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1e Recap

In Lecture8 we have classifiedthefinite dimensional
irreducible representations of g 3 I w char F e these are
Mln Spang x x'y gal neko w representationgivenby
e any ha A yay f toy2
Today we will show that everyfinite dimensionalrepresentationof35 rational representation of SL is completely

reducible finishing our description of these representations

19 Casimirelement

Here is a fundamental observation

Proposition The element Ihithtzfe.EUlog Casimirelement

is central
Proof Ulg isgeneratedby eh f so it's enoughtocheck
e C Ch C Cf Cto This is left as an exercise

In fact one can understandthis element more conceptually

g
we'll dothis in a laterlecture Now weapply C toprove



the complete reducibility

1 2 Infinitesimalbleck decomposition

Let U be a finite dimensional representation of 9 8115
For ZEE set let it bethegeneralizedeigenspace for C
with eigenvalue z V2 veVl F m est C e use

Wehave V ftp.V Thefollowingpropositiondescribes

properties of this decomposition

Preposition A All V2s are Ucg submodules
2 If V to then Z f n'tn for some use Moreover

Mln is theonly irreducible constituent of V forsuch z
Proof A This isbecause C is central left as exercise

2 We claim that C acts onMln by thescalar n'tn
It acts by a scalar enMln ble C iscentral Mint is irreducible
Exer2.12in RTA To compute the scalarsayen set v x sothat
hv.nu eve Hence carsCvs Yh'thilfe vs In'tn v cat Iran

Now let U U cV2 be Ulogtsubmedules s t U'll isirreducible

i.e Mln forsome n Notethat z is theonlyeigenvalue of Con
U U i e z Caftan'tn Foreach z thereis at mostone he Is with
thisproperty 2 fellows I

13 Completereducibility
Hereweprove 2 of Thm in Sec 1.2 of Lecture8
I



Thecaseof81 Thanks to the decomposition V V andProposition
in Section 1.2 wereduce toproving that V e m n if V V for
n'tn Vadmits a filtration

A a Vive ch V by3hsubreps w VN Mln ti
First we claim K dimVn Indeed if VCV is a subrepresentation

then fromthedecomposition VQU into weightspaces wehave
K.lv Mila th Ch

Setting In andusingdimMInlet weget isdimV4 fi k dimUn

Let vi u be a basis in Vn By Proposition in Sec1.6ofLec8
wehave eviehe'snu By o ofProposition in Sect S ofLec8 I
UlolmodulehomomorphismOln V w Kev By 3 of thatPrepn
o n has theuniquefinitedimensionalquotientand by Sec 1.6 this

quotient isMln So bln V factors through a homomorphism
Mcn V denote itby pi Consider y go q Mint V
We claim it's an isomorphism Thx to Ctl dim V dimMint so it's
enoughto showthat y issurjective Let C Vlimp From 9 we
deduceCase Butthx to Gt C also admits afiltration w successive

quotientsMln so Cto Cute Therefore C O

ThecaseofSla Let Vbe a rationalrepresentation ViewVas arepresentationof5k Bywhat we'veprovedalready weget anSElinear
isomorphism L V I Mcnie Mine forsomena niceToo Butthe
righthandside is a rational repn ofSly ByThm 2 inSec 1.3of

feet
L is Shalinear inparticular V is completely reducible



2 Wrapup on representations of31 in characteristic 0
Some consequences of the classification

Proposition for afinitedimensional representation Vof8k wehave
i Vsin Vi where hats onViby i
ii Ker e c Vi kerfa Vi

iso
iii For each i o theoperators ei Vi Vi fi Vit V are

isomorphisms

Proof importantexercise use complete reducibility to reduce to

VM n and then check by hand

Rem Thereare 3 keytechniques in the studyof representations
ofsemi simple algebraicgroups theirLie algebras Wehaveseen
two ofthese they will appear throughoutthe course
1 Highest weight theory roughly Section1.3 P6 ofLec8

P3 of this lecture
2 Decomposition into infinitesimalblacks roughly Sect2
3 Categorical symmetry comingfromtaking tenserproducts that

we are yet to see

3 Representations of3k in charp
Nowtake F ofcharacteristicp 2 andset 9 34151 Thenotionof
highestweight nolongermakes sense z s z if Z z e74 is not anorder
Howeverwe have the following crucialobservation



