
 Lecture 12 digression on algebraic integers
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1 Basics

In Section 3 of LeeDo we have mentionedsome results
on character values that require algebraic integers The

goal of this lecture is to provide necessary background
Our base field is A

P 1 Main definitions

Definition 1 Let EEG We say that z is an algebraic
number resp algebraic integer if I a monic leading
coefficient 1 polynomial fixedCx resp FineTL x
s t ft e

Example 1 e Every algebraic integer is an algebraic



number

1 If zed resp 26727 then z is an algebraic
numberresp algebraic integer

2 Every reef of unity is an algebraic integer

Notation I c Oh are sets of algebraic integers algebraic

numbers

Definition 2 By the minimalpolynomial of z ed we
mean the unique minimal degree irreducible in0h43 monic

polynomial Fella w false
The roots of theminimalpolynomial of z are called

conjugates of z

Example2 Letz be aprimitive nth root of 9 Its minimal

polynomial is the cyclotomicpolynomial 4 defined inductively

M X 1 A1192 x 1 leg Mph MixPI tt 911 1 9 The

ganjagates
of z are precisely theprimitive nthrootsof 1



Lemma The minimalpolynomial of Ze is in TLE In

particular all conjugates of z are algebraic integers

Proof Let f be an irreduciblymanicpolynomial in TCG w

flat O Then f is irreducible in QE Eisenstein criterion

hence is theminimalpolynomial s

Corollary In OLTL

Exercise 1 Let Leo and fineDex satisfy flat so Then f
is divisible by theminimalpolynomial of 2

2 Let Leth a eh If da d are all conjugates of a then

eh ah are all conjugates of ax

1 2 Equivalent characterization of algebraic integers
Preposition fer Ze E TFAE

al z is an algebraic integer

16 Spen z line is e finitely generatedabeliangroup



Proof

e 16 Assume a holds I n e lo an.tk s t
E Ee ai z E Ijaz Span Ceiling

Span Gilesis n n finitelygenerated 161

6 e Let f f e TLx beset theelements fAl fide
span Spangled Then if d myLegfi then 1 t it span
Spen Gil In particular 2h IsaiEi for some ie d

which is a s

We will also needthe following fact

Fact Every subgroup I in e finitely generatedabelian

group f is finitely generated

Proofwhen F is torsionfree theonly case we need

By the classification of finitely generated abeliangroups
I TL for some K The base K 9 is left as an exercise

I



hint GCD Suppose now that we knew the claim for

all subgroups of Thew lek Consider I't ftp tn o
CTL By induction I ne is finitely generatedsayby
elements f fm Next

T MTL ATL I s TL 7L TL

Letgingp begenerators of T T na l and let gi be

a preimage ofgi in f Then f fmg gpgenerate 5

left as an exercise s

2 Sums products ofalgebraic integers
Ourgoal in this section is toprove thefollowing

Proposition Let LPe TTThen

1 Ap Ap E TT

2 any conjugate of xp is of theform d'tp where d is

a conjugate of a andp is a conjugate ofp

Theanalog of 2 holds alsoforproducts



2 1 Digression symmetricpolynomials

Ourproof of Proposition is based on the fundamental
theorem about symmetricpolynomials

Let R be e commutative associative unital ring An

element FeRG xD is called symmetric if it doesn't

change under any permutation of the variables

Example elementary symmetricpolynomial eiE.ci tip tie
whose important property is

I ft xi z e test t tf 1 en ETE xp xp

Notethat symmetric polynomials form an R subalgebra
in Rft xD to bedenoted by Rex xn3s this is indeed

the subalgebra of invariants for theSn actionbypermutationof variables

Here's a basic result known as the fundamentaltheorem

get symmetricpolynomials
see Sec 3.8 in V3



Thm Every symmetric polynomial can be uniquely written

as a polynomial in the elementary symmetric polynomials ei

is9,2 in

Here is an application to theproofof Preposition in Sec2
Let Xa xn Xi th be two collections ofvariablesand let

em en Kei en be the elementary symmetricpolynomials in
these variables Consider the expression

III G ti x e ka ta tn I Am a

Lemme Foreach i the coefficientFi of z in 9 apriori an

elementof Texas tn Xi th is e polynomial in en ened em

W Ceeffis in 7L

Proof LetRpTLE xD and view Fi as an element of
Rdx xm Note that o doesn't change underpermutingXixm
so neitherdoes Fi So FieREx Xm m Thm forR

Rob dm 714 XuGi dm
A



Now let Rj 7216 Gm Since a is alsoSu invariant

so is F viewed as an element of Rita in SobyThmapplied

to Rz we see that FieRita 6,3 726 ibnG 6m 5

We can also consider

17,11ft tix EKG ta tn I Xin A
Thecoefficients ofzi are again in TCG GnG dm

2 2 Proof of Proposition
We will prove 21 thepartof 1 about the sum

Let fgear be theminimalpolynomials ofxp respectively
fix x qx ta x t fi en glx x 6x tbox filmGm abjETL

Let 4 2 an be the conjugates of a sethet fatsD x ai
andp p pi pm be the conjugates ofp so thatgk I lxpjl

Consider thepolynomial hisD17 x dipie 063 If we know
that the coefficients are in 7 we aredone hix hesdip as areet

and it's monk so apeTL And ha isdivisibleby theminimal

polynomial of xp Exercise in Sect t So every conjugate

of xp is erect of h hence ditpj
I



So we need to show hateTCG Butnote that

h x xmntfmn.la dap pm x t t Fold dap pm where

Fla Xn ti the TLA XnXi th ByLemma in theprevious
section F is apolynomial of e gene em w integral coefficients

So Filho tnPa pm is a polynomial w integralcoefficients

evaluated at ai e ik dalek bj ejlp pm EI So
Fifty duB Pm ETL finishing theproof for sums

To show ape I we use thedirectanalog ofLemme for
2 5

Remark By Proposition I is a subring of Q And one can

also show that Ocd is a subfield

I


