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1 Discussion of the theorem

Last time we haveproved thefollowing theorem

Theorem Let F be algebraically closed field of char e a
Gbe a finitegroup Then the characters of irreducible

representations of G form an orthonormal basis in

CllG FifeFunkAlflghgt flhl.ttg heh
w rt the form Haifa Fagegflglfig.tl

Theproofwas based on two claims the latter of
independent interest

Claim 1 The characters of irreducible span Cl G



Claim2 For representations UU of C we have line
dim Hom IUVt Xuxa

In this section we will discuss how the theoremfails
if It is not algebraically closed or haspositivecharacteristicWe will also discuss a closely related result

over E

11 Nenclosed field
Suppose I is not algebraically closed ofchar e

The representations are completely reducible Fromhere with some

work including base change to thealgebraic closure we can

deduce Claim 2 Claim P however may fail Forexample
consider 9 71372 In the setting where Thm is true
there are 3 representations The formula

191 É HimUi dimEnd lui
2 from Sec 2.1 in Lect where U U are all

irreduciblerepresentations ofG tells us then that dimUi 1
I



for I 92,3 As discussed in Sec9.1 ofLee 5 the f

dimensionalrepresentations of 721m72 m 3 are in bijection w

cube roots of 9 And for F R there'sjust one So
Claim P is false

Exercise 7437L has two irreducible representations over R

12 Positive characteristic fields

Let cherF p Claim I may fail If pl Ill then the
number of irreducible representations is always less than the
number of conjugacy classes For example if C is a pgroup
there'sjust one irreducible representation Problem 3 in Hw2
Claim 1 is still true when char F t 161
And Claim 2 doesn't even make sense unless charAt al
ble is undefined

93 Field I

For F E one can consider a Hermitian scalarproduct



on All instead of a bilinear form
Cfo fi tafeatg fig

Thanks to the following lemme we can use 4.7
instead of 1 in the theorem

Lemma We have Aig Xulg for any GrepresentationV
Proof Let 7 Anbe eigenvalues ofgu w multiplicities

so that Xulg Ehi Atg Eiti Alg Eiti
Note that gm e g Idu for some M In particular
Tim P I X Atg Xulg't I

2 Examples

We record the following easy corollary of the
theorem

Corollary Under the assumptions of the theorem the num

fer
of irreducible representations of h up to isomorphism



is the number of conjugacy classes in G

Rem This is the coincidence of numbers There's no natural

bijections between the sets For example consider 74m71

If It is algebraically closedRof char l then weget a

bijection between the irreducible representations of Candthe

mth roots of 1 But to identify 212 B w 74m71 one

needs to choose primitive root of 1 Andthere's no canes

nice choice

2 1 Binary dihedralgroups
Here we revisit the binary dihedralgroup from

Problem 2 in

HWI We'll classify its irreducible representations using
thegeneral theory andcompute the characters

Recall that we are dealingwith the group
G Me1 Fto emo 6410

g
Let's compute the number of conjugacy classes Wehave



the normal commutative subgroup of index 2 H EEit
So the conjugacy classes are of two kinds

contained in H these are Ii s if s t f f
where s f e So we have n t classes w two elements

7 1 and two classes w one elementeach 7 11

not contained in H An exercise is to show that
there are two Exide X i fatal7 i

The total number of conjugacy classes is 9 01 2 4 3
The next step is to classify the t dimensional

representationsFor this we need to compute 614,61 as the 1
dimensional representations of thisgroup are inbijection w
these for G Sec 1.1 ofLee5 For our purposes it will be

enough to compute 19114,411 Note that

sfef.is fi E If
So if e i GG
One can show that weget an equality Alternatively
let Up Um be the irreducible representations Then we know

that



A HimUil'sh

Since 16114,61154 we have at most 4 representations

of dim 1 Andthen we have no representations of him 2

UsingGtl we see that wehaveexactly 41 dimensional

rep's and no irreducible representations of dimension 2 This

is what we've got in Prof 2 of HWI with Linear

algebra

We now explain how to compute the characters of 2
dimensional irreducible representations For this we need a more

detailed information about 2 dimensional irreducible

representationsfrom Problem 2
Recall that each such representation has basis v su

where the operators s and t act by

Li's lis
where 72 1 X ti From here we seethat

tutti Xxxi Xulstite t i o and



Side Remark The quotient G by 4 I 1 t a central

subgroup is identified w the usual dihedralgroup thesymmetries

oftheregular ngen

TH
These symmetries are of the followingform
Rotations around the center by ME k e n t
Reflections about linespassing through opposite vertices Z

midpoints ofopposite sides n is even or through e vertexamidpoint

of theopposite side In isodd1
Under an identification of G 1 t w thedihedralgroup

t goes to the rotation by 2h4 for any K coprime to n
s goes to any of the reflections exercise sothere are a lot of
choices

3 More orthogonality
There are other orthogonality results Forsimplicity assume

F E The following is Theorem 4.5.4 inCE
A



Forgel let Zalg hellhggh the centralizer

Preposition 1 Let U U be the complete list of irreducible

representations of G up to isomorphism so that k conjugacy

classes in C Then forghee

IEXulg Auth
Za's if gah are conjugate

e else

This is a consequence of ourmain orthogonality theorem see
Remark 4.5.5 in E

Another orthogonality result concerns thematrix coefficients

of irreducible representations Note that the Hermitianscalar

product i f fi taEatlg fit manes sense of
Fun GE On the otherhand by Sec 1.3 in Lec 6 every
finitedimensional representation of G admits a C invariant
Hermitian scalarproduct Let c a

denote such eproduct

en Ue l l k one of the irreduciblerepresentations Pick an

gut
henormalbasis Uea Uae de dimUe wv t C sue



Then we have functions matrix coefficients

fielg goingugh I l l k if I de

Preposition 2 We have fitfie Sii Sjj See dimUe
Moreover the elements fitform a basis in fun G E

For a proof see Proposition 4.7.1 in E

Tel


