/gﬁ/)%sen fa/f/oﬂ ﬂf(»} a/ d,{%zygmjc j)’aa/aj & Z/‘e d/(f%ﬁ‘q.(/ w
0) Dntroduction
7) /e;mesmﬂf/ow of SZ.& (F) XEQ{[(}-_)) cher F=0
2) fompﬁmeaf.

0) Ll [F be an ﬂlj % //dr,&{) ( be a fdnﬂed‘ec\/ %M/Mc j}’w/d
of Fand g & th Lo alyebr of (. forll, Sec 3 in Lec,
Gt - (Q,Zéo/ S/m/oé [’/ /L/ /45 V /7)’0/6# Z)ﬁé’/ﬂfe somef d@e braic
m{fmfm‘ and /s Noncomutetive [ b Leitber conditon is smbar £
'L‘A: exclision a/ Z%Z M ‘ﬁ{c lase o/ ﬂ/ﬂfc j}’qﬁ). 5//%515,, ﬁ /5
calleol sompte if it fes mo rgper (deels (=su éyace j <q “’[j'] }’]Cj)
4 s nt abelian A connetion between Ahese notons s as
mllows. T Hel is an Q,%ijc Su(oj')’oufj Hen its Le ﬂéo{m
j U A )'L/p/ze,{f{yg}’a ch 9. It Hc C is momel, ‘{4/7} /s

AL(G) s bl , Jente adly)-stable < idecd. So if of s simpt, thon
( is y/n}eé, The conpesse v True in charniterste [see Hhe
Coayn&me«f seaf/oh) but Moy /Qu‘f O chavaclenistic f?&

1) Lece LUF) is 5/»706 A chor [F+2
2*) Uhece SLUF) is dboays smpts.

The ﬂé%}’ajc Jrey Sé[ﬁ) and 1Y Le «/{}p/m SUOF) e te
simptlest  simpte aLgebraic _group and Lie alypehya L. z‘/? frove The
smellest /0055//4 dnension. We wt? 51‘4«?

/) 7Za K?O)’ejeﬂ‘fkf/oﬂ Zzﬂ/ew} 0/ csg[/ﬂ:) qu/ Séff) A//uy G/u /-’0
e Lette is es&mfmfﬁ a/ytu/f of '54 %rW)
ﬂ



2) Tl /{?}%&rézfi/on ‘/ajeor), of c@{ () 5 char [F>2

3) Tl representat ion f/eo? of SL(F) or chow F72 (B

case of chav F=2 Js ZJ'IM{/R/% Y same).

These cases &Z’e&a? (Wustrate Al essaitial ,éfu/cf o/
h /’!f}’es&nﬁ\f/a}; f/eo? of  (ewi) .Y/m/o% %&ZVFV:C j/wfj and Heir
Lie a@cgms [fit hove none of He 60/170@/-'!} o e JWzZ case)
783 are also ﬂg_/ to wplystand e (jenexd calse.

7) /@/mseﬂﬂ/f/ow of SZ,& (F) X;’{(F), Nar F=o
77) Universil mueﬁ/pc}?, aée!m-

For now we place po festrictions on [F. LA g=§{ (F) H
hrs basis €= [0004)/ )= {0732 £= /4000 wnd £l brecrels of
'L{Za 5@.5/5 c”/édtw’fs e RS /o%ws:

(1) [he]=2¢ [}/]=-2f [ef1-4
Tt follows thet  Ulg)=IF <eht>/(lheJ-26,(}£1=-2f, [e]1:4)

TAe FB W ‘L%?Ofem (Sec 2.7 &n Lec ?) Zmpﬂ'cs L[/(/a;f 'éA; Wonom als

/7(5”4[5(/;/7/0) érm a basis (n Z/(f])

Lewmma: In Z/@) we have He /a%hz/ﬂj, entitres:

Ph)e = Plhn), ¥ Pe ] )
PI)S = /_/D/A)-zg,' ¥ rPefltad @
e/ = = [ ]7 /Mfi)[n-é}/z‘»r/)") 7[)”-"//7 (h-(m) +€/'—£))em"<’ (2)
Jo  |l¢=0 ' 7/ t=o
an Mfﬁja’

We witll nee “wo Wﬂcases of (2):

