Jecture 71 f/a/wfers g
7) /[/pé‘m/ﬁons of 0/2‘40/70/%[/2;7_
2) Pepresentations of drect Prodacits
3) Whats next: values of havaters 4 ﬂf/aﬂ'cd/ms\
4) Bonus: ﬁoz%{na//fct /Mj'
el [E] Secs 49,56 57

7) A//)ﬁ'm/fmns of 0//2%0/70//742/&'23.

We. continue 7o explore He ;}a/nﬂ’cu‘/om of Yo Yheovem o
L orthogonedity of Shacters fron Lec 9 fecolt Gt e
Lheorem says

Lt Fle an R/}@gmjcaﬂg chrsed 1l of Haracteris-
be 08 ( a fnite j/w?a Then o haracters of - irrediabls
/e/ﬁfesenfu‘/ans of O fom an orthonormad. besis in XIL)
wit 4o e fom (--):

G -1 ZApH)



4/0/9 Ccodion 1 if UV ore Dnite dimen sianod fepresertations
of  TFAE:

) U=V //'Som//a//c)

1 XX,
oo
(2) = (b): was /0/01/60/ in Sec 7 of Lecd
(6) = (=): /% Maschie:s fém, ULV ae Comloﬂy/f%,
veducitt,. So if U, U, be all ineducibls repteserta-
Lions, then U= ‘@ é/l-@m," Y~ @ M[@”" for Some M n. €7,
Kecall that  for +wo tepresestations UV we fave
’Cl’ev’ :%1'”/!/’» )
Lewma in Sec 27 of Lec 8 So JZ—C%Z’”N}Z/ £
= 2y By the Heorm, S, ], Uneaty, i

L

/oena/eﬂz‘_ So X=X, = m=y #i e U=l O

Efma//c - bk Ve 01560/ //Mea/ (}70/6/)6/4&/046@ 4 /%SJKC s 7Zm
nat [))’Z%Ojﬁﬂwé’. /Vofﬁ a0 f/aif @pé'miflon / M/) es

foct fom Sec 7 of Loc &
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Applicidton 2 Ln e ehowe mitation, e mbbpliit,
ﬂo/”"/hyis /J/ ])

o, %)=L, ZM [/ffu 51 n

7—//5 ﬁ[@’o (7/(/&(5 Mo’f/e/ /0)’007/ 0/ Z%bﬁce/f/on 7

EXC&MP& 7 ZVLZ V”[]—[ So f/d Sec 21 0/ /ecg We
pave Xg = 0] 8 Then (X, X )= ,C,fojm/;(ﬁ

F¢
= JK([[E): #r (Io(a[)—c//m . h/e recover /3) /Vom Sec 2.7

0/ ZEC ;Z

EXM/J& I W con %ﬂﬁ% ﬂl-=/J;,l,,Xy) to compute £,
o/ecom/oosf ons of tensor /foa/um‘s into tmeducittes. Fecll,
Sec 15 of lec 9 Hat N = Xu[ )f% (see abso Adien-

Ui eu,
dum 4o Lec 9 by a aé//er/em‘ /pyoo/ ) = /m,&‘fpémiy of
% n %®Mk /s /“K{,')]HJIW)’

for exemple, tare (=S, é‘//:%= ﬂgé Feccll He
&/aym/fer talte o/ S} Jg’ow Sec 17 0/ Lec 8 We 2050

’“f]M// one more tow, for [F 4@[,7—0_ "8 A mmber of loments
3



” Coy’ajgcj clesses.

