
 

Representationtheory ofalgebraicgroupsand liealgebras 8.5
1 Distribution algebras in characteristic l

2 Fromhomomorphisms ofalgebraicgroups to those ofdistributionalgebras
3 Rationalrepresentations us modules over distribution algebras
Ref JJ Part I Sec 7
This is a fellowup to Lec 6.5

1 Let F be an algebraically closedfield Gbe a connected
algebraicgroup ever I andg be a lie algebra ofC Recall
that the bracket on g was described by Gis 13,032C'twhere

C GxG G isthe commutatormap g g Agggigi seeSec2
inLec6 theproofofThm there Equivalently we can set

is 3,035303 em
where m GG G is themultiplicationmap Thisshowsthat
thenatural inclusion g TGcsDist a is a lie algebra homomorphism

Thisgives rise to an algebra homomorphism Ug Dist G

Thm if charF e then Ug DistCa
Sketchofproof alsoprovingthePBWtheorem

Steph let Abe a commutative algebra and ICA be an ideal
Set A n I w AreA Then A A PA p is a descending

algebra filtrationinthesense that AnAj A it In thiscasewe
can consider the associatedgradedalgebra grA E A i A in
for

air filtration comingfromtheideal wewritegr A instedofgrA



Now suppose Xis an affinevariety and Lex is a smoothpoint
Let A F x and I M isthemaximal idealof 2 Then
the natural homomorphism S Mlm grinA is an isomorphism

Step2 We apply this to thegroup G andthepointPEG
The coproduct D m sends in to Aein the A and hence
M to Aom MaxA It followsthat it descends to a coproduct
ongrab Under the identificationgrin At Scanlon wegetthe
coproduct on Smmy inducedby the algebraicgroupstructure
on Klm TG

Step3 Now we investigate theeffect ofthesestructuresonDistG
One canshow that the sequence Dist a si s Alai forms an
ascending algebrafiltration C s a

j C sit Theassociated

gradedalgebra definedsimilarly tothedescendingcase isthenidentified

with thesimilar dual ofgrimA Smln So it'sthedistributionalgebra
ofthe algebraicgroup TG When char f e the latter distribution

algebra is S TG with thepairing SCTG exSCMmy I
induced by thepairing T.GE mmy xM hi F

Step4 The collection of subspaces Ucg sd fromSec2.2 inLect
forms an ascendingfiltration on Ulog Since g landsin Dist G
the homomorphism Ug Dist G sends Ulog to DistCaed

athis gives agradedalgebra
homomorphism



grUcg gr Dist Ca Slog
Note that theeasypart oftheproof of thePBWtheorem

we have Stoy gruog The composed homomorphism
Slg 5cg is the identity of the degree t component hence
the identity This implies Scg Is grulog thePBWtheorem
andalso grillg I grDistCal The latter implies
Ug I Dist G D

2 Fromhomomorphisms ofalgebraicgroups to those ofdistributionalgebras
Let GHbe connectedalgebraicgroups 9 G H an algebraic

group homomorphism Thisgives thepullback homomorphism
F H 5 G andhence 9g 9 Dist G Dist ti

Exercise both 9 49 are Hopfalgebra homomorphisms

Theorem Let 9,9 G Hbetwo homomorphisms If Po Pa then

9 92

If charFso thenby Section 1 Dist G Vlog Dist H V15
The homomorphism P is the homomorphism Vlog 615 that isthe

uniqueextension of y IP got to an algebra homomorphism
exercise We recoverThat from Section 1.3 in Lect

Proof Let A F G M themaximal ideal of 1 in A Wecan



consider the completion AslimAlan It's an algebra It is
isomorphicto Dist G as avectorspaceandactually as an algebra

Now let B F H and B bethe similarlydefinedcompletion
at 1 The homomorphism 90 FG 5 H inducesthehomomorphism

B A On theotherhand 9g Dist G Dist H

gives rise to a linear map A B A It's left as an exercise
to check that 9747
So weconclude 81 MtThefollowingdiagram is commutative