2]



m=t s ef "= Lo +nf"" (hst-n) €y
Note Lt if chor F-0, (3) implies
e Zpy (ﬁ) [: A(ﬁ-/)h.!_ [A—nﬂ)) (3//)

nlwl =

/?aa/ of Lemme: /l)-‘ [46]512 & 0/6:6(47*2), Drduition on kr/aw;
(7) or P=x i e generid case L2lllows. (2) is simitar
(3): ef"= Lef I S = BT TR L = [HHat]
= /Z-/-[Af‘,7/*/—»7)4—4#—2(?—#)-&-:!-4)/”—/: /g—/- /7/”_//47& ¢~h>-

7_073 MSH case o/ (2) /of/aws é /Jwézf/ou wm . To handl.
(2) w mzn o caen Yen use Yo Mfowoy4/,f}n ff—ﬂljfp/%e)
b -h. Tle detaits ave boft a5 au . a

72) The main resutt.
faﬁ.s/a/er ?{ze_ /’ﬁdresenfa;f/on a/ ‘SZ( [ F ) ¢n /o»zojeneau; 0/3(7/’45 V4
Pﬂénomm/_?; M@) ;= \S/DMJ: [X:,Xn“?;,.-.,cf]’h ), jf(xjcf) : ’/[(15(] )g ),
whore we view (% 1) 45 & row vector. Tts retond. Tie z‘aqje,,f
a0 of his }’ffresmfvézm /s Guven /;,
fHXQ},fI—) D h 223 -y2, (4)
Ej é’[X”;yi) :oé-/[(; f) /{f”"('yjfzo:[/xly-) (;f)r[x)éﬁf}(') —7(04}‘).)(’:7";
Xn-t/g,t{x)‘]:jél, {X'r—/@+{x)¢)4:o _ 5.)(””3‘—’ = [XQJJ (XHJ;)'

TZ».: 5{4 Se U/M f;O. 7Zy4 ygr Vaiiondd e rescnéﬂz//om
7P 7
o SZ_Z [ﬂ‘d)/ 75,7, e a//MMS/bm/f Vﬁofes@zzm‘/ons a/ (§£ [F ) , L‘/e

Mowm} cloims holid
3]



7) n > M) gues a @R«:wf/on bebureen 7/20 and isom. classes of ZW?s,
2) AU /.ﬂf/fsmfwé/ons are COM/&‘L[F/& Vedui {4

We wtl Heot f/t: case 07/,&7{ wnd deluce He Sz case Fom ‘L[n/e/c.
We wtl prove (1) in ths lecture & (2) in e next.

13) Mejh‘ a/ecom/w;/ﬁon.
A s /omz‘ F 15 st dl’glfi’w’g. Set 9= SL(F) Lt Ve
& Fwite dmensionak K’/}’e;m'fwﬁon a/ 9 K ;{é F

Defonition: The Xh/&li/zz P in V/ is Hhe jeﬂt/ﬂ/zéea/ &jéﬂf/ﬂﬂa
o b iV wrty e/jwm,&a/Y: Z.f/{/e'V/ﬂ m>ol (h-1)"v=0F
We say: A5 a h/@(jﬂ of I/ i/ %#/02 ] h/f{}él‘ vVectar /’@/w
to on element of g;ér some ),
Nite L, For genemnd reasons Vl@?f K.

EXM/Q: &{75{0/0 VeM() Then we have A/x"g")-[xa?( »J%]é("}")
= (n-2i) X”:y'. T Afollows tat He u/ezjh‘s we Ny, ~N, we have
M&A: [FX,:}; 74, 2-‘/7—1( [dssammj_ 0‘0\# f—’O)\

[emme: eV}c V%z; /g C[/A—z'
/Dkoa/-' 41‘ Vég_ //e,e.o/ 'L‘o/o/oye 5 mzo st /A"/‘ -2 )mfv=[[4)
i1 Sect1= e (h-N"v-0 for m»o =elV<l ; /VC% Follows

]g'ﬂm (2) ‘f/ eve, 8|
4]



14) Highest wegh?

ntil z‘/(c end a/ A Loture L RSSUMC cMar J=0. Detine a
/marz‘/d order on F %{ zez’ if 2lz¢ 7/20 /z%'_cj/Vaj an ordey
/Ufeoiy/@ because char [F=q wheh implies Z <= (F )

Defnition: « h/.e({jq/f of V maximeld wort. this ovier iv celled
2 A/jlesf We/jﬁf.