# =1 #=6 #=3 #=4 #=6
1+1+4+4 | Z+1+1 | 7+7 3+1 4

Friv 1 17 7 7 /
'] 3 1 A R
/ 7 0 Z -1 0
Sjn@ﬂ-J 3 ~1 ~1 J 1
ij) d =1 1 7 -
J/-’@[F 9 1 1 0 1

/M,;fc f/m‘ j ﬁ“’ ﬂ/cu/e z‘é some %&5 Z‘J/oc /eme fply'ajm‘a
747” Jé 5,50 /7L0 / /C/ Z /@)/(g)

For exzamp/é e /hw@f/mf«c«z‘ 0/ ZF n ﬂ_(&ﬂ: is:
N YA xﬂj 200 1500 5+

Jea
NN 34 T{zs) e S50 6) -
=214 (27-1+ 1.6+ [-1)-3+0-4+ [-1)-€)=

- Bove Yot [E%)l]igf%fn'v@%@ %n@ﬂ;
]



/{/)p Cication 3: .@ez‘wfmé haraers of  Pvedacibles 1ty
becoms (mpor tant leter

LA e CUL) be of Y fom > ndy,, who 4,0, ar
different imeducibtes of [ LneZ TFAE

o) £ is a tharacty of o ieduible.

(6) (£f)=1 & f@)>0
Froof: Wb Prove //)—7/&2) /eawzn(? (2) = () as an exercise.

Swmee I u s are m‘/onormf we have [L1)- Z_ﬁ From

/{D/):Z we deduer Hhet 1= 1. for Some (. JM/ X(_{e a/)mé{
s /JOSl'flvﬁ. This [m/Défs (=) 0

Eemure: Jetes comment on an z’a/ea/ojfca[ point 7L 52‘4«6L
of cheracters  redues guestions wboit /’f/oreSem‘wf/anr ( groap

Aommor/oéisms Yot an b hord) o questons ebout  chamcdters
//Unaf/ons, Yot can be ensier)



<]

2) Fepresentations of drect prodlucts.
leh [F fe an fa{ge/émicd%l chosed Sl w chor F=0
[et (G, be fmite grovps. W wert to nbote o inveducitls
representations of (6 4 Yhose of £, 6.
[t V. b a rgresntetion of (<12 Wo vew V. a5 < reptesen-
tation of (x0 e Wéac/c andler Hle Plojection LG =,
€X/)f{oif§ {7,, jJUz = jz v;. id Hon Z ®g (5 A /’f/f’efm‘a;f/bn of

G20, (os a tensor product ) with (3.9 %87 = 44,897,

Theorem: 4 irredhubls pepresentat ions of (xC we mw‘é
of Ho fom VU when | is an imediaibty of (], =12
Proof:
Step 1 Lhece thet Y®Y is imeduaitl. Well o this by conpu-
2iny te chmter and using ///aﬁ‘cazf'/on 3. Well ebso se
bet if V,,/l/zlare iweducibles, Hhen Vol =By = | 2. i-q2.
Lyon (9.9 Xy (3.8 8 5,90 2L G, 5.0 acts o [ e ;7
=J, )X, o). 507
o Hjo) = i) Z, 2 46050 %600, 67)

€4 3€6



E’-j I8 [j})(,{% i Z J( ( )X/j /J%,J/%/)/X,{,X,/z/)

1 4~y L=l
0 else

In 4 %fﬂz case we  concladk thet VBV, is crredcible
sing. /fﬁa/c'm‘[on 3. /Qg o 2od case, i (1) is difierent foom
W 1), Ben (Jye, Vyroyr) =0 O the other hend) YU = Yo,
= dyon, = Ay 5°, by case 1 /XI{WZ/IV,'@Z’)’Z This ~ contradiction
Shows thot YO =&l = Y=Y Y=~y

Sfe/o 2: W show thet Hee ae no oer imedicibtes
Led k. be e mmber of ”’W“‘a‘ ctasses in (. Tha

e mmber of copjuseey asses in ([ #C, is £k ( )
Me fove F, Pajrw;se /lon-I50 MD//M/'C (rreducibls representetions
of (. Sff/) / f/f/o/s Gk, parwise non -/‘5'0/140//’04/& (Meduci-
bte teplesentations of (0. Since te mumber of invedhacibles
is the mmber of Co/‘f/'ajacg cLasses Here ase indeed no

af/e/ (veducibles 0
7]



3) Whats next: valyes of chavadtess 4 4//97524}[/0/&

fere we assume tht F-C

Choracters of irreducibles are fndions on (. Ohe can ase
whit their fassiéﬁ wloes are. We wll stete some resubis
now & prove Lhem toter