B É A

Since G is connected irreducible AGA IAmi 90 a

specialcaseof the Krull separation thm So it 9 97
then 9 P1 9 92D

3 Rationalrepresentations us modules over distribution algebras
It turns out that any rational representation of G is naturally
a Dist C module Toexplain howthisworks weneedthenotion
of a cover a Hopfalgebra

3 1 Comedules Recallthat a module over an associative unital
algebra A is a vector space with a linear action map Dey V

g
satisfying the following two axioms



Associativity thefollowingdiagram is commutative

AoA v It AOV
a

at
Unit the following diagram is commutative

VFox v V

Efik
pg

X z

Definition A comodule over a calf A a vectorspace
with a coassociative coproduct and e count is a vectorspace
V with a coaction map 8 V V A satisfyingthe
coassociativity counit axioms thediagramsobtainedfrom
a G by reversingthe arrows

Suppose for a moment that A is a finitedimensional associative
unital algebra Then At is a coalgebra Togive an F linear

map Ag V is the same as togive an F linearmap
V VO via the tensorHomadjunction Hom IV Ve A I

F
Hom A g V V The former is an actionmap ifandonly if the
latter is a coactionmap Equivalently theactionmap is obtained

fromthe coaction map by per if AVA V 3
G Didu

where c AOA I isthepairing of a f a
I



3 2 Rational representations ofG us F a comodules

Let Gbe an algebraicgroup and Vbe a rationalrepresentationSo wehave amap V OV ACG govt gaggu
Thisgives rise to an F linearmap V V0F a again viathe
tensorHomadjunction
Exercise thismap is a coaction map so V is anECG comodule

Conversely from an ECG comodulestructure on V we canget
a rational representation for vetget let Ku Eyviefi Then
similarly to 3 set gu E fig vi

Exercise thisequips V with the structure of a

automaticallyrational representation
Prove that thetwoprocedures are inverse toeachother

As a conclusion a rational representationofG isthesamething
as an F a comodule

3 3 FromFCC comedules to Dist G modules

Let Ube a rational representation of Gequivalently an
FCC comodule We can equip Vwith a Dist G module
structure similarly to 37 we replace A withDist G
A with F a

gThe
followingclaim is ageneralization thx to Sect ofthisnote



of Thm 2 in Sec1.3 in Lect Assume G is connected

Theorem Let V V be rational representations of G q Yak
be an F linearmap Then y is Glinearmap q is Dist a
linear
Proof Theconstruction ofpassingfrom arational representationofG
to a Dist G module is natural i.e functorialSo ify is Glinear
then it's Dist G linear Details are left as an exercise
Note that q is G linear iff q is anECG comodulehome

morphism 824un 40idea 8lui Nowsuppose that q is
Dist Ca linear
Fix Gases v1 V inVa Vi Vil in k Let 9 be the

matrix of y in thisbasis We can write 8 k as matrices
f eMat F G FeMate FGT if 9 18i then wehave
8 uj EV Vij
The condition that q is a comodule homomorphism translates
to the equality Of P Thematrices of theaction of Se
Dist G on V V are 8 f 8 f entrywise evaluation Sothe
condition that q is Dist cat linear means 98 f Scalp
HS Now recall that Gis connected The intersection mi

for any maximal ideal McECG is zero In particular if
fe519 satisfies Slf e f SeDist G then f e So
48 f S f P S PT M se and if thisholds
for all 8 then PE EM Thisfinishes theproof I



Rem Not every Dist a module comesfrom a rational
representationof G Eg consider the additivegroup G Ga Asdiscussed

in Example 1 of Sec2.2 of Lec 6.5 thealgebra Dist G
has basis Si in andmultiplication SiSj f fig One
can check that a Dist G module comesfrom a rational
representation of G iff 8 acts by e for is o theelement
teGahas to act by E Siti Not every Dist Ca module
hasthisproperty one can check that thefollowingdefines
a Dist Ca module structure on F

of Ee

Si theo i p for k o

e else

I