Lemma The elements er fPHh e U g are central
Proof we needto show that these elements commutewiththe
enerators eh f of Ug This isLeneusing formulasfrom Sec PP in
Lec8e.g e fP 113 f hp ti so The rest is an exercise D

In thenextlecture we will elaborate ontheseelements more
conceptually For now note that each oferheh fPact onevery
irreducible finitedimensional module by scalars to bedenotedby
H X X and let X A X X In factforeachtriple there is an

irreducible modulegiving this triple see thecomplementsection but
we can reduce to the 2 specialvaluesandone family

eee

eeM
le a e ate

We will elaborate onthe reduction in thenext lecture For
now we will analyze these 3 cases

Case fo the irreducible representations are exactly M i i o p 1

Proof Let Ube a Vlog moduleannihilatedbythecentral
elements er fPheh

Steph heh 17th i acts by l on V So Vgo.pk V istheieFp

Feigenspace for h Theelement e acts by a nilpotentoperator



Since eV Vy lemme in Sec 1.3 in Lec o Ker e VAkere
I ve V w er o hrs tr forsome XeFp Besides f've

Step2 The Vermamodule 014 Vlog Vlog eh2 still makes
sense and 4 22 ofPrepn in Sec PS ofLec8 hold InparticularI hemom'm y OX V w 4,40 Note that since f is
central fPoA colt is a submodule From ft o weseethat y factors
through Ea old fPoll known as the baby Vermamodule

Step3 Let Ey bethe image of u in Oltl Thentheelements

Ex fog ft't form a basis in DX hfi X zi y From
here we can analyze the submodules ofDX similarly to
what was done for the usual Vermamodules 3 ofPrepn in
Sec 1.5 ofLec8
Exercise Ill is irreducible if I p i leFp andhastheunique
propersubmodule else This submodule is Spang first ki sp il

Step8 Wethenproceed as in Section 1.6 ofLec8 Thedetails
are left as an exercise I

Rem Q w Atp l isnt completelyreducible

Case X Cee1 inthis case we have PI irreps all havedimp

I



Proof Define I X 0 X fP1 0 t We can analyzethese
Uog modulessimilarly to Steps3,4ofthepreviouscase
Exercise I X is irreducible theFp Moreovereveryirreducible
U g module annihilatedby erhph fbi is isomorphic to one
ofOltl
But unlike what we've seenbefore some of It X s are

isomorphicwe claim I X D X 7 7 s 2 Thefollowing
claim left as an exercise isprovedalongthe linesoftheproofof
3 ofProposition inSec1.5of Lee8

hf Ey Haley ef ye he 0,1p23
Thisgives a nonzero homomorphism of 7 2 Q X whichfactors

I th d d d which is an isomorphismblebothmodules are irreducible
And if 7 7 t 2 then I X g Al Indeed Cacts on IA

by ft'tt apply C to D and EX EX X 7 7 or 7 1 2
This completes theproof I

Exercise Let ee51103and I XpbetherootsofXPx a o Then

I Ili Olli fPoldi i t p are exactlythepairwise nonisomorphic
irreducible Ulog modulesannihilatedby e f heh a

4 Complement pcenter central reduction

Definition By thep center of Ug we mean thesubalgebra
generatedby erheh f Denote it byZp



Let D AX X eF By thepcentral
reduction wemeanthe

algebra
U Ug Utoy er A hph f fPX

it's analgebrabecause thegenerators ofthe left ideal we mod
out are central and so the left ideal is in fact Lsided

Thefollowingproposition describesbasicproperties ofZp

Preposition A Thegenerators erheh fPofZp arefree i.e Zp is
isomorphic to the algebra ofpolynomials in 3variables
2 Ulog is a freeZpmodule w basis ftheem w lek l msp I

so of rank p
Proof The elements

f fp hehPhierem er t

W Osky l msp 1 Kalam o form a basis inUtoy theyareobtained

fromthe PBWbasisby applying a unitriangular transformation Note

that epLPhFPare central so x f heem litheBethclaimsfellow

Corollary dimUdp t Je53exercise
Recall that every centralelement acts on a finitedimensional

irrep by a scalar Thisgives rise to a bijection

IrryCUg Irr Ux
iso classes offin dimil irreps

I



where Irr ut embeds intoIvrea Vlog via composingwiththe
epimerphism Ulog U andsothe imageconsists of all irreps
where erheh fPact byAaAaXs respectively
By Corollary U 63 so Irr Ut of So unlike inchar l case

there are uncountably many g irreps

I
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