Lecture 12. o%rfssfon on ﬂ/j&ém’c Zﬁffjm.
7) Basics.
2) Sums & /oroo/uufs of alaebyaic integers
fefs: Sec 57 in [E], Sec 95 in [V].

7 ) Basics.
In Section 3 of Lec 11 we Jave menlioned some ves s
on Jamaffr Velytes Ghe it /’eym're a/jr/gmic 5}42%76/5. The

joa/Z of s letwre s 4o /}/ozxip/c necessaosy /zec/cjmamo/.
Ow base field is C

11) Main definitions

Defisition 1 Lot 2= €. We sy bhat 2 is an abyebiic
number ﬁ/es}a, ;z[j%/mia Zhlltfjef) (/ 3 2 monc //2404/45,
coctficient 1) polgromial  fle)€ QU] (resp. )€ Zd)
st Hz)=0

Lxampte 1 - 2) Lver, abpebraic inteser s an 2fpe braic
7] 7 r 7 J 7



humber

1) If 26 (e, 26 Z), oo 2 s an elooboic mm-
ber /Kes/)_ ﬂée&u’c mfejer).

2) Emy oot of a/w'z‘ét 5 an ﬂ{?%/’uc chz‘eje/_

/%Zéﬂ,zl/pn.' 72 < @— e Sets 0/ a,\,/?e{/u’c Zl?Z(fje/S' K d,%f/g/’m’c

mumbers.

Detinition Z: - % He  mirimed foé//om/a/ A zeQ e
phean B (wigue) minimat degree (& inedeible in (I1) woni
polynoniel fe Q1 w #6)=0
« The vocts of o mirimel /»%ﬂom/a/ of & ae called
CWy’ajanes of 2

£Xam/ﬁ /Ll 2 b a /mm;%/ye wt) 1wt of 1 s minimld
polynomial s /8 cyclstome polypomel T defd indactively
P=x-1 4 0///}17 Tox21 (eg. BR)-A"IA15r 1 Do) =x31). T
can(/'ajwfes o 2 are //ea&e? 4, //z'mﬁ‘/z/c wth roots of 1

,



Jemma: Tl mipimad /Owémomm// o 2e 7[ i m Zlx] In
/a/z‘/w,[ar) V944 ZOf/leRfeS of 2 ore L/jf/f/@[a MZ‘(;Z/’S.

10/’00% Let / be an itreduable mome ﬁaé/m/m’a/ i 2] w
7[[2)=0, Tlen / o meduiable in (Dlx] / Lisenstein m’zzm'on)/
fene s 'LZ[z minimed /0/%/70/”/4/ a

[amf/afg: 200=7

) L 4e@ and F6)e QL sadishy fla)-0. Then £
is dwisith /j—‘—ﬂc minimel /Daéﬂomia/f 07[ .
2) Let 4@ aeQ T o, o are Al co/f(/@des of £, Lhen
2., A, are /4 COfyajMfes o ad

1.2) L Quiva lnt Characterizotion of Mj(/émic z'm‘fjfrs_
/e'zy)osfflon: fr 2e C TFAE
(2) Z is an %Mméc anegel’,

_7 (¢) S/OMZ /26/17/0) is a %}ﬁ’ff% jeﬁe/ufeo/ ﬂ/&&mcfrw/o,
3



oot

[a) = (£): ,455ume /a 4/o/s<=>3%704 Q”,ez st
z< ZQZZ =z *ZQLZ ‘38/)4// [z/cza)—
\S/’Danz (2] 0<i < p) /mz@% jWM@o/@/K}

/) = (a): Z%[ /C Z[x] be st 7,%. elements /A’) 7/53)

Spas S/nw (2') m 7 d- /sz a/f £ on 7%,.._,2 span
Spon, (%), In Pm,‘/m/a/ 2% Za( 2! for some (=04
whid is (2) O

We mtl also need 4 Mom'n} fat:

/[Rﬂf ; E l/arg SU%VW/O, /j / n a %ﬂ/‘zzfél jeﬂe/a;feo/ 2bebien
j/oa/g [ /s ;&M{C% (7we/a/ieo/

/9’007/ / W/m [ is 210/5/077 —74’& ”Z%L (M% tase we need )
g@” ‘L‘A &/zzSSi%cwf(oM 0/ /M‘z‘eé jeﬂe/afep/ wbelien jmu/;}

[-’—" 7ZK 747} Some K. 77e {ase/ k=1, Is é/{ 4s an
4]



/A/nf: A ﬁ@./ ) 5470/909. pow Gat we enow e cloim Fov
Y24 Suéjmu/ps of 78w C<e. (onsir 71 .2 ,0)f
cZf Ag, indudion. 7N s %nfz,/eé jme/u‘co( Say ‘gi
ehements [, Next

r/(rnz)=(r+z2<)/z"— 22" = 7
Lot j,j’, fe jenem/for: A T/(rN2") ad L¥ 4: b
e prinage O/j'é- in [ Tha /j;{hjf,jlp jmem;/,’c I
GH as ar O

,Z) Sums & Prw/uafs 0/ MJ%}’&JC Mlzejem.
ﬂw jwz/{ (n z[n//s seion is o /0)’0Ve ‘L%. /a%m'n;:

B’opoiilzmh - Le# oglgé Z. Then:

7) drp, dp < 74

2) MJ Co(n/'ujﬁ/lle 0/ o(T/K 5 of 1’4 fom o 9/53' where o i
A my’ajﬂﬂfﬁ 07/ & Mo/ ﬁ//'s Q co(/?'o‘{iwfc o/ /5’
7Ze, amejo§ of Z) /o[o/s oLsp /or //oa/uyfs.

