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1) Motivation:  Orbit method
2) Fittered yaanfizu‘/om
3) /M'gﬂo‘ffnf 0}’//'{5 7 jemU'/M/ﬁ Lie a,éw//ms.

1) vbit /M%%o/.

LA G be a comected Lie group. A ctassical 74/(;2‘[0;7 i Lie
,g”/)’eseﬂfaflon f/EDVJ, (}0’”} a/aclc % fe//dm/ ﬂlm/ //a//s/ - é%wa/m) (s
4 65255’1’7& crredudi bt am'z‘a/} 4 ~V?orefwz‘d/on5 / ”4//7/'7.‘0/;  Meens et
(" acts {7, z{m‘z‘afd:t peretors én o Hibbat Space . Sone conz‘zhm'zéy, cond-
l[/on_s/' “iveduci 6.7 means no ryper closed Jup’rgo/ejwz‘ﬂz‘/ow — in Dhis cawse
am’z‘mgl /gye;enfu‘/on: are m% For Motivation purposes )

7Zue’s an e;ma‘% a&jmf auswer o z‘é &ézi’ﬂ%&z}tz]oﬂ /Wey~
bon in Ho case whea 0 s oa /f/%a’fwz‘ 91, due & Livitlow (67)
Enown A4S He Dbt /7/%!/ 00( /%’"”9 | for jwem/ f} we Cay CoNsi-
der Hhe M//'amzz (m 9= Lie (C )) an fﬂQog'omz‘ (in ﬂ*) [_@mmfd/ans

ﬂﬁorem /[/'n’//@u) /f/z‘ f be méoz‘eﬂz ﬂM}/ S/M/D§ Caﬂﬂeufm{ 7707
Ble am‘zza? /—/m;w lup 20 is0) are in & maturad {7'{%‘/0/4 with Hhe
set of [ -orbits tn g* (a.x.a. Coaoy'a/m‘ orbits)

ﬂ



h/% shold one e,r/ng‘ e cozzoj‘omz‘ wb'ts 4 %pea/? T fas
b db with "/a/m Lization” a mete /r/}y(,?bﬁ Bt relodes clissi-
cal f 7amz‘am mechonicol Systems, In 64 jo‘ﬂmj s one cey Tebe
about ja/ase spaces’ (- “homes 1o mechanicel {/u;fw_c) zad their
.&mmm‘ly I Luatum /{//eoAM/cs, a /O/zzx space (s 4 /%%af Sprce,

4o symmﬁ s qwen by a wnter /’70756/;1‘2/{/0/7. L most symmednc'

, Jd "I fa Y

S/ lea/’f/o}? i) Wf{w z"{e /yrfsenfﬁt/pﬂ (S Zi/c/ua'/&.

[ets recill whet ﬁ:@ L%nj s are in ssicel Mechancs. A
P/fzse space (s a manifold (or @ more jenml space) M Loppther wit]
2 [2isson studtwe : an [P-bilner nap [ 3: CTM)= CM)— C(N)
Bt setishes 2k /offawug, Zwo //W'f/cs:

« its a Lie bpaceet
< Leibiz /a/wzz/'zi}: [ijlff[{jﬂ* f?,//fg,

For exampts., if w5 e symplectic. (= osed £ non- degenerate) 2-form,
ﬁ(m it a/w/}ncs f[L Rossson braceet : /Zj}-'= <a)‘/’ o//"a/jj) where we
wnte 7 fr Yo fivector el on M induced § w. [he /eju/&‘m;/
/g/SSOﬂ studures we caﬂeo/ Hon 0/\?&6}'&25@.

/4 gjmmafri, (S an Aﬂl/on a/ 2 i (j}’ﬂu/: f oxn /// z‘/d /)’eje/m
zf; T and s Vemiloman” in He /o//dh//;fj_ sense. Mote Hhat
LAM ~ ﬂffuh/twmf Lie a,éor/t{nz /omomoz;m//sm g — Vet (M )/,

£ Hjﬂ. A/dﬂ?&{;»/, 021 4 comomen? Map e mean g [nym'yamw{ Lnecr
__/Tz)o P9 — C=(M) st fﬂ—~f%r)/-}. We can encode it as
Z



He toneat mep [t M Hﬂf {/l[m),f?-‘ = [tp(3)1(m). A Hemity-
V.84 AZVZZ/OH 0/ C) on ﬂ s an dﬂ(/on /OLL /5507 MZ[()MDW//'S}M.S
{OJ%%W with @ (co)moment Hep.

- Show 'LZ/ o 7 (s a //e a/j\v/gm /omoma¢4ijm

£Xamp5,: 5* Is & 6/550}1 /mm'/@(a/ W anigue bracret Szz,z‘mc/’y/'/f} Z}; »3=
=l}',z] #j—jgégcfw@*) The inctusion map ?oﬂc_; Cm@*) 44
Comonent map efmm&m‘?, ol - ¥ =9 i o mmet mep.

