
 
Representation theory of algebraicgroups Liealgebras II

e Introduction

1 Representations of 52215 891157 char f so
2 Complement

O Let F bean alg closedfield Gbe a connectedalgebraicgroup
of F andog be the Lie algebraofG Recall Sect3 inLec5
that G is called simple if it has noproper infinitenormalalgebraic
subgroups andit's noncommutative the latter condition is similarto
theexclusion of Kpk inthecase offinitegroups Similarly g is
calledsimple if it hasnoproper ideals f subspace5cgwCog53cg
g is not abelian A connectionbetween thesenotions is as

follows If HeG is an algebraic subgroup then its Liealgebra
5 is a subalgebra in g If Hc G is normal thenG is

A2G stable hencealloystable ideal So if g is simple then

G issimple The converse is true in characteristic e see the
complementsection butmay fail in characteristicpre
Exercise A Check3415 is simple iff char F 2

2 7Check SLCF is always simple
Thealgebraicgroup54 F andits Lie algebra8515 are the

simplest simple algebraicgroupandLie algebralegtheyhave the
smallestpossible dimension We will study
1 The representationtheoryof34151and5415 whenchartso

the latter isessentially apartof
theformer



2 The representationtheory of81157forchar572
3 Therepresentation theory of SL F forchar 572 the

case of char5 2 is essentially thesame

These cases already illustrate theessentialfeaturesof
the representation theory of semisimplealgebraicgroupsandtheir
Lie algebras buthave none of the complexity ofthegeneralcase
P 3 are also used to understand thegeneral case

1 Representations of 5415 891157 char Fe
P1 Universalenvelopingalgebra
For now weplace no restrictions on F Let 9 34 F It
has basis e de h e f 88 andthebracketsof
the basis elements are as follows
a he Le ChF3 27 e f h
It follows that Ulg E sehit ChefseCh ft afCefish

The PBW theorem Sec2.2 in lect implies that the monomials
f heemagem e form a basis in Ulol

Lemme In Utoy we have thefollowing identities
Pch e e P ha A Pe F x a

Ph f f P h 2 A PEFED 2

emf g.IMMImggigfmHilh
min t2j i em 3

We will need two specialcases of 3



m t ef fret nf htt n 3

Note that if charF O 3 implies

gift et h t É 13

ProofofLemma a he he he echo Inductionon kshows
a for P xk thegeneral casefellows 2 is similar
31 ef Leif f fef s hf tthf t tf thtfree hf.fh.at
f et ht 2 n n tht212nlt th f freenf htt n
The Msn case of 3 fellowsby induction on m Tohandle

3 w Man one can then use the automorphism et f fee
he h The details are left as an exercise I

12 The main result
Consider the representation of Staff in homogeneous degree n

polynomials Min Span x x y y g f xy f g g
where we view xy as a row vector It's rational Thetangent

map of this representation isgivenby
e roxby f toya hexDyay o

Eg e x y Eff xniyi lay et xy.tn fetal.xyi
Milyttxif.bg xnifyttyi lj ixnttiytt ex2y3lxniyi
Thm Suppose char F e Thenfor rational representations
ofStyle finitedimensional representationsof34 A the
followingclaimsheld



1 n to Mln gives a bijectionbetween K and isomclassesofirreps
2 All representations are completely reducible

We will treat the case ofal anddeduce theSS casefromthere
We willprove 1 in this lecture 2 in thenext

13 Weight decomposition

At thispoint F is still arbitrary Set of2k f Let Ube
afinitedimensional representation ofg XEF

Definition The Aweightspace in V isthegeneralizedeigenspace
for h in V with eigenvalue1 K veV17 m et h X use

We
say I is

aweight of U if U o a weightvector refers

to an element of K for some X
Notethat forgeneralreasons V g

Vy

Example Consider VMint Then we have h x y x2 yayX y
n ri x'y It followsthattheweights are n n n n we have

Mn A x y for X n ri assumingcharF e

Lemma eVyVaz fly Vxz
Proof Let veVy Needtoprove I m e s t h d 2 mev a

in Sect 1 ethHmuse for my o ever fV V fellows
from 2 there D
T



14 Highestweight

Untiltheendof the lecture assume char f e Define a
partial order on F by Es z if 2 z674 thisgives anorder
precisely because char F e which implies 726 F