Here's an o Sy consideration. LtV be a fmite dimensional
/fe/o/es«mf/e/z‘/m o [ In H /orm/ of Lemma. in Sec 13 of Lec
10 we howe pointed out et 4 (765, e eigeneLies o 9, @
Yoots of 4’”"210%- One can show et his implies bt [, (3),
Heir Sum, IS an "Mjcé}m'c Zm‘gjer "—we with g 4 detinitron
in e next lecture

Heres 2 more mz‘erfsz‘m; resibt in e seme pint. Lek
U be an irredocible  representation of [ and geﬁ Let C be
e conjugrey cLass of 9 lin ()

i)
Puposition: The momber 588 5 40 aloubic ivterer

ﬁeSe CDhS/'oészf lons /cwc 2 number o/ W/wﬁwf Consequences

7|



Z%Uf wWe Q@re j{)&ﬂg, to cover 7ZL 75/52Z /5 Z([a F}’o/em'w avisi-
éi 6{9 fzearem:

ﬂeoi’em 7 Zf/f 0/ /e an Zf)’w&m'éé K‘i’,&l’ﬁenfa/f/on 0/ f 7Zw
dm U dvides (]

The nd applicartion is 4o Bunsids f/eorem, s Sec 4 of
Lec 1

Theorem 7: Lek P9 be /f/ms, and qbe, A 7P of oler
/0‘175 cannot be simpl.



4) Bonus: [}oz%fna//fct ///7; 60}’027 MATH 350)

Fecell, Sec 14 of Lec 4 tht vectsr spaces (end fence
grop /eloresem‘d/am) behove Lice elements of o commutatie
//”3 wrt. the o/omzf/om of DL In this section we forme-
lze this.

LA [l o freld §0 b a gop Let bop( dorcte 4,
Ca/{“ejai’g_ of n. dimensione! /ef/@sem‘dzom of [ We define #ho
abelizn groyp K (Eep () e (rothendiect jmuf)) 2s

e qustint of B free gup gorented by symsels
[U], one for each vepresertetion U ap o somonphism,

< modido Ho relotions [Ul+[w1=1V] for shot exact

Sepuences 0 —U —)) —|/ —o

Lxercise 1: Lo [ be a fmite g Assume Yot e mum-
ber of Fuite dmensionad imeducibte /@Vesemfm‘/oﬂs of [ 1s
Lite (whd we now when  har FV[C] and whid s Ze i
jene/@/ ) Let U .U & These representadions Ther

ﬂ__/ko /gep [) /s 4%’{;@ wbelion group . basis [ﬁ,—]/c?{.../(_
70|



5(8#05& Z N SAOIA/ ‘L%AJLZ f/eye 5 a o//f/?u Commufzz Hve
asSociative ring stwcture o £ (Bp () st [uyllV]=
[U®V] /{/ol’eoye); [tnv] is Hy unit

Lrerue 3 Show thet [V] = is a well-defed 1
Aomamor/aéfsm K (Eep L) — UUEC) Yt is vewed 25
7z wrt. additon and muﬂi/yﬁ'm/l‘m” o Fntions

Moreover it IF s Mge&w’c% closed of chavactens
tic 0, Yon Hhis %omomorp%ism (ndduces an /yomoy/im

ﬂ‘_@Z K (bep () = UC)

Comarcs: 1) The class [V] of Vi L/O/QP () can be
vewed as Hy wniversid charecte” incorporedes
2 information aboat a /’e//zseﬂfa;f/'on bt 15 msensitiie
% different extensions of Yo same two /’e/O/efmz‘Mmm_

I K Pepl)— L) is injective, i meens Yt J)
Z@f'fw’es . intomation about V4 Gk s msensibve

extensions.
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Z) //;(SS//}cazf/on of @%M/’&k stmtures é{ weans of
elements of  ancther ﬂ,{ﬁ%ﬂdc sttucdue is a common
theme in A %6574. [lass ouyps (of Dedercind domains)
/S one 5)(&&14/{2_ /4 see aﬂ&ﬂer exm/aé: f/e Brauer
Jrogp o o feld lader in o ﬂ‘u@ of contnd  smple a,cffeé :

ras.