—
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7 /) Dieression?: demm%nc /Oo%ﬁommjs_

yur /0700/ a/ /O/opmff/on [s 0/62 SEa( on 7,(ZL 74/14 a/amem‘a/f
ﬂﬁ ovem  about fymm%‘r/c /gwéﬁomfa/s_

let R b a commdate (associatie witah) s Al
clomedt fe Plx, 11 s colled Symmetri L it dbesn't
Manje Lndder asy /gcrmfa/f/ph of o veyiaktes

EX&M/DKQI &&/Meﬂfalf% gmmaf}’/c /oxémpm/}g/ 5/< :L. <Z<_6 )((1 ka
7 "k

w/osv_ Zmpa/famf /p/o/en‘g S

/7 (2-x;)-2ee" e, 2"+ + (1)'6, € Alzx, 1]

/%'LZf_ féﬂf fdvmm&fr/c /D'%/WM/MS 7%/)% an E ‘J'uéa/j Ve
n El;g X, to 4e a/wofe/ {} EZ},,...,XJS’ /ﬂis js indeed
e su édjaé'm_ of inuriants for o S -action 61 /el/mffzz-
tion of veriables)

Herers a basic resll enomn o5 2l Andamentod Lheorem

0/ symmeThic /00%”0/14/&[5, see. Sec 3.5 in [V].
Z] J



ﬂm : gl/erg, 53 WWF/Z‘I’/C pa(z nomied  Can be aﬂ/'yzwé, la/r/ﬁ‘fn
AS a /OO%ﬁOMl-RZ 6‘14 Zz/i %meufa/} j(']/ﬂM&Z‘/’/.C ﬁogl”om/hjs Q/
ng Z,.., .

//ere S an ﬂﬂoﬁc Q;flan fo 'fé_ //00/ a/ ﬂgyafilz(bﬁ i Sec 2.
Zf/f X Xy, X,: X,"' o/e ’Lzh/o 60//60{/0/75 0/ {/ﬁ![@/&s am/ /%Z
& & E,:..- 6 be f/e ele menfar? ﬁﬂmez‘ric /0%//0/14/;2/5 n
ﬂese variables. / m/%) 1‘4 f,yu/essm
ﬁﬁ/g kA7) e Xl x, x5, %, %] (1)
(=) J")
Zﬁmxm-' /‘;V each z‘, f[L coe/zGDVMé /EL-, o/ 2‘1 n [7) (2 /m'on') an
eliment of AL, x,,x,.x13) 15 @ /00'%/70114/4// n €, €6
w coelfs m 2.

Foof: [et 5’ 2, 6,3 and view E as an eloment of
/6 [X/,...,X,,,/_—{. /f/zﬂle f/ai /7) a/ocszy'zz CAcch cma(:r /lfl’/ﬁalz/ng /Y/,/..,Xm}
—50, ﬂ&i%ir ﬂ/oes F So FEE[X/; XM'JSM=[7Z»1 %’r 151]
E [6) 61= Zlx,.x,,6..¢"

170 —m
F



MW /\"/Z[ ,@: Z[éj:,ﬁ;/_] S/nca [7) /s Q/ZS'O 5;- c‘nygnkm‘f}
So /s /‘—1 Vlfweo/ as an O/fmﬂllﬂ,l 0/ P[X Xh] So [ ﬂm,a/yfﬂ'a/

fo P, we see thit FeRle, 61=705. 66" eJJ 0
ZI/ cen ﬂ//SD COMSW/C)"
/7 /7 (z- - 1K e Az, x % x5 ] (z)

Ll -’J

The coeﬁ[/amfs 0/ 2! ave &‘Zjajn in ZL€,.6, 6;’,/...,6,‘;’:[.

2.2) Froof of ﬁ’oposz'{ron.
We wtl prove 2) & the /acu/z‘ of 1) about tho sum
[t ] jé7/5<3 be te minimal pw%nom/a]s of 48, /e;nm‘mﬁ.
) =x"-ax" v a X"+ (1)'a,,, 3(x):x”—5x""+{x”'—'. +()"6, 2;,6-6 Z.
Let o=d.d, b th CoJuja/fes of ot s0 Gt 10)2 /'m,,g)
zzno//g B, Byrs be 4, COf(yajM‘fS o/ﬁ 5o Yt j&) /76r
(onsider  Hhe /w%ﬂom;d A/x)ﬂ/?/x dpj) € Clx1 [/ we  Khow
ok the coelficionts ave mn X we ave dore: i) has A1g as 2 10t
and s monc  so Ape /1. And A&) 15 dwisibh {} He minimad
pognom/}u@ of Ap (Exerdise in Sec 11 ) So every ca//c(/ja/z‘c

0/ A1 15 a Yool 0/ /)/, Aena: aé-f/%.
8]



So we ned to show K€ 703 But note that
M) =x"" + b (4, By rfom " E Brosfm ), where
Fix,.x, K XVELL, X, %0 %], 15;1 Lemma, in /pi’ew'oa;
sedtion, F is a /Dw%ﬂomid i e.e.e..6 w c'm‘ejm/( coefVicients.
So £l dy, Borf) 5 @ /w%nommf w c’nz‘cyd coetticients
eveluoked ot o= €,(4,. 4)EX Xg‘/"f,’%v/gm)f 7. So
f. ., B, ) E Z, //m'sﬁin} te /0}’09/ for sums
To Show e 7 we use Yo dyect Mw/o; of Lemma for
() 0

Jeee

/@/MWK ; l%l /2’0/905/'2[/010/ ;(_ s A Suérc'né, 0/ dj Am/ one Cen
2Ls0 5%01/\/ ’f/ﬂf &ch 5 R Suéf;.a/&[_