In Hhis Sa‘z‘m} "mosi;/vmmdm” means Hhat (AM is tansitive.

We Now /;roceeo/ to QSS/’?&L'V;} Lrensitive /%mi éfoﬂ/u/ actons

: //ere we WLMZZ fp consfmﬁf ] Sjm/pﬂzm(/c 7%//;44 on a
c’mofomf ot (u cg* and - show Hhat &0 Gol i Hemi Coman.
Nite Yot 1,3 o CM) can te newed as bvedtor PeT(N'T,)

4) /ﬂf 0(55* Shouw 'LG/a/‘f 26/{27;[;( ﬂna/ /s mn-a{cfm
Goe. Show that Hhs €qtips (w2 owanent Bisson structure

Z) Show bhait Z%L inclusion (’o( > \(7* is & Moment @z

3) Show ot 4o Sym/ofem‘/c form =P on Gu satishes:
R (5.4, p.d)= < [3,532 This i He Lintlo-Lostant Sorm

Lt tamns out f/a)f 2 je/zcm,f M Hami Gonian action is

_%m"fe close 1o e previass exerse:
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. Zyﬁ M a{e a 6/.550ﬁ /%Km/o/o/ wrﬂ a f}’MS/.'LZIVc
Homilonian (Caction. Pove Hhat
1) im pu co* s a S//Zj’& bt
2)/1: M —>c'm/4 /S & Cover {(/‘1*-' C"D[z'rty‘f) — C(M) intertumes
Buisson bnmceets.

3) The forsson stwctare on M is ﬂmﬂéjmem:fc £ e s & ;}M/écfoma?%km

Conclusion: 55&1(/1%) it method //e/d‘(/fs 2 relaition” frbeen
most %mm etric c‘ﬁassica,z X fwwzzam MeJM/kJ .s(“fsfems [w. 5)
being a jrou/o a/ .SJM/M:Z(/’/C’S). For C’ At éaolzel'ﬂl 210 Slmpﬁ Connec-
te , o wlition is a 5\/'/'130{/0”_ The /é'/'fcf/an Soits 7@/’ ( semi-
J/Itlfé, for exeupts., d Cis compet, e mm‘aro\t ireps are exactty
Anite dmansional. ores, whits e (co) aa(é‘omz‘ oréits (for 5&44/3/)14/4 ¢
have g ﬂ*_co Lhere s mo difference between ﬂafwnf £ £oao§0/nz‘) are
tlassited tg/ /omz‘: (n a4 h/g/ (}Aaméer).

White. we donrt ﬂlu@/q am'ﬁ?g /47/636142‘41‘/0/75 in Diis cowse, & tit of
whit we do s 075}01'/’0/ [} e desire Lo fnd r(/j/z‘ am/«;s of Ohéit
method Hor sem[f/m/oﬁ Lie J7oPs for exampt], we'tl see Ot f we
thine abodt facwz‘izal‘(ons A%Jm'c e SHU have an ‘obt-
method - bre * {y"e Jon betueen covers of adlomt orbits (of & semismple
w{ﬁ%méc Group /) and ;ﬁeﬂz‘zk?aif/onj.

/7

,Z) [1lheved guon tizations

Eeém we discuss an m/jvoéru'c netion of Q /amz‘z}zaif/m OAs s
7 Va



2 éoéyyé of words about G s é et of jeoﬂW//’/c reppe sentation
‘f/eog, %fofoj ically, it seexs o ﬂ‘up/él representations jﬁo/hﬂlr/ca/%-
This means sewewed ditferat [(but releted ) z’//}z] 3, /a/z(/'cw&r,
Lo Sfuﬁ of Ky}’as&ﬂfm{mﬂ; o ﬂ/j&//af bhet fave 350/”.%9/4 onains?
MM} 0/ '//esc a/éqoé’/’zzs av/se  as % &‘afw/ ﬂ(ufz‘%«/‘f/on; d/ jmo/ea/
[Bisson ﬂ{j&gra s This is our ”a/jeygmjc version of /umﬁ'%d[on.”

Settim j’ G A be 2 /ﬁm’z/e% jemm;fco/ commutatve ﬁ/{%(/!//%/f
E?a///aeo( w. 'E»Q MOWM} ﬁ/o st /’adfam !
« Bisson fraceet [, 5 Axd — 4
et Space jmo/mj,, A - ‘6},4[} m/;o/ 5 en &{70{/& j}’ao/ug: 46 C/% ,79‘4"/'.
Yot are compatibl. a5 Folows:
d o7 st a/? [ F=-d ie L%,AJEC4;J-_D(,—V 4

EXMfﬁs 1) Lt g be 2 ;gm'z[c densiond e d,{?aém. Jake

A= 5@)[ = G:’[ﬂ”‘]) w. its stomdad jm"/"} wud e cigue 1550
Sraceet St &Z}: [f’f:( '}Z})_/eﬂ e have o1

2) Lot V be a frite ohmensiond ):y»}aér/zl/c vector pace Borm 6.
Taxe A= Sl V) w s s‘fam[a/o/ jmo/”g, ww/ A ungue Bisson
b cret [; 3 st {U/ vy =w(lyv) ¥ yvell fer we fawe A=1.

fow et A b as in He SOff/nj 2bove.

