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1) [Ome/az‘ i a represen tation.

Tn e Sfac/g A jeﬂfmf grogps. Some. graps pley a
0//5&/(}7011’5464/ wbls. The most basic cxample % a et X we
aSSﬁVl He P EIJ X)=f {//"fo‘t‘/ons X —=X§ wrt composction.
Vi X is a fnte set, 5@51 [ZZ,...n}, Lhen we recover 2o
saqmwc‘fl/[c j}’aa/u \9,,

Che g how Bij(X) 15 distinguished is Het, Sor a
group C we want to compare” [ 1o E/Jﬁ{/ ) /ﬁ 51‘414?514}
group homomonphisms (" — Bij(X) Mot thit to gue suck
72 Amomaf/{ism, Sy p, i the same 1%»101 s o defime an

7_]401_‘/0;7 of  on X Hhe action mep ([ — X s uen {;,



{;;/x)f-?f(g)(x). ém/erslsﬁ, quen an acton /j,x) = q.x, we observe
Yot Ye Mmap Pyi X > X is a /(/)‘eoz‘/on and e /emZz‘mOQ
assijnmmf g py A -—95/)‘ X) is 2 poup /omo/uo}/’a//}m. This
establishes a 1-1 cai’/fs/naﬂa/eme betwen G-actions on X & g
/OMOMO);DAiSMS 4 Hgg (X). Detoits are on ,

The importance of 90 acitions For /Mo/f/jfaﬂa//hj, He stuctve
it grovps Is Mfemﬁ& Seen, €.4., i Be //00/ of 5&/9«/'; Heotems
This Justifies the claim Yt its a dqow/ (Hee o Consider
Aomamo)/’n//SMS 4 ———75‘// )

When X comes wit) an additional stucture it mages
Sense. 1o restrict 4o K//"e(z‘/aﬁs pesening s sbuctwe. Tn
Bis course we witl be interested in special case e
s situation. LeA [F le o feld We witl ma;z‘g use [F=C
Bit we con also tore [F<R or one of positive characteristic
Jelos suh as [F = 7///> 1. leA X cary e studure of o
vector space aver [F. Then the 1relovart 5ao(’7m4/0 of 5{/]‘ (X) is
Z‘/{z Group of ll iwertibly Onear goe/m‘m X=X wu%

denoted by (V1Y) (and colled 4 generd Cmear 700;0).
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I OAMIF)( =n and we fx o ésamo¢/;rm X = [F h/ Lhen
(LX) is identified w tLe Group (L (F) of cnertibte matvices of
Stze /L.

Detiniton: 4 /{//’exmfaf/on of o Group ( in an [F-vector
pace X b5 a o 40%%79//‘5}14 G— (1Y)

gc‘mi@? 2 the corrcs/pana/enca berAween /ommo»/fo/fyms to
B (X) and ackions on X, a representation con b ﬂmgﬁ o
as an scbion on K /04[ Cnear gperattors The jm/ of this course,
not 5u7m sin(j@ s To sfa/} /f/rfscm‘m‘/om,

2) Tyveducibls V(//esem‘a Zions.

A basic structuel foct aboat an ation of 2 group 4
on a set X is Yt X a{ecom/mes o5 Y %y‘oz‘nz‘ wnion of orbits
(1 an ar//f/ s course, camot e aéaw/asco/ ﬂrﬂer ) W
would Gre 1o Fnd Some MQ/D} o ths Hv represeniadions, The
wl of smellest Ka//a/mé bloces (such as orbits Fr actions) n

j/ s h/orfo/ 3] //2 jea/ é@ S0 (a/[eO/ ”Z//’go/ ao//ﬁ /e/)’esenllﬂlzloﬂ,?,”
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-/De/z'm'zz/on : 4 /%p/fsenfmf/on a/ f in V s Ca/?f/ (medducible
il 4 am%, e [ stdbl SuKS/;Qa:S we {(3#V

7]{: Moﬁz {aszc M@/og, 0/ ’L(a /c/ng, LM/MS n Z[»é A/o/’/a/ 0/
/’ﬁlofesen tations is T /cinj/ direct sums : j/z/en /Z/n/erZizﬁ'ons o/ A
n Ve ﬂfoy S/yacej V

q 7

Volle ©l in tons o lnar ations its quen /0\,,

Y owe jﬁf o natwel rpresentation in

TZ:. /aZ/ah/ing result s 0/ 7{/}10/4#43!71‘4/ /w/aa/fua,

Thm [Maschee) 54;0/905«3
1) che F=o (eg. F=Cor R)
2) and ( is a finte 910,
Then any Fnite dmensionad /’fp}’cSCn‘fa/‘f/on o [ A/eco/ufases oty
Be drect sum of imeduibte represtations.

We:l? Plove bhis later —and well bso see Yot bot] condibons
1) & Z) are ﬁf(:fssa;q.
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3) (haracters.