Nite f/af Since. 5/}41 /< by i/'(c set of h/é(/]/fr ﬂ/ Vs ;4%/756 , S0
Hare s 4 ﬁ/yAen/ h/ajlzl.

E(M/{L; % the previaus exampte, N s e ungue /y/en‘ Waj/f of
M),

pl’oloomf/on ; Ayz‘ j e 2 /j/ajtz h/a"j/z‘ a/ VX 1/6% m
(1) ev=0

(Z) ()»5 ,7/% z{ AV::{V //.c %/'S an oﬂc;lztl/jmg/;ace 7@# /)

IQ’DDJUI 1% Lemme. (n Sec 13) eveVAﬂ: foj 7 J /s {7/3:1‘. 7Zu
proves (1) 7;/0;/01/,: (2) Sserve Yat e 120 St 1-214
not & Nﬁ/jh‘ 0/ V*z//c e set of h/ay/z‘; /r;gnrfc. So f”vé [/Q—;oa
< {0F Lonsider e vetor %;7—71/:0. Bd% (2%) 1n Sec 14,
Chs €7m,£; .7£l/+ [f)l/:a Since ev=g, h/ej%‘ /,f)f/:a
= 4[/—/) [4—n+/)l/=p, Sonce l/E:‘[{ one of 4, Factows kills
_{, while g8hers must be investibte. %m [ z) /9//014/; O
N]



1.5) Verme modydes
/D/O/gosz*!/ar) g}w/ouﬂ,g: f/uf w Weg V zﬁ/erc u Q; Jlontw %WZZ

v s.t ev=0 hv=n W woant 2 ‘wiversel “modads w, such a vector

Detintton: Lt delF % He Verme modaky () we mean
#e quotierrt A[l)=l//g)/2;, where Is= Z//g)[e;#l).

7-1& /oﬁowm& //o/Oas/ZZ/on aésm'/a Jome /0}’%6#5@ S o/ A/ /1 )

P/o/wsffzon: 1) Universal //?Oemf :
A/omwﬂ) /A(}), V) —>lvel| ev=0, AV=1V<‘=>I)'7J'.=0}_
2) Bess: 6'7[ I/X'=77‘,Z;é J00), zzlw 1!/6 vectors /;A' 6.20} orm
a basis o A(L).
3) Submodiles : d//\)./\: 5‘/M/)& i 2¢ 7/7/0 andd Jes anigue
proper submodnll, , S/M( / l&/ ¢2)71) else.
/Drao/_- 4) —f/e /'Somoy//.rm Iy jll/en (3/7/ sﬂ > CF(VA),
2) /% He PBW 'L[/eo/em, e elements ¥ YAZ% Sorm @ bzsis Z/@').
Tt foltows that Hlo clomsnts /k/ﬂ/-l)({”’ oo Fvm 2 brsis. The
bt idead _Z; /s ?Mllco/ ? Hese lomeats w, 20 o M0 So
e oloments /'iI)* ][)k'/) Jorm & basis in Ul )T, Ths shas (7).
3) Mote Uk o ebiments /1% Som an f/jeﬂ-ﬁzw b A w
prirwise distmit e-values, Hhose are A-2i. So asy Submodsts
Y/ cAl)) i He span of Some of Hlese Ve({forj /2 @[aMOn/a
_]o/yfe//mm{ a‘//j//mf ). Al if s ‘14 N Hon /7 eV S
6



We Soun (£'y | i28) S some & if N#EJoT T N #a)), Hon £70 &
67‘0/(!{\-—0_ 1%, (3%) in Sec. 71
e/KVA = /i’ Kr /c/k"//—//c-z))li =0+ K[%(t-r))/k-lk
The Colt houd side is in /V/ whts 4 /"/fa’z‘ hand S/‘o/r, ahxﬁ Ges
i Vit s 0 ie A=k-1. Tn /Wf/u/w; 75# A#k-1, Fheve &5 ho
proper submodule, whte for A=tt, Span (1 i3 Mi) is he anigue
/Ui’a/e}/ Suérlma(u/&. XY ) s /O)’al/eo( O

