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3 What's next values ofcharacters applications
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1 Applications of orthonormality
We continue to explore the applications of the theorem on

the orthogonality of characters from LecO Recallthat the
theorem

says
Let F be an algebraically closed fieldofcharacteris

tic 0 G a finitegroup Then thecharactersof irreducible

representations of G form an orthonormal basis in 016

wv t to the form

f fi Tafeatgfig

I



Application 1 if UV are finitedimensional representations
of C TFDE
a U V isomorphic

161 XiXu
Proof

a b was proved in Sec 2 ofLee 8
6 a By Meschke's thm U R V are completely
reducible So if U U be all irreducible

representationsthen Ut.EU mi V EUP for some Minie 7e
Recall that for two representations U't we have

Yu er startXu
Lemme in Sec 2.2 of Lec 8 So Xi ÉmiXu 44
É nitu By the theorem Xu Xa are linearlyindependentSo Xu Xu mi ni ti Us V a

Remark We've used linear independence Meschke'sThm
not orthogonality Natealso that Application 1 implies

IFact from Sec 2 of
Lee 8



Application 2 In theabove notation themultiplicity
ni of Ui in V is Xu Xu

Xu Xu Hui IfhjXu XuXu Sj hi
This alsoyields another proof of Application 1

Example 1 Let V EG so that Sec 2.1 ofLec8 we
have X 1h1Se Then Xu X a Fagatailg 1h1Self
Xulet s tr Ida dimUi We recover 3 from Sea 2.1

ofLec F

Example 2 We can apply hisHai tr to compute the

decompositions of tenserproducts into irreducibles Recall
Sec 1.5 of Lec 9 that Anjou XuXu see also

Addendumto Lec o for a differentproof multiplicity of
Ui in Uj Uk is lui Xudud

For example take GSo Uj U Fi Recall the
character table of S from Sec 2.2 of Lec 8 Wealso

gadd one more row for Forexfor the number of elements



in conjugacy classes

j

p p p p p

Fi p p o o

n
Jeff

Sgnext 3 t p e p

Sgn
p p p p

Hei lo I n I n t o 1 a 1

Note that gg have
the same cycle type hence conjugate

for all geSr so If fi fgEegflg7fig
For example themultiplicity of F in Forex is

FlE X gX'grig x X 2 1411 411921 Gt
111111347133 111923713.8 1192301736
28127 ftp.ft f11.3 0.8 11 6 1

Exercise Prove that FF Fretrivetosgnef
H



Application 3 Detecting charactersof irreducibles will
become important later

Let fell 6 be of theform Ishida whereU Uk are
different irreducibles ofGA nie TL TFAE

a f is a character of an irreducible
161 If f P Af else

Proof Weprove 167 9 a leaving a 16 as an exercise

Since Xu s are orthonormal we have ff Eyni From
Iffl 1 we deduce that f tXu for some i AndXulet dimUi
is positive This implies a s

Remark Let's comment on an ideologicalpoint The study
of characters reduces questions about representations group
homomorphisms that canbehard to questions about characters

functions that can be easier

I



2 Representations ofdirectproducts
Let F be an algebraically closed field w char f e
Let GoG be finitegroups Wewant to relate the irreducible

representations of Gth to those of GG
Let Vi be a representation of hi i 1,2 Weview Vi as a
representationof G G via pullback under theprojection 4th Gi

explicitly g g Vi give And
then Vok is a representationof

GxGlas a tensorproduct with Iggal not ginger

Theorem the irreducible representations of G xG are exactly

of the form V k where Vi is an irreducible ofGi is1,2
Proof

Step1 Check that V V is irreducible We'll do thisby

computingthe character and using Application 3 We'llalso see
that if V V are irreducible then V V Vieri Vitti e1,2

youlggl Xulgg Xugge ggetacts on K vieg
Xvig Yugi So

Auer trio Iai EeaEea.tvsiXulgiXuilgilXvilgi



atgaXulgixuilgittafea.tv giXvilgil 1xu.Xu.tIxvXui
Y vie v ri

e else

In the first case we conclude that Vik is irreducible

using Application 3 Bythe2ndcase if 14kl isdifferentfrom

NiVil then Ivey Xuavi o Ontheotherhand Vok Vieri
Iver Xview so by case 1 luau Iview 1 This contradiction

shows that Vek Vieri V Vi Vivi

Step2 We show that there are no other irreducibles

Let Ki be the number of conjugacy classes in Gi Then
thenumber of conjugacy classes in G xG is Kike exercise

We have ki pairwise non isomorphic irreducible representations

of Gi StepPyields kik pairwise non isomorphicirreduciblerepresentations of C C Since the numberof irreducible

is the number of conjugacy classes there are indeed no
other irreducibles s



3 What's next values ofcharacters applications

Here we assume that F E
Characters of irreducibles are functions on C One can ask

what their possible values are We will state some results

now prove them later

Here's an easy
consideration Let V be a finitedimensional

representation of h In theproofofLemme in Sec 7.3 ofLee

Po we havepointedout that Agel the eigenvalues ofgu are
roots ofunity One can show that this implies thatXulg
their sum is an algebraic integer we will give a definition

in thenext lecture

Here's a more interesting result in the same spirit Let

U be an irreducible representation of h andgel Let Cbe
the conjugacy class ofg lin h

Preposition The number gtld is an algebraic integer

gythese
considerations have a number of important consequences



that we are going to cover The first is the Frobenius

divisibilitytheorem

Theorem 1 Let U be an irreducible representation of G Then

dim U divides 191

The2ndapplication is the Burnsidetheorem see Sect of
Lec 1

Theorem 2 Let pgbeprimesand a6674 Agroupof
order

p g cannot be simple

I



4 Bonus Grothendieck
ring preregMATH380

Recall See 1.4 ofLee 4 that vector spaces andhence

group representations
behave like elements of e commutative

ring w rt the operations of 020 In thissection we

formalizethis

Let F be e field Gbe a group Let Reph denotethe

category offin dimensional representations of C We define the
abeliangroup K Repa the Grothendieck

group as

a thequotient of thefreegroupgeneratedby symbols
U one for each representation U up to isomorphism
module the relations U W V3forshortexact

sequences O U W v o

Exercised Let h be a finitegroup Assume that the

numberof finite dimensional irreducible representations ofG is
finite whichwe know when charFA161andwhich is true in

general Let U U be these representations Then

Ko RepG is a free abeliangroup w basis Ui i t k
I



Exercise 2 Show that there is a unique commutative

associative ring structure on K RepG set USU
UOU Moreover Itriv is the unit

Exercise 3 Show that v Xu is a well definedring
homomorphism K RepG Ula that is viewed as a

ring w.at addition andmultiplication of functions
Moreover if It is algebraically closed ofcharacteris

tic l then this homomorphism induces an isomorphism

Fox KolRepG cell

Remarks 1 The class V7 of V in KolRepG can be

viewed as the universal character it incorporates
all information about a representation that is insensitive

to different extensions of the same two representations
If K RepG ClG is injective it means thatXv

captures all information about V that is insensitive to

Mex
tensions



2 Classification of algebraic structures by means of
elements of another algebraic structure is a common
theme in Algebra Class groups ofDedekinddomains

is one example We'll see another example theBrauer

group of a field later in our study ofcentral simplealgebras