50/0/9056 He ass‘am/ofmm of Dhe Bheorem hol Thn we can
st e fof/%/[%} fueszllonj,

O1: (n we —&@é“ (inite dimensional) ineduilte feplesen-
tations [ie. fnd a5, /055//% of combinadoried mtwe, with
a K(I)‘ed‘/w to th st of imedcibles)”

Q2: For a quven rreducible reprentation, V] compute its mumericel
invaviants | such o5 dimension

(3: for an abitrary Ginite dmensinel) fipresentetion I it
a/ezom/aosz'ﬁon ity e direct sum of irreducidtes

4 S /'ZZ z‘ams 00/1[ A,Z/ ‘f/eSc ?ueszl/am are R/ﬂ/)’cﬁeo/ uUsin } zl/e
Some anreaé'enz‘ — “characters’

_/De/f'n/ﬁ'on: Zd p be K;U}’ﬁswfu‘/oﬂ o/ { n & %ﬂzgc %meﬂ»
sionel space I/ Tlen its chavacter J(P[J([,) is £ Ancton on
[ 0/276»750/ {} )(V(g)ff}’ F@)’ h/ﬂ/fre, recall % /z‘/aaa) is e

Sum 0/ a/fa o/m/ @/frlcs 0/ L% /m/’f}’ix a/ (g) /('n an 1{23/'5).
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A cometion 4o Q7 s 74//14: sv.‘mb/{/ora/am/ - dm V=
=tr 1,= A, (1) bt /aa;f/aone z)r/afaim'nj, a comection 1o U3
but seetd o comection b Q1 Nite that for 4 he

J(V %A’) =[€ Is Aomomorfn/ism]: tr [D(A)f((rj? (J(A)'i— [?r is
const on 60/(7/'. classes | = £r F((j)=J/V/j)'

So, X is constant o Coz(r/cfju} clesses i (. The follo-
win& witd e Sfreﬂjf/enea/ (2nd /ﬁl’ﬂl/fo/ lter).

&ﬂf : Zﬁmﬁ 1%7/—[ f s 7{;4"{6 b4 (/M F-0 /4552//%6) (n a//z'—
z/c’o;g hot [ is a%%/w'caj% losed [";7‘ F-0C) The charac-

ters 0/ imeducibls /ga)’csenz‘:a‘/m Frm o basis in o Space
LUC) of “tloss ntions on ' ie fmitions [ —C constout

on co)(v/'u ﬂ“"y clpsses.

Mo Hat dm (0(C)=#] 507/’. ctasses in 5. This ques o
cowt of He imeduitlh /e/aresmfwf)ons but mot bheir
ossifiation: in gerrd, thers 1o mbuel Gjection betwern
Z//eaéza’{ L /{/Vesewfmf[ons ﬁ/m/ w'f/‘fﬁ‘f‘g classes. In Some cases,
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éoweyer, ‘f/ere is. Most ﬂofa/é’, we wmtl see et v ([ =S,
/0% sets we //ﬂ?fwd% é'o/mff//co/ with the set of /’/aa/f//'z(/ons
a/ /) a cLassical Oyea'f i (ombinatorics.

1) Applications o the stwctare of fints grps.

At 1%’5 /wzhf one coulol —cnd séou/o/ - &Sk @ 74/551‘/0/4
agob«f af/pé'ca;f/ons. ﬂ/le coule Z/r/eof , 7@# am/o/e, @d/a@'aa-
LL[MS {o ‘L%e SZ[ //Wfaw_ ’f/ew/} 0/ /M/'zle jfaa/os - ‘/'un‘ aJ %V
1‘/{ actions. 77/5 is indeed f/e case.

A( l o/ ottention in fn/f yfaa} o/ /ém'zze jma/w Was
j/z/en ’Léo Unoé/SZchaAhj, ”S[/M/?é (jmufsb — ﬁomy&ﬁc jfﬂa/w f W,
ézm[/f% Lo Aéiéf erent  novmal Suz{jma/as: /é}X ;O Yy er
Aamé %fowx 7.%60/9/%5’ )”Uj jes‘f Hhat e structure 0/ "
”fo Some. €Xf€nf Comé//oZ/fo/ % 'f/ e A/écomlyOSliZ/an o/ Zl/z
01/0/0’ / f / Zy;'fo f}fc'mes, M W/ZZ /VW{ ﬁ/e %@OWZ-M; /fSLoZZ‘
lter in 1‘[2 coyrse.

Thm (Burnside): e X be /rzwes, end abe Z, A 7P

__0/ ovoler /0“?"/ (s _/7_aé Sz'm/o/c.
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5) Exam/o/e : fmm ecitions 1o /’6PV€5€M tations.

/Z/fl’e we @t (?GZMJ_ ’fo j“/t a4 e,mm/oi 0/ A 74%7/5 a/
/fp/esw%&f/oﬂs Cwm'ﬂ; ]g’DIM ations on sefs.

LA [F be a feld & K be 2 e [onsidr Hhe set
Fun(X [F) of atl funcdions X =F [t comvies o mtunel
vector space struture w, /00[»'17501/15@ a/aem;f/on.; €.g.

[£+£160=F6)+ £ 6, £ L e Fn(KF) xeX

Now et [ be ajma/o Ac/f/n} on N We we (/00[145 Zo
f?uzf Fun [ )(/ ﬂ:) M‘% R /6/0)’65617%&71,‘/014 o/ [ é,

[j‘ £1(): = f/;”ﬁ
[eA's explain whet gees nto &/ecm& ot His is a fep-

resentation. W need 4o show Yot { atls on Fan (X FF)
Kj Unear oPEIALOS

j.(jfﬂi)=;.7{7‘j.£ , 4 //zf)= A/j.;/)/jé(/ L fe Fun (X F) e
This is done @ 61/@&«7/,‘1»1}, bt} sides at xeX YN i

RS an - Ther we need £ chece He 4350a2zz‘/w%g_

—o%'c@/):([ﬁ’ﬁz)'/— anol Z%z 't - 6./=/‘4’)(z22m5. ﬁ/ﬁ

Meck Ll/a %ymgr/ /ijajy, [&1 Cam/ga/[n; Z[/e velues o Xé)(.
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[{/ﬂ,jz).fJM‘—“///j@jz) x) = 7@72”5,’@ <

ﬂar concdpsion s an/‘f we jdf A2 /e/ﬁ/fsm‘fe/’f/oﬂ a/ f
in fun ({F) Well feke more aboat this eremple in th
/%x'é /wfare-



