 5//795 comected On He

e ﬂ/am/, (S0 (C) =252 4r 123 Ths ZJ//auco( Q
(Wérdf/oh, W'{Ve f/a Mﬂ&:ﬂf’ah J'é"f (s /*), W//& e {ase, /=3
(s /a/za%o/ astng o dofwy//;m 54 (f)/[i’ff — SOJ(C)

//)'m/eo/ u:w; {L_ da‘Ll;on 9/ 5[2 ( C ) n /'Z‘J ﬂ?fo/ﬂ‘ /’?Vejarfww )

2) Existence resulls (For Lie/. aloehbrasc s & homemaphiins)
Z.7) Lic jmu/os.
Here we consider e real Lie s, T4 resubts fofgt carny
over 1o complox Lie grogps. Herers e main reslt
Thm: /) EM:? Snite dmensionad - Lie 4,{%%;'& is Yhe L 4{700’7&
a/ a read Lie Jroup
A ) Ths Ge Jroup can be chosen to be j/:%/yﬁ C’M/?(q‘ca/
3 Lt [ H be cometed Lie (j/&u/ﬂ) I 5 Hledr Lie
4,{%35,4 < & (o] — ; be a Lie dj%/@ /omo/mf//;m. ¢ s
S’/m/0§«,~60/ﬁ7€ﬂ(€0/ , flm = alie jmo;p /oﬂm/no;a/mn P (— A
wo P
3) is a technical stotement /woyeo/ for exampl,. (v [0V]
oh 7 Sec jl; or [L/]/ Sec E.X;u 70_'/7014: 2) one obsenves Lhat
e S/»y? commeted cover C of o Lie J@f § Jas & patyrel,
Z/'e jra//o 5‘2%1%‘4{/6 /dm{ Moreover, C) = Z’/ / Z , M{ue 5 Iy’

odiscrete ot subpro ), see,e9. L0V Ch 1 Sec 32
xl g7 J



7) is e most comp 5’0:;5@/ :one
either cses e Ado '(/Zﬂ/m/em Gt eyay %mz‘e Aomensionel

Lie %Mm Vit /f0m077//c Zo « 5&/%5{/& [ Some ﬂ/h /é@}

 or establishes the existence For semidivect /oroafumfs a/ Je
alsebrrs and For Jem/';;m/né Lie ﬂ/j%ms/ Cen ases Ll Lewi
Lhoovem Lt ever, Pute dmensional Lie a,{]w/ém over [F
is isomc&zy/m % e <emidivet /0}’004401‘ o A Semz‘s/m/o& £
2 Solveble [ie A{j\’/g/k (nd even, solyalble Lie 4%&6/& i5 realieed
as an /'fé’mzfeo/ S‘Miﬂlf}’eb’f /)’004(05 o/ 0/18»&4»%6/75/’0%/ [[ﬁ
ﬁ/@%/ks. This is e %a/p/atwl aeen in [0V,

2.2) ﬂ%%mjg f/ou/as over (C
Tre situaton wt 4{796;/@,& fm//gs ver C 5 move ca;f/mﬂ‘m-
fed Detaits for s section can b Sound iy [&V]/ b 3 Sec3
/E‘SZ‘, ot &/Z? Le &{7{/5//& can be o Lie w?o{m oF
an Médmjc jraq/. Heve ove bas)c fym/nfes
Zere He S&/&qut/}’{ {(\faz f)}aécé@jcgéﬂf}
0 0 0
A a b
or e Sufdgo{m {(ﬂ ? c

a

>, 34 ce C} cgéfff).

NMeither of Hhese can be e Lie %Jm of an d/j%/’ml j/ot;p
Next, /ng‘ Z of Thm in Sec 2.1 abwve also fits

__/VM‘&% [ﬂ//)‘m/ﬁ/ e 7 '%Mﬁﬂj/’ar)d Lie @{iegm\ C I
1)

0



C'ﬂ/f¢§00na/s % “‘wo %Mrm'c j/’au/o; : o 4ol Eve (7/06{//
d;;, oand # Wé/}ﬂfl’ﬂf/va /}’ay% b,,. T former (5

f/m,d% comected and  Bevers a mfyéﬁﬁwz Lie frop homomor-
/DA/SM é; — @,,-' 2 f——)e)%)/z)‘ _ZZ/’J 1t A,g?yg/&’,d\c Q&/O{ n
/;zaf/ f[uc Gre g Non-costant Vawf/"&} /7'/0¢//5MS C —*
(: ). Tk &{7.«»/6/@54 grosps 0 &G, behave very A«////ﬁl’ﬂﬂt?

The situstion is elte Sor J‘@MZ}/M Le %%Vas/

MMVQ/;C j}’ou/as /m/cr C o, more je/zgz/a/ﬁ/ wve L w p/m/ F :0)_
And! over post bve chovadterste flebols th /f/ﬁe;é/am///o /s yﬂé
more complicated, We'll adiress Dhy in su :{J‘tfmﬂ&/f Notes,