Delintion: A /%{ft/ta/ / 7«@1‘:‘2&75&0” o A i a /ajr K?jh), Wheve
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W is an associative 4{7&!/0, w Bbletion P =<.7(/J\€- st Jﬁﬂ%cjp

and [-9& %‘JJ Cﬁe;ﬂ--o/ (. [gﬁ”a/*ﬂz). I follpws Yot e 4%’65;’;»

jrgﬁl’= Dei [Fiy 15 commutative & hes Pusson backet given {},

‘L‘atiy,& e top Aéj/a o [T, ie {arh., , b J%,,? =/[q /J+J¢5‘-7j_o/_,.
—Checr Lhis is indeed o Bisson byacet.

AN (j’)’% —1>4 /S Q jﬂw/eo/ @/550/7 &éf’/&’a /Iom%ﬂﬂ//fm

Detinition: % an /Somw/'o/lsm of /oaawz(i%a;flom (), C?%/z’) of A we
mean & 7‘%&/@/ A,ijgm, z'smo;;aé/sm ;V P H st [ 97 70 = whoe
gry; jrdfz’ L’jrﬂ/ s an ZSomoyoéism induced @ .

EXM/ZZ-‘ /) Z/@) /s & /amfc'am‘/on a/ 3@) — BN {n/eorem.
2) T h/eyf djw/gm W) =TW)/ (uev-veu-wlyv)luveV) ¢
P /cmfjug in fact) ;amz‘izwfion of Sl ( : chece his).

7o btem: 741/ jll/ﬂﬂ A 05353;’79 it (h &‘c/ca/) faan’f[éazzmm 4 % (so.

This lomﬁem doesn't have jOOo/ answer ntess  we ipose Some. fest-
vicbans on A. Qw restricton has o do with ")‘jm/agfyflc g wlavities.
/acmg , 7,%22[’5 6/\%%{% ‘f[a cbhss a/ /Q/JSM a/jf/ﬂ/as ’L%dl e
shodi actuelly care aboit in Dhis course. This notion witl be
defined in the ned Lctue. M important /am/gt of varreties with
jjm/a/em‘z c Slhgu&/'fl/ifs arises Hom ﬂ/‘ﬁoz‘mz‘ ovbits in semismpte Lie

abyebras, 2o be discussed next.
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3) /Mgaa‘ffhf orbits in jemzf/m/pﬁ Lie ﬂ,{?a&/ms.

Let 6’ be a Scm,'s/m/vﬁ a[gcér@,-c jma/o /f ( g=[fg[[' ) (onsider
Yhe 40(70/»# action (N 9 We ave interested cn amders f&wo/mdq its
orbits. Note ot g=. g% So we we z‘ath} about condjomt orfits,
the clossical side of He Orbit /ﬂ%‘/oo{ see Sec 7 In/u‘fz

cutor, 4l 40/‘0/»2‘ arbits are Symplectic, so, even dimensinet.

Dedinition: Feg is called ﬁ/'{oo'fmf i s /'go/esenz‘eq/ @ a
ﬂ/?ﬂf&ﬁ‘ gae/f@z‘or h A 744'2[ A/Mf /?/7/'242 MmeoS/o/mj K?ﬂ/’amftdz 10/

Faoct This is Mﬁ/*;ﬂwa/eéﬂ[ of e choice of o farbhfild /90765(:»7%@7,‘60}1.

,Z?mm}: ; 7) ﬂ~<§[; Sq, or 4375,, Fis ﬂ/;baz{onzz EFisa /;/éaz‘enz‘ matri.

'Z)f s Nitpotent < 40/(/})3‘ /s #jéf $o we can fole about
nifpotent orfits in 7.

We witl be interested én # 0&552’%’5@/7500 0/ n émfenf orbits.
A key tool is to nlete Hhem % %momw;o/lkms 5’4 — g

Detinition: An CS{-fnp& ing s @ {/z))(; eht €9) Sez‘/‘ngl,}g, e aé//‘m'n}
relations of Dgél, ie. 4 /fomwuoi;ﬂ//'sm p: s —9 W.
Toe (19) ) (75)

E2



. e (zf/) (s /l/?ofc«'f.