Definition a weight of Vmaximal wv t thisorder iscalled
a highestweight
Notethat since dimV o the set of weightsof Visfinite so

there is a highest weight

Example By thepreviousexample n istheuniquehighestweightof
Min

Proposition Let I be a highestweight of V ve k Then
r eve

2 X E 74 4hr Au i e Y is an honestergenspaceforh

Proof By Lemma in Sec1.3 every 03bleA ishighestThis

proves A Toprove 2 observe that thereis no s t X 2n is
not a weightof V ble theset ofweights isfinite So f veVaan
03 Consider the vector giftv o By 13 in Sec 1.1 the

ehis equals er hn v o Since eve weget h use

hh i h na v o Since well one of thefactors kills
whileothersmust beinvertible Claim z fellows D

51



15 Vermamodules

Proposition impliesthat inevery Vthere is a monteroelement
s t ers o hisnu Wewant a universalmodule w such a vector

Definition Let Ze F By the Vermamodule 0 X we mean

thequotient OA 41g I where I Vlog eh X

Thefollowingproposition describes someproperties of OA

Proposition 1 Universalproperty
Homug old V reverso huh Ipso
2 Basis if y It I E D X thenthe vectors fly i so form

a basis in OA
3 Submodules O X is simple if 7474 andhas a unique

proper submodule Span finalists else
Proof A the isomorphism isgivenby G T yeux
2 By thePBWtheorem theelements fheemform a basis inVlog
It follows that theelements fChHeemalsoform a basis The
left ideal I isspannedby theseelements w l e or me So
theelements f I f v form a basis in Vlog Ix Thisshows 27
3 Note that theelements fir form an eigenbasisforh w

pairwise distinct e values these are X hi So anysubmodule
Nco X isthespan of some of these vectors a Vandermonde

determinantargument exercise Also if fiveN then fit yen So
I



I
N Span fiKlink for some k if Nt a If N old then k o d
ef y o By 3 in Sec 1.1

ef y fe v Kf h k ily et ka Ck if y
The left hand side is in N whiletherighthandsideonlylies
in Niff itis O i.e X K l In particular for X K l there is no

proper
submodulewhilefor X K l Span fir lista is theunique

propersubmodule 3 isproved a

16 Completion of the classification of irreducibles
Lie algebra case For Tek set X D X Spanfig i 7
By 3 ofPrepn in Sect S this istheuniquefinitedimensional

quotient of0177 and it's irreducible ble a propersubmodulein
a X is unique Themodules A arepairwisenonisomorphic6k
dimLA X 11
Now we show that every irreducible36repin V is isomorphicto

one of LA By Prep in Sec 1.4 F v e V s t eve hu tufor
Zeke By a ofPrep in Sec1.5 weget a homomorphism bats V
W Ytv It's nonzero so since V is irreducible surjective But
LA is the uniquefinitedimequotientofold hence V2LA
It remains to establish an isomorphism MIX ILA This is an

exercise can establish it explicitly via firsts i x y for isa n

er check M lil is irreducible usethepreviousparagraph

Algebraicgroup case Natethateveryirreducible representation of



31 isMln so comesfrom arationalrepresentation ofSL If Vis
a representation of SL W Mln V f n then it's reducible ever

BEHence there is an 2k linear embedding MInto Vfor semen
ByThm 2 in Sec 1.3 of Lee G thisembedding is also

SG linear a contradiction

Complement algebraic subalgebras
Thegoal of this section is toprovethefollowingtheorem
Thm SupposecharF e G is a simplealgebraicgroupThenthe
Lie algebra g is simple
Wenotethat one uniquely recovers a connectedalgebraicsubgroup

HcGfromTH ifcharFso For F D thisthesubgroup ofGgenerated
by expb If 5 is an idealthen H isnormal exercise
Themain issue a lie subalgebra inogmay fail to bethetangent

space of an algebraicgroup Howeverevery eveninfinite intersection
ofalgebraic subgroups of G isalgebraic It follows thatforany
subalgebra5cgthere'stheunique minimal lie algebra of an algebraic
groupcontainingb It is calledthealgebraicclosure of5 wedenote
it byJ See LOV Sec3.3 inCh3 theproofsmirrorthoseof
Sec 4.2 in Ch 1 In particular byExer6 in Sect ofCh t in
or ifBcg is an ideal then
A Coy Coy

q
Another factfrom Con that weneed is



LA Thederivedsubgroup GG CG is a connectedalgebraicsubgroup
Theorem 5 in Oh See3.4 inCh3 Notethat theLiesubalgebra
corresponding to GG is Coyog

ProofofThem Suppose g is notsimple let5 be a nonzeroideal
Then5 is an ideal as wellby G Since G is simplethis ideal
coincideswithg But GG is a normalsubgroupandsincewehave
excludedthe commutativegroups wehave GG G SoCoy531gg
g So GoCoyb Logg soy Contradictionogis simple 5

A