16) fom/)fmf)m of the oézm'//w)f/an of Crreducitles ’
Lie Mjpém cese: lor e 230/50‘5 /Uﬁd(ﬂ/j/en//k/b;l)
% (3) of Prapn in Sec 1.5 his (s Yhe rlpue Fowte Admensioned
;mofzemf of A() ), andd s jpeduable (e a proper St 6motute in
A7 is C/ﬂ/juj,)‘ VA moduly L) we /a/’m//.re Hon —/}omayﬂ//c 4/
dm L(]] =X+
Mow we show Hiat 61/.9? [/Veaéw'fﬁ Sé/ -K;ow V i /yomo7//¢-fo
one of (1), /% /%o in Sec 19 Huvel/sé. eveg Jo=dv For
Jde 7/;0. gg\, (1) 0/ /U/o/a in Sec ’/.5/ Mf;ﬂf ] 40/470”!0744/UM 40—V
w. l{\ BV _ZZ 'S Hontere  So, Siyce V 5 /'Mea//ac//g, Suyapz’/ye‘ but
/() i e aungut nte dmrf 7@255”{ o/ Ad)} fence V~=/0)
TE remoins 4 establish an /somz)}?l/f)n M) 2L0)) Thy o5 an
 can estelblsh it eplictl (ne fi 0> A"y fo og..n)
o checx M) is iveducible & wse Hhe provions /0“"‘02’“/”4'

A @(/@ Vodc g Case: Nite Yot we:} veducill re/nrese/oﬁ;éon of
'?]



,s’é is Mly), so comes Hom 4 rational /"?Vesenfwf/m of 54. TL Vs
R /?Vejw'éd/a/; of S, w M)EV ¥ n, Yon s reduiitly over
g{ Hence Yleve s an £{~fmea/ m/eo/o(mat M) s For some 1.

5} Tom 2 oy Sec 13 of Lec 6 “hs EMKCA/A/UI&[ 15 250
jé\‘ﬁuecuj & contragli cton.

[ﬂm/%:mwlz: d{j(%gl/ébic 5:4/4,/;5/5/@5.

The jaa,[ of his secton ¢ prove A /ﬁ%m? Yheorem
[hm: Sé;ﬂ/yose cher [F=0 £ ( ia jlnyﬂé a»%%/?uc S 7Zm #
Lie Mj&@’a g Is J/M/K.

We note thet ore “”’7"‘”9 secovers 2 comectes a,ée,{mzc secbarog0
He 740,.4 74—/-/ [[/o[ar F-0). for [F- (:/ His He ju{jl/ou/ﬂ o/(jcwe/deo/
éj ex/a(f)- _Z-/j /s an //eéj) Ao H is ﬁormaj( ).

The main 1ssue: 2 Lie 51/!@{7&5/4 in g ;mg il 4t & Y. z‘wyenf
Spree of an a{ﬁ%/ﬂc Jop. Fhweves W“"O’L (even infinite) iutevsection
of al jf/émic Suéjrw/os of C s Rfjafnu'c. Tt Allows i v any.
St Ka{%%m jcj fly«’_& f& c/l//'fae minimel Lie 4{7.«,5/& of on ﬂ/jf/{nu'c
o Contammg j s alled Y a{jf/gtfaic closuve of 4, we Aenite
i (ﬁ, j See ZOVI Sec3Z2 w42 ~f/¢/rao/3 mvror Hhose o/
Sec 42 in O 1 In /awfz(/ca/w; og,é:w/! in Sec & of (A7 in
[ﬂV]/ if j Cg is an (’A/m,é Ho,

() (o, 43-(q. 4]

Another ok Howm  [OV] Lhat  we neeo is:

g ]



(k%) Tl devnves Su é]’m‘f [ A )cC isa (olmcifea/ ﬂ{joovfrm'c St ({jya,,/,o/
77{’.0}’64» 5 n [0//]} Sec 54 én 6/3 Wﬂ‘c Zhat ‘ﬁé Le J'M{a.éf/ém.
CD/’/CS/ﬂoho//rzo(, % /[/ () i [f],g]

/0/’00/ 07[ 7Zm: .Séy)/ﬂo;c ﬂ s ot J‘W/ﬁ; Z/’f j A & Nonztsd fé/mz
7Z,, j 5 an c'oéaf zs well (.9 (x)  Sinee f /5 f/»/mé) —E/fs /oéd
Co/ncip/fs W/ﬂ . But / 4 §) 55 e poomd J‘affj/ay Ma)/ Smee we have
CX&&X@/ ‘é(( Commulzvfn/c jmu/;/ wWe /m/t [4()=[ So @jj’@gj
-a]. S 53 [ﬁzjj:[%ﬂjsﬂ (éh'é’&oli&f?oh.'y/ﬁ J/ﬂ/ﬂé O