A comection bctwem ﬂl?o‘f&ﬂ‘ ovbits & sI- z‘n)o(%: is &s Allows
Theorem 1 (Jacobson-Morozor): ¥ ntpotent ceop 3 £[2~z‘rz/'o(é containing e,

Thearen 2 (Kostant): Tf (e41) e, h/f) ar SL-Biptes Hon 3 g€ § st
Ad G (ehd)= (e hf).

[0)’0/%0’2: There's 2 o//‘)cotion between :
- milpotent [ -ordits
A ~co/‘7/bja7 cLasses of £é—f/§0é: (e, hf)

gven ‘;‘1 (e hf) re.

£Xamlpfe.' 4= SZ,, (). The f—fo{iybgecg cdasses of S{—z‘ﬂlbfu an i the
Seme 1%}75, 2s z'somw/o/fsm classes of - dmansionad o?{"’?’& 5} £he
dassificattion of Fnite dmensionad SL-reps, He 1 dmensined om are
assified 4 Yhe /m{/z‘/ons ot V= z@ Vid;) (where V) is the d-
dimensionad LIrp) We 4SSign H, /aa/éz%/an W, /pa/fs o/t Since € adts
o an Zrh?; 03, 2 5/’@(& Jordan block, we recover e 5/255/'/754,2‘/0;7 of

Cog/'aﬁarg clzsses of ﬂf¢o’f€1ﬂf metrices ? Jovaen é 5.

T/wc's 2 simitar ﬂ&‘/ogz move com/offcu‘co/ stor /or ﬂf/er classicad,
Lie a,lﬂwfms. led (- Sp,(C) (n even) o O (C)-which (s disconnected
Sl



Pmpasiflon : 71& mgomfe;ﬂf ['—arifz‘s n 37 are L[fzssf/;eo( /d»; 1% /R/L{Hf/om 0/
n where each odd (for S/o )/ Even / 74»/ 0) /aarf accurs w. even /moﬂfc'pﬁ'a'%g
(riaJordlan -5(7/96).

/4/0}'007/ Is Sl.’flécﬁeo/ (n fAc jlﬁe/’f

Femare: Smee SO, (C) hes index 7 in QIC), 20 Q(C)-orb oy syt
into +he aﬁ'(:/'o/hzl unon of two G(C) or remsin a Smjé bt The former
éa,a/ens c'/f all /xn‘s are 61/5}7( )

In Sec 2 wewve Llved about flfered /aMZZI'-ZM[ ons of J{h/’feé je/fem}fca/
5}’40@7/ fis50m dﬁeéms. We now /ma/ucc Q 74Mi’§ of f,mm/o/és of Suk ﬂ,%e&
125 calw‘n} Bom ,,,-77/002‘73”{ orbits in s/simple Lie Ajjorg}’zzs.

Theorem: Let Qe L be « nipatent orbit. Then ClAT is a %ﬂfl‘eﬁ jmewfcﬂ{
jm:{en{ s son Algpf//e. (w aé’} [ 5=-1),

Boot: - The Bisson stwctuwe arises e D is J(ymp(eyflc (see Hhe 154 e
jmlnl o/ Sec 3 in Lec ’/).

To estaklish Y j}'ea//nJ, & prove CLOT s fon pen. e need 2
consequence of Y. {/eog of S -trptes Lt weve 4/}'8&0/; seen For 9
classicid.

Fact 1: # of ﬂi@az‘emf orbits in 9 s Fnite.

- CLOT is /fm‘fc[ét jmemzfeo(

—
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(in Exer sheet 2)
The /I;’@of&nf cone. J[/ =[ ﬂl'€00{fﬂ'f Fe 9§ (s Zarisk 5/055/ w g
So, 0\O consists of mipotert orbids. Their mumber is finite & atl of
bhem ave even dimensiond. So C’oa/lmé O\ 22. Md O i5 smosth. Nfpu
we ave done {} #e /«»Z&wm} Sact Syom /4?. jeamm‘vg / Lomm, Mjw'mr

Fact 7: Let X be an ineducible atfme l/c?//%;, XK o smosth gpen
Ja[mr/%‘;, W Caa/imx X\X°22. Then CLx] is the normalizastion (- :zhfejm,z
tlosuve iy Hhe Faction field) of CLX], hene is /}hifeg jwcrazfeo(_

Llo] grecded: consider He dilikion acton C'ag: L3-€T Nite Yot
N is € stobte.

- ¥ ovbit DN is C:stable (hnt: use thot there we ﬁm’z‘eg,
peny nitpotent ovbits; or Sl — Coming, from S -brpth )

Crn~ j}’qa/m} on C[DI. The /ogfawmj exeruse fmshes e /)’007[.'
- Use 3) of Lxercise Z in Sect of Lec 1 4o Show ot o/eJ [,-F=-10



